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SPHERICAL FUNCTIONS ON A SEMISIMPLE LIE GROUP II.* 


By HarisH-CHANDRA.' 


1, Introduction. Define G and K as in [2(i),§1] and let J,(G@) be 
the Hilbert space of all square-integrable spherical functions on G. Our 
main problem is to give an explicit “expansion” of a function f in I,(@), 
in terms of the elementary spherical functions. We shall construct a sub- 
space I,(G) of J,(G@) and give the required expansion for elements in J,(@). 
It seems likely that 7,(G@) is actually dense in 7,(G@). If this could be 
proved, our problem would be solved completely. 

We have seen in [2(i),§1] that a certain class of elementary spherical 
functions are parameterized by the space H/W. Fix a point Ain #. Then 
in [2(i)], we have studied the asymptotic behaviour of ¢, on? Ay at points 
which are far away from the singular® set. In this paper we shall consider 
the singular points as well. The main object here is to show that ¢,(7) goes 
to zero very fast as 2 approaches infinity on G (see Theorem 2 of Section 12). 
Now let dA denote the Euclidean measure on F and put 


dr (r€ G,a€ C-*(E)), 


where w has the same meaning as in [2(i),§3]. Let J.’(G@) stand for the 
space of all such functions ¢,’._ Then we shall prove that for f € Io’(@), the 


integral 


7(A) f(x) $y de (A€ E) 


is well defined and, in fact, it is possible to normalize dx in such a way that? 


for all f in Z)’(G@). In order to extend this formula to functions on I,(G), 


* Received July 16, 1957. 

1 John Simon Guggenheim fellow. 

? As far as possible we keep to the notation of [2(i)]. Hence any symbol which 
is not explicitly defined afresh should be given the same meaning as in [2(i)]. 

* We recall that a point h € Ap is called singular if A(h) = 0. 


~~ 
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one would have to show that J,’(G@) is dense in I,(G). This however still 
remains to be done. 

The central idea of this paper can be described as follows. We give a 
method of reducing questions about spherical functions on G to similar 
questions on a proper subgroup of G. This process enables us to use induc- 
tion. Again, it is the detailed consideration of certain differential equations 
on G, which permits us to effect this reduction. Since we are primarily 
interested in the asymptotic behaviour of the corresponding solutions, we have 
to undertake a study of the asymptotic behaviour of the coefficients of these 
equations. This is done in Sections 2 to 5. Lemma 17 and its corollary 
bring these equations into a manageable form and we then obtain (in Section 
6) some rather rough estimates concerning the behaviour of the corresponding 
solutions at infinity. These, in turn, enable us to prove certain results on 
convergence in Sections 7 and 8 and to simplify the equations by replacing 
them by their asymptotic form (see Lemma 24). It is this step which brings 
about the reduction of the problem from G to a proper subgroup (see Lemmas 
27, 30 and 35). 

Now we combine the above reduction with induction and first use it to 
make a detailed study of the function ¢ in Section 9. In particular, we 
show that | e(sd)| =| e(A)| for W and is analytic on The same 
method is then applied in Sections 11 and 12 to study ¢, and ¢,.’ (A€ EL, 
a€C.*(E)). The main results are contained in Theorems 1, 2 and 3. 


In Section 13 we show that the mapping a> f a’ (2) by (a) da 


(a€C,”(£)), for a fixed X€ H, is a distribution on FL which is given by a 
simple formula (see the corollary of Lemma 41). However this formula 
involves an unknown coefficient (A) and the rest of the paper is devoted 
to establishing a relationship between § and c. This requires a considerable 
amount of fresh work. First we prove an inequality (Lemma 42) in order 
to ensure the convergence of some integrals taken over a certain nilpotent 
subgroup N of G. The corollary of Lemma 43 expresses the value of these 
integrals in terms of the function 8. On the other hand we show in Section 
15 (Theorem 4) that the same integrals can also be expressed by means of ¢ 
and this gives the required connection between and c. However, the proot 
of Theorem 4 is rather long. It depends upon a detailed study of certain 
differential equations on the solvable group NAy. 

Finally in Section 16, we state two conjectures and show how one can 
obtain an explicit Plancherel formula for spherical functions on G, by 
assuming their validity. 
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The principal results of this paper have been announced in a short 
note [2(k) ]. 


2. The ring J. Define hy,* as in [2(i),§9] and fix an element H, +0 
in? Cl(by,*). Let mp, be the centralizer of Hy in go. Then if @ is the auto- 
morphism of g given by 0(X+Y)—=X—Y (XEE,YEp), it is obvious 
that =m. This implies (see [2(h), Lemma10]) that mp) is reductive 
in go. Let m be the complexification of m, in g. We regard g as a Hilbert 
space in the usual way [2(i),§9] and consider the orthogonal complement q 
of min g. Then 6(q) —q and [m,q] Cq. Let I be the centralizer of m 
in hy and put I, =I By,. 

As before let P denote the set of all positive roots of g (with respect 
to h). Then a(H,) 20 for «€P. Let @ be the set of those «€ P for 


which a(H,) >0. Put q,= CXq, where X, has the usual 
aceQ aeQ 


meaning (see [2(i),§7]). Then q=q,-+q_ and + + CX_.), 
ae 
?” being the complement of Q in P. It is now obvious ‘that [m,q.] C q., 
[m,q-] C q. 
Let MV and 1, be the analytic subgroups of G@ corresponding to mp» and 
My, = Mo MF, respectively, Put my,—10M po and let My, be the set of all 
elements in J/ of the form expY (Y€imy,). Also put* 


Auw(m) = det(Ad(m) — Ad(6(m)))aq, M) 


where the subscript denotes restriction on q,. If m=kp (k€ Mr, p€ My), 
it is obvious that Ay(m) = det(Ad(k))q,Au(p). Let A’ be the set of those 
points m€ M where Ay(m)~0. Then it follows that M’ = M,M’Mx and 
(M’)-1== M’. Moreover 
Ayu(expH) = [J — (H € by,)- 
aceQ 

Let m be an element in M’. Since 6(q,) =o, it is clear that 

XV — {Ad(m-) — Ad(@(m*))}X (X€q) is a nonsingular linear mapping 


of gq. We denote its inverse by A(m). 


LemMA 1. Put Then if M’, A(m)q,= ay 
and A(m)qy = 

Since €q), it is obvious that 
under the mapping Ad(x) — Ad(6(z)), £ is mapped into p and p into f. 
From this our assertion follows immediately. 


‘Here we have extended @ to an automorphism of (. 
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For any m€ M’, define a linear transformation c(m) on q by c(m)X 
= Ad(m-')A(m)X (X€q). Then both q, and q_ are invariant under c(m). 
Let 


c(m)Xg= > Xpcpa(m) Q,cga(m) €C). 
BeQ 


Then cga(m), regarded as a function of m, is analytic on MW’. Let ®, be 
the ring of analytic functions on M’ generated® over C by cgg (B,%€ Q). 
Let k€ Mx and m€ M’. Then it is easy to verify that c(km) —c(m) and 
c(mk)X = Ad(k-*)c(m)Ad(k)X (X€q). Moreover 


6(c(m)X) = Ad(6(m-) )6(A(m)X) = — Ad 0(m-)A(m)6(X) 
= 6(X) —c(m)6(X), 


and therefore 
c(m)0(X_,) =0(Xa) —O(c(m)Xq) 
= 6(X,) coa(m) (@€EQ). 


Hence we get the following result. 


Lemma 2. Let k be an element in Mx and gin Then g(km) = g(m) 
(m€ M’) and the function m—>g(mk) ts also in Ro. Moreover the matriz 
coefficients of c(m) (with respect to any fixed base of q). considered as 
functions on M’, lie in the ring C+ %o. 


Now for any v€ G, put zt = 
Lemma 3. (1—-Ad(mim))c(m)X =X for X€q and M’. 


For c(m)X =Ad(m)A(m)X and therefore (1—Ad(mim) )c(m)X 
= (Ad(m-') — Ad(mt))A(m)X =X. 

Let U be any linear subspace of g containing q, and let 7’ be a linear 
transformation in U which leaves q, invariant. Then we set | 7’ |, = sup || 7X | 
where X runs over all elements in q, with || X || =1, Let M, be the set of 
those points m€ M where | Ad(m*)|,<1. It is obvious that M, C M’, 
Ay* C M, and MkM,Mx—M,. Moreover if m,, m, are in M,, the same holds 


for m,mz. 
Lemma 4. Let m be an element in M,. Then 


| c(m)|, S| Ad(m-) |,2{1 — | Ad(m-*) 
*This means that §{, consists of those functions on M’ which can be written as 
polynomials in CBa (with complex coefficients), the constant term of the polynomial 
being zero. 
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It is clear that Ad(m?) is the adjoint of Ad(m) (in the sense of Hilbert 
space theory). Hence | Ad(mtm)-*|,=|Ad(m-*)|,2<1. Therefore since 


(1 — Ad((mtm)-*) )e(m)X =— Ad((mim))X (X € q,) 
from Lemma 3, it is clear that 


c(m)X =— Ad((mim)-")X. 


Hence |c(m)|,= | Ad(m-)|,2"” =| Ad(m-*)|,?{1— | Ad(m-) |,?}>. 
1=r<o 


As usual let 8 denote the universal enveloping algebra of g and consider 
the subalgebra Yt of B generated by (1,m). We can regard any element pz 
of Mt as a left-invariant differential operator on Mf. Applying this operator 
to each coefficient of the matrix of c(m) (corresponding to some fixed base 
of q), we get a linear transformation c(m;p) on q (m€ M’). 


LemMA 5. Let pw be any element in Mt of degree r. Then there exists 
a positive number a such that 


| c(m;p)|,Sa| Ad(m-) |,2{1 — | Ad(m-*) | ,2}-@ 
for all me M,,. 


Let o denote the representation of Mt on q, defined by o(Y)X =[Y,X] 
(Ye€m,X€q,). We shall first prove the following result. 


LemMa 6. Let p» be an element in Mt of degree r. Then we can select 
a finite number of elements wyE M (1S1S5,1SjSs) with the following 
properties. 3; are of degree lower than r and 


(1 (mtm)*)o(m 5 (mlm) (Has) (5 Hos) X 


+ Ad ( (mtm)*)o X 
for all X€q, and me M’. 


If r—0, our statement follows from Lemma 3. So now suppose r= 1 
and use induction. It is clearly enough to consider the case when 
(Yi€m). Put and m,—mexptY, for 
m€M andté€R. Then if X€q,, me M’, it is obvious that 
[(d/dt) { (1 — ; X} t-0 

= (1— +0(Y,)Ad(mtm)-te (m 5 oo) X 
— 5 po) X. 


e 
d 
y 
yf 
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On the other hand our induction hypothesis is applicable to ~. and so we can 
choose elements w;€ Mt (1 q) such that the degree of v3; is 
lower than r—1 and 


(1— Ad(mtm)*)e(m po)X = o(v1;) Ad(mtm ) (v2;) (1m 5 


1=j=q 


+ X 


1Sj=q 


for m€ M’ and X€q,. Therefore 


[ (d/dt) { (1 — Ad(m,tm,)-*) 3 po) X J 


+ Ad(mtm)-*a (6 (¥ 1) v25) € (m 5 
+ Ad (mtm ) (v2;)¢(m 3 —o Ad (95; ) 
+ o(14;) Ad (mtm) (6 (11) 
By equating the two expressions for 
[ (d/dt) { (1 — €( me 5 po) X } J 
obtained above, the assertion of the lemma follows. 

Now we come to the proof of Lemma 6. If r—0, our statement is true 
in consequence of Lemma 4. Hence we may suppose that r=1 and use 
induction on r. But we know from Lemma 6 that 

c(m3p)X= Ad(mtm)-to (pj) 5 aj) X 
1SjSs 
+ o(ps4;) Ad (mtm)-'o X} 
for 1 €q, and m€ M,. Moreover 
SS | Ad(m™) | o (urs) | (meas) | 5 |. 
and the degree of ps; is less than r. Therefore if we apply the induction 
hypothesis to wz; and observe that 
| Ad(mtm) *o (p43) Ad (mtm) |. S | Ad (m=) | (uaz) | o (uss) 


the required result follows immediately. 

Let 9 be the ring of analytic functions on M’ generated over C by all 
functions of the form It is obvious that if gE R 
and »€ Mt, then pg is also in R. The following result is an immediate 


consequence of Lemma 5. 
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Lemma 7. Let g be an element in R. Then there exists a positive 
number a and an integer r=1 such that 


| g(m)| Sa| Ad(m-*)|,2{1— | Ad(m-*) |,?}-r 
for all me M, 


3. The mapping »,. Let ¢ be the number of roots in Q. Since g is 
the orthogonal sum of m and q, dimg=—dimm-+ dimg—dimm-+2q. On 
the other hand, the restriction of adH, on q is obviously nonsingular and 
therefore it defines a linear isomorphism of gq, onto qy. Hence dim qr 
=fdimq—q. Let (Ya€p,Z,€f) for 2€P. Then 
Since (%€Q)spang, it follows that 
Z, (%€Q)spang;. Therefore Z. must be linearly independent 
over C. Put ny fF and my—mnN p. 


LEMMA® 8. Suppose m is an element in M’. Then g==Ad(m-') ay 
+- Mp + £ where the sum ts direct. 


Since my+f=—=m+q, and ding—dimm-+2dimq;, it would be 
enough to prove that Ad(m-')q,/M (my + f) = {0}. So let us suppose that 
qy and Ad(m-*)Y€m,y+f. Then (ad H,)*Ad(m-')X € £ and therefore 


(ad H,)*Ad(m-') X = 6((ad Hy)? Ad(m-!)X) = (ad H,)?Ad(mt)X. 


This shows that (ad H,)*(Ad m-!— Ad mt)X =0. But since ad Hy defines 
a nonsingular linear transformation on q and since m€ M’, it is now clear 
that 10. This proves that Ad(m-')q,N (my + £) = {0}. 

Let X be the subalgebra of 8 generated by (1,f) and let O, and My 
be the images in B of* S(qz) and S(imy,) respectively under the canonical 
mapping (sce [2(b), p. 192]) of S(qg) into B. Moreover for any x€ G, 
let bb" (bE B) denote the automorphism of 8 which coincides with 
Ad(a2) on g. Consider the tensor product V = O;XM, XX. Then it follows 
from the above result and Lemma 12 of [2(b)] that for any m€ M’, there 
exists a linear isomorphism of V onto 8 which maps qXpXz on gq” "pr 
(gE Dp we My, X). Hence B= Let denote the sub- 


space consisting of those elements in Oy whose homogeneous component (see 
[2(i), Footnote 21]) of degree zero is zero. Then since V is the direct sum 
of My, XE), MM, M1 and 1 XM, M1, the following corollary 
is obvious. 


6 Cf, [2(i), Lemma 21]. 
* Here we follow the notation introduced in [2(g), § 2]. 
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CoROLLARY. Suppose m lies in M’. Then 
B= (OQy) X BE + (Qy’)™ + My 
where the sum is direct. 
For any finite set of elements X,,- - -,Xa@€g, put 
o(X,,X2,° -,Xa) = (d!)7 B, 


where the sum is over all permutations (%,,- - -,%¢) of (1,2,:--,d). More- 
over let @g denote the set of all element in B of degree <= d. 


Lemma 9. Let b be a given element in Ba. Then we can choose py in 
My Ba and a finite number of elements pi€E MtyN Bar, giE (1 StSr) 
such that 
b—po— gi(m) € BE+ "My 


1SisSr 


for all me M’. 


We shall use the induction on d. Since g—qp-+ my, +f, it is obviously 
enough to consider the case when b=o(Y¥i,:- and Y;€ wE My 
and » is of degree d—e (e=1). Now for any Y€ qy and me M’, 


c(m)Y = Ad(m*)A(m)Y =4Y + 4(Ad(m*) + Ad 6(m-") )A(m) Y. 
Since A(m)Y € qy C €f from Lemma 1, it is clear that c(m)Y¥ —4Y€f. Put 
U;(m) =2A(m) Yi, Vi(m) = 2c(m)Y¥,— Y; (1SisSe). 


Then U;(m), Vi(m) are in € and Ad(m*)U;(m) =Y;+Vi(m). Let 
(141, * be any permutation of (1,2,---,e). Then 


(Ui,(m)- -Ui.(m))™ "w= (Yi, + Vi,(m)) + Vi (m)) 
= 
= (L,,—D,,) (Li,— mod BF. 


Here L;, R; and D, respectively denote the linear mappings a— Yiua, 
a—>aVi(m) and a—>[Vi(m),a] = Vi(m)a—aV;(m) (a€B) of B into 
itself. Since [X,a] € B, for X € g and a€ B,, it follows from Lemma 2 that 
we can select - -,b,€ and --,g,€C-+R, such that 


(o(Us(m),- + gi (m)bimod Bt 


560 


SEMISIMPLE IIE GROUPS, II. 561 


for all M’. But since U;(m) € gq, and 
therefore 


=— & gi (m)bimod (BE + My}. 


Siss 


Qur assertion now follows immediately by the induction hypothesis. 


Let RM, denote the set of all differential operators on M’ which are 
of the form (gi€ Ro, Then the above lemma shows that 
1 


for any DE B, we can select fo € My and we RpoMt,, such that 
b — poo — pm € BE + "My 

for all m€ M’. (Here pm denotes, as usual, the local expression [2(d), p. 112] 
of » at m.) Moreover it follows from the Corollary of Lemma 8 that the 
differential operator zo +p» on M’ is uniquely determined by 6. Now suppose 
+ p= € My, € Then Ho — po’ = p—p and there- 
fore po— po’ = (n’—p)m for every m€ M’. In particular we can take 
m==exptH, (t>0). Then if gé€%, it follows from Lemma 7 that 
Lim g(exptH,) =0. Therefore po—po’ 0. This proves that both p» and 


u are uniquely determined by b. We shall denote them by ywo(b) and p(b) 
respectively. 
LemMaA 10. Let k be an element in Mx. Then (po(b))* =po(b*) 
and® p(b)* = p(b*) for DE B. 
Since b—po(b) —pm(b) EBE+ (me M’), it follows that 
— yo(B)*— (Hm (B))* € BE + 
| Therefore replacing m by mk, we find that 
— po (b)* — (uma (b) )* € BE "My. 
Now ((b)*)m = (4(0)x-1mx)* from Lemma 14 of [2(d)]. But it is clear 


from Lemma 2 that the differential operator lies in and 
Therefore 


— (b)*§ — (u(b)*)m € BE + "My 
and this proves that uo(b*) =yo(b)* and w(b*) =p(b)*. 
Let I, be the centralizer of f in 8 and Zp the centralizer of my, in QM. 
Corottary. If DE Ig then yo(b) € Im. 


This is obvious from Lemma 10. 


* See [2(d), p. 118] for the definition of u(b)*. 


| 
] 
| 
| 
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For any 0€ %, define the differential operator 8’(b) on? A,’ as in 
[2(i),§5]. It is obvious that A,’ C M’. 


Lemma 11. Let b be an element in B and select gi€ Ro, wi € M, 
(1151) such that 


for all me M’. Then site 
= (uo ) + gi(h) (ui) 
for h€ Ay’. 


Clearly O,’ C €B and therefore 


b—po(b)— gi(h) BE+ Ay’). 
1SiSr 


Also a— &,’(a) € BE+ for any a€B. Therefore? 
(0) gi(h) (mi) € {BE + Hy = {0} 


from Corollary 2 to Lemma 21 of [2(i)]. 


4. The connection between ys, and y. Define the homomorphism y of 
I, onto (hy) as in Theorem 1 of [2(i)] and consider the subgroup W’ 
consisting of those elements*? s€ W which leave H, fixed. Now my is 
reductive in go and hy, is a maximal abelian subspace of my,. Therefore 
since mM, is the centralizer of H, in go, it is clear that W’ can also be con- 
sidered as the little Weyl group® of mp with respect to hy, Let J’ be the 
ring of those elements in §) which are invariant under W’. Then corre- 
sponding to Theorem 1 of [2(i)], we have a homomorphism y of J onto 
J’. Define the linear function o on hy by B(H) where P’ is 


the subset of those roots in P which vanish at Ho. 


LEMMA 12. y(q) =e? %ym(4o(q)) for Ig. 


Define 8(b) (b€ B) as in Lemma 26 of [2(i)]. Then it follows from 
Lemma 11 that = +8:(ua(q)) for hE Ay’. On the other 
hand 

(0(q) ) = 08" (wo(q)) = (uo (q)) 


Now put h,—exptH (t€ R) where H is some fixed element in by,*. Then 
® Here we are extending the notion Of the little Weyl group [2(i), § 3] to reductive 
Lie algebras in the obvious way (see [2(d), p. 118]). 
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h,€ Ay’ if ¢>0. Hence if d is the degree of q it follows from Lemma 26 
of [2(i)] by taking limits in the finite-dimensional space 84, that 


Lim =y(q), Lim =0. 
t>+00 


t>+0 


(Here we have to make use of Lemma 7 and the definition of »(q).) There- 
fore y(q) = Lim 4;,(40(q)). On the other hand we can apply Corollary 2 
t>+00 


to Lemma 21 of [2(i)] to m instead of g. Hence for any b€ Mt and h€ Ay’, 
there exists a unique element wu in ©, such that b—we€ "Mt + Demy. 
But then it follows from the definition of 8’(b) that w= 6,’(b). Now put 
§”(b) = e78'(b) oe* and apply Lemma 26 of [2(i)] to m. Then it follows 
that Lim &,"(6) =ym(b) provided b€ Im. By the Corollary of Lemma 10, 


t>+0 


this holds in particular if b= po(q). But since 


8 (40(q)) = (uo(q)) 


it is obvious that 
¥(q) ) =e? “ym (Hol(g) ) 
This proves the lemma. 
CoROLLARY. Suppose qi, qz are two elements in Ig. Then 
Po (4x) Ho (G2) = po (G2) Mo (41) = (Gige) mod Yiny. 


Since y(qi9g2) =y(q:)y(qz2), it follows from Lemma 12 that y, maps 
and po(qigz) into the same element y(q:)y(q2). 
The required result now follows from the fact that the kernel of ym is 
contained in Dim, (see [2(i), Theorem 1]). 


5. Some consequences of Lemma 12. For any linear function A on by, 
let Hy denote the corresponding element in hy so that <H,H\> =A(H) for 
all H€ hy. Also define [ and [, as in the beginning of Section 2. 


LEMMA 13. p—o ts invariant under W’ and Hp c€ Io. 


Let (ad H)q, denote the restriction of ad H on q, for H € hy. It is obvious 
that sp(ad H)q,=p(H)—o(H). Since W’ is the little Weyl group of m, 
we can, for any given s€ W’, choose k € Mx such that Ad(k)H =sH. Since 
is invariant under it follows that sp(ad H)q,—=sp(ad(sH)) q, and this 
shows that p—o is invariant under W’. Now in order to prove that Hp-o € Io, 
it is obviously sufficient to verify that B(Hpc) =0 for any root Bé P for 
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which 8(H,) =0. Let « denote the restriction of B on hy. We may assume 
that «40. Consider the corresponding reflexion s,€ W (see [2(i),§3]). 
It is obvious that sq lies in W’ and therefore it must leave Hp-o fixed. Hence 
B(Hp-c) =%(Hp-c) =0. 

Let w denote the Casimir operator of g (see [2(i),§7]). We wish to 
compute po(w). 


Lemma 14. Let X,,---,Xq be an orthonormal base for my, over R. 
Then po(w) +- 2Hp-c. 


Put 9 =2X,?+---+X,?. It is easy to check that 4.€ Im and if we 
apply Corollary 2 of Lemma 27 of [2(i)] to m (in place of g), it follows 
that ym(yo) =«®—<o,o>. However it is obvious that 


0 == 2H yp + <p—o,p—o>. 


Therefore if 7+ 2Hpo—2<p—s,o>, it follows again by the same 
corollary that 
= — <p, p> = y(w). 


But in view of Lemma 12, this implies that ym(4y—po(w)) 0. However 
n—po(w) lies in Im. Therefore it follows from [2(i), Lemma 19] 
that 7»—po(w). But we have seen above that B(Hp-c) =0 if B(H.) =0 
(8€P). Therefore <p—o,o> =O and this proves our assertion. 

Put ym’ (v) = e?%ym(v) Im). Since p—co is invariant under 
W’, it is clear that J’=ym(I[m) =ym" (Im). Put r—=[W:W’] and choose 
elements v;=1,v2,- in Im such that ym’(u) (1Str) are homo- 
geneous and? J’= > Jym’(vi). From Lemma 8 of [2(i)] this is possible. 


1SiSr 


LemMA 15. ImC vipo(J,) + Diny. 


1SiSr 
Let v be a given element in Jp. Then ym’(v)€J’ and therefore 
ym (v) = y(q%)ym'(%) for suitable q€ J, since y(Ig)=J. But y(q) 
1SiSr 


= ym (Ho(qi)) from Lemma 12 and therefore ym’(v— vipo(qi)) = 0. 
1Sisr 


However the kernels of ym and ym are the same and so by applying Theorem 
1 of [2(i)] to m, we conclude that v— > vuo(qi) € Mtm;. This proves the 
lemma. 


CoroLLaRy. Suppose > vipo(qi)€ for some Then 
ga€ SE lSisr. 1Sisr 


Put v=Dvipo(qi). Then (Mimyz) and therefore ym(v) = 0. 


- 
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This implies that ym’ (v) = Sym =9. But ym’ (vi) are 
i 
linearly independent over C(J) (see [2(i), Lemma 8]) and therefore 
y(Gi) =0 1Sisr. Our assertion now follows from Theorem 1 of [2(i) |. 
The following lemma contains the main result of this section. 


Lemma 16. Let v be an element in Im and suppose v— > vipo(qi) 
r 


€ Ig). Then we can select a finite number of elements gj € R and 
7EM (1Sj Ss) with the following property. If $ ts any spherical func- 
tion on G of class C®, 


o(m;v) = o(m;ngi) + 
1SjSs 


1SiSr 
for all me M’. 


It is obvious that ¢(m;v)=—0 for Therefore $(m;v) 
=> ¢(m3vizo(qi)). On the other hand since 
i 


Gi — Po (Qi) — wm (qi) € BE+ "My, 
it is clear that 


po(G)) = Gi) (qi) ) (m€ M’). 
Therefore 
and 


But since p(q@i) it is obvious that gjz; for suit- 
i 
able g;€ R and 7;€ Mt. This proves our assertion. 
Let 1, dim! and let [,* denote the set of those elements H€I, for 
which a(H) >0 for every 2€@ (see Section 2 for the definition of Q). 
Then H,€1,*. Select a base Hp (lS pXl,) for over R and choose 


such that 


viro(Gijp) mod Mmy 
1SiSr 


Then qijp are unique mod (I, M Bf) from the Corollary to Lemma 15. More- 
over 


H Hv; Hevipo ( Giip) = Vio ) pro ( qijp) mod 


SiSr 1Si,kS 


since po(ijp) € Im. But H,H,—H,H, and so we conclude from the 
corollaries of Lemmas 12 and 15 that 


(1) (QuisGiin — Vein =Omod BE 
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Moreover from Lemma 16, we can select a positive integer N and elements 
Inia such that 
(2) ; Hpv;) 2 o(m5 
+- 5 (m€ M’) 
1Sa=N 


for any spherical function ¢ on G of class C®? (1SjSriSpslh). 


6. Some rough estimates. Let % be the space of all linear functions 
on by. For any A€ %, put 


— exp{(—1)(H (ak) —p(H (ak))}dk 
(x € G) 


in the notation of Lemma 3 of [2(i)]. For mé€ M and H€ by, we write 


©;(A:m:H) =e) m exp H ; (sSjSr) 
and 
Wpi(A:m:H) =e) Gvia(m exp H) p(A: m exp H tpja) 
1SaSN 


where Jpjq and rjpq have the same meaning as in equation (2) of Section 5 
and m,H are so chosen that mexpH€ M’. Now let ®(A:m:H) and 
W,(A:m:H) denote the corresponding one-column matrices and define the 
r Xr matrices =)(A) (1S pSlo) by Epis(A) = y(qyp: (—1)2A) (14,7 S17). 
Then it follows from equation (1) that =,(A) (l1SpSl,) commute with 
each other. For any H’€ I, put 


Uy (A:m:H) => cp¥,(A:m: ff), =(A:H’) => (A) + p(A’)I 


where H’=>\c,H, (cp€C) and I is the unit matrix. If me M, and 


Hé€{,*, it is obvious that mexptHe M, for all £20. Therefore from 
Lemma 18 of [2(i)] and equation (2), we find that 


d@(A:m:tH)/dt = 2(A:H)®(A:m:tH) + m:tH) (t{=0). 
The following lemma is now obvious. 


LEMMA 17. 
d®(A:m3n:tH) /dt + tH) 


for rA€%, me M,, HET,*, nEM and t=0. 


SEMISIMPLE LIE GROUPS, II. 


Now put ®°(A:m:H) and 
Wy? (A:m:H) (A: m: 1). 


COROLLARY. d®°(A:m37:tH)/dt under the con- 
ditions of Lemma 17. 


This is an immediate consequence of the above lemma. 


For any pXq matrix w= (uj) with complex coefficients, put || u | 
= {>| ui |?}#. We now intend to obtain an estimate for || ¥a°(A: m 57: tH) ||. 


It follows from Lemma 46 of [2(i)] and Lemma 7 that for any fixed », 
we can choose an integer k = 0 and a positive number a’ such that? 


Sa’(1+ |] A | — | Ad(A-*m-*)| 2} g((— 1)4A7: mh) 


for me M,. AEF and (Here h—expH.) Now put 


= min a(H) and Ay Then 
aeQ 


| Ad(h-*m-*)|, S | Ad(m-*)| Gogh) @-Bilogh) 
for m€ M/, and h€ A;*. Hence we get the following result immediately. 
Lemma 18. For any 7€ M, we can choose an integer k=O and a 


positive number a such that 
| mh ; tH)|| 
<a(1 + exp{tp(H) — — B(log mh exp tH) 
for XE me M,, he HE and t€ R provided tB(H) + B(logh) = 1. 
On the other hand 
| (A: m 39: tH) || S || exp(—tB(a: || | (A: tH) |. 


So now we have to estimate || exp(—tZ(A:H))||. Put A* = (—1)4d for 
A € 


LemMaA 19. Select r elements in W such that W= (J) W’s;. 
1SiSr 


Then if T is an indeterminate and I the rXr unit matriz, 
det (TI —2(A:H)) = TI (T—A*(s,H)) 
for XE % and 


Fix and Hf and select q;;€ 7, (1Si,j Sr) such that > vipro 
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mod Ym. Since | is contained in the center of m, it follows by applying 
the homomorphism ym to this relation that Hvj = > viym(mo(qij) ) where 
é 
vi =ym(v%). Moreover 0 == H —p(H) since is zero on [. So if 
= e Fy, 0 it follows from Lemma 12 that Hv; = p(H)v; + vy (qi). 
é 

Now if we recall the definition of the matrix =(A:H) and denote its 
coefficients by & ;, it becomes clear that 


Hv;= > mod 
4 


in the notation of Lemma 18 of [2(i)]. But it follows from our definition 
of 4,:-*-*,v, and this lemma that 2,---,v, are linearly independent 
mod J’J,+. Hence our assertion is an immediate consequence of the corollary 
of Lemma 15 of [2(i) ]. 


CorotLarRy. There exists a positive number a and an integer k =() 
such that 
H)) | Sa(1 + + | + | 
exp{2r | ¢| max | 
1SiSr 
for t€ Rand 
It follows from the definition of =(A:H) that we can choose a positive 
number 6 and an integer d=0 such that 
S60+ A) (Ac HE). 
Moreover it follows from the above lemma and [2(i), Lemma 60] that 
| (A: H) ) | 
135i oSkSr 


SiSr 
Therefore the statement of the corollary is now obvious. 

For a positive number e¢, let %. denote the set of all A€ % such that 
| Ar || <e. 

LEMMA 20. Let V be a compact set in I,*. Then there exists a positive 
number « with the following property. Let » be an element in M. Then 
we can choose an integer k= 0 and, for any compact set w in M,, positive 
numbers a,, a, and ty such that 


|| (A: mh 3: tH) || Sa,(1 + A |] 


for \E Fe, MEw, hE HE V and t= ty. 
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Our proof depends on Lemma 18. But first we need an estimate for 
o((—1)A;: mh). 


LueMMA 21. Let ¢ be a positive number <1. Then we can select an 
integer d= 0 and positive numbers « and a such that 


}((—1)4Ar: mh) Sa(1 + log h ||) h) 


form€o, hE Ay and XC Fe. Moreover d and « may be so chosen that they 


are independent of w. 


From Theorem 3 and Lemma 49 of [2(i)], we can select d, « and a 
positive number a’ such that 8 


exp H) Sa’(1 + || |] 


if HE Cl(by,*) and A€ Fe. On the other hand since ¢, is a spherical func- 
tion for any » € %, it is obvious that ¢((—1)4A;: exp H) = ¢((— 1)4A7: exp sH) 
W,H€ by,). Moreover p(H) = p(sH) for s€ W and y,*. Therefore 


since By, = LU s(Cl(Bp.") ) (see [2(f), Lemma 37]), we conclude that the 
ge 


above inequality actually holds for all H € }y,. 
On the other hand M = MxAyMx (see [2(f), Lemmas 31 and 33]) and 


since w is compact, we can select a positive number c such that? || log | m | || 
Sc for m€w. For a fixed m€w, choose h,€ Ay such that m€ Mrhi Mr. 
Then || log h, || = || log|m| c and 


p((—1)4Ar: mh) = 
Sa’(1+ | log(Ayh) ||) ¢exp{—(1 — e’) p(log(h,h) )} 


if h€ Ay and A€ He. On the other hand we can select a positive number a” 
such that 
(1+ | H | )4 <= 


for all elements H € by, with | H||/Sc. Then if a—a’a”, it follows that 
1)4A7: mh) Sa(1 + | logh ||) 4 e-G-eadog 


for m€w, hE Ay and AE He. 

Now we come to the proof of Lemma 20. Since V is compact, we 
can choose a positive number a, such that B(H7) = 2a, for HEV. Put 
fy == max(l,a.-') and select « and ¢’ as in Lemma 21. We can assume that 
«and ¢’ are so small that ep(H) Sa./2 and 2r|A;(sH)| Sa./2 for HE V, 

For any «€ denotes the unique element p¢€expp. such that K, 
Moreover log | «| = X where |x| =expX €p,). 
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s€W and AC %. Therefore it follows from Lemma 18 and the corollary 
of Lemma 19 that we can select an integer k,=0 and a positive number a’ 
such that 
|| (A: m; | 
<Sa’(1+ |] A exp{tp(H) — 3ta,/2}¢((—1) m exp tH) 
if me M,, HEV, t=t, and A€ %. On the other hand by Lemma 21, 
$((—1)4A;: mh exp tH) 
for m€w, h€ Ay and t=ty. Moreover it is obvious that there exists a 
positive number c such that p(H’) =c|| H’|| for H’€ Cl(by,*). Therefore 
since (1+ 0 as we can select a number a” > 0 such 
that 
mh exp tH) S a’’t4 e-G-€) 
for m€w, hE Ay, t, and This shows that 
| (A: mh 54: tH) || Sa’a’(1 + || A — 3ta,/2} 


under the same conditions. Therefore if we put a, —a’a”, k = max(k,,r-+ d) 


and recall that ep(H) =a,/2 for H € V, the statement of Lemma 20 follows 


immediately. 


7. The function @,. Now fix an element H in [,*. Then if « is 
sufficiently small, it follows from Lemma 20 and the corollary to Lemma 17 
that for any »€ M, the integral 


d®°(A:m 3:tH) /dt || dt 
0 


converges uniformly as m and A vary within compact subsets of M, and % 
respectively. This shows that Lim ®°(A:m:tH) exists and for a fixed m, 


it represents a holomorphic (matrix-) function of A on %.. We shall denote 

this limit by @g(A:m). Moreover in view of the uniform convergence of 

the above integral, the following facts are obvious. For a fixed A in 

@x(A:m) is a C® function of m on M, and @x(A:m;n) = Lim ©°(A: m; 7: tH) 
t>+00 


for »€ Mt. Now suppose w is a compact subset of M. Then we can obviously 
select a positive number ¢, such that mexpt,H€ M, for m€w. Also it 
follows from the definition of ®©° that 


@°(A:m:tH + = et) exp{— H) }6°(A: mexpt.H: tH). 
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Therefore if A€ and m€ o, 


Lim ©°(A: m: tH) = eto) exp{— (A: }@n(A: mexp tH). 


t>+00 


Hence we can extend @y on % X M by setting 


= Lim 6°(A:m: tH) (AE Be me M). 


The following result is now obvious. 
LEMMA 22. @y(A: mexptH) exp(tE(A: H))@n(A: m) for t€ R, 
m€ M-and AXE Fe. 


This lemma shows that for a fixed A in %, @x is a C® function on M 
and for a fixed m in M, it is a holomorphic function on %&¢. 


Lemma 23. For any 1€ Mt we can select an integer k such that 
(1+ |} Al])-* |] Ox (A: m5n) remains bounded for any fixed mE M as varies 


in Wee 

Select > 0 such that Then 

On (A: m3) = et) exp{— toH(A: H)}@n(A: mo5y). 
Hence in view of the corollary to Lemma 19, it is sufficient to consider the 
case when m€ M,. But then 
(A: = O° (A:m3n:TH) + (Arm 39: tH)dt 

for T=0. Therefore 

|| Ox (A: m 5m) || S || exp(—TE(A: H) ) | || ®(A: m3 TH) || 

fi (Arms: tH) || dl. 


On the other hand it follows from Lemma 46 of [2(i)] that 


| ®(A: TH) || Sa, (1+ m exp TH) eT) 
(AC 0) 


where a, is a positive number and k, a nonnegative integer and the latter 
depends only on y. Hence if we apply Lemmas 20 and 21 and take into 
account the corollary of Lemma 19, our assertion becomes obvious. 

Choose > 0 such that ¢p(H) < B(H)/3 and <1. We assume that 
« is so small that the pair (e,e’) fulfills the condition of Lemma 21 and 


bre || H || < B(H). 
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Lemma 24. Let q be an element in Iz. Then 
Ou (A: ; = (—1)4A)On(A: m) 

for AXE and me M. 

In view of Lemma 22, we may assume that me V,. Now 

$(A: m3 = ng) —G(A: m3 
in the notation of Section 5. But ¢(A:m3;vg) =y(q: (—1)A) 
and vino(q) —po(q)u€ Dim, by Theorem 1 of [2(i)] since po(q) € Jn. 
Therefore 

P(A: mM 5 = y(q: (—1) A) P(A: m3 m3 
Now fix m and A. Then it follows from Lemmas 7 and 21 and [2(i), Lemma 
46] that 
| p(A: mexp tH 34,°u(q))| Sa(1+t)¢exp{— te(H) — (1— tp(H)} 

(t= 0) 


where a is a positive constant. Hence we can select a constant a, such that 


|| m3 : tH) —y(q: (—1)4A)®(A: m: tH) |] 
<a,(1+ t) 


Therefore 


| B°(A: m3 :tH) —y(q: (—1)2A) ®°(A: m: tH) | 
<= a,(1 + t)4 || exp(— (A: H) ) 


In view of the inequality 6re || H || = @(H), it follows from the corollary 
of Lemma 19 that 
Lim || ®°(A: wo(q) : tH) —y(q: (—1)8A) ®°(A: m: tH) || =0. 


t>+0 


This proves that @q(A:m3po(q)) =y(q: (—1)4A) @n(A: m). 


For a fired in @u(A:m) is an analytic function of 


mon M. 


Let Y,,° - -,¥s be an orthonormal base for m,, over R. Then it is easy 
to verify that Y,?-+---+ Y,?€ 7, and if wo is the Casimir operator of 4. 
it follows from Lemma 14 that 7—po(o) + Y,7+---+ Y,? is an elliptic 
differential operator (see Garding [1] for the definition of ellipticity) on JV. 
Qn the other hand it is obvious from the definition of @y, that @y(A:k,mk.) 
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=@y(A:m) for Mx. Therefore @y(A:m3;n) =@n(A: mM; po(w) ) 
=y(o:(—1)2A)@x(A:m). This shows that for a fixed A, every coefficient 
of the matrix @y is an eigenfunction of y. Therefore since y is an analytic 
differential operator on M of the elliptic type, we can conclude (see John [3]) 
that all these coefficients are also analytic in m. 

We shall now try to determine ®,y explicitly. 


Lemma 25. Let 6’ be an analytic function on M such that 6’(k,mkz) 
=6'(m) for k,,k2€ Mg and m€ M and suppose @’ ts an eigenfunction of 
uo(q) for every Ig. Then the equations @’(1;%)=0 (1StSr) imply 
that 6’ is identically zero. 


Let 7 be any element in Yt. Put y= n* dk’ where dk’ denotes 
Mr 


the normalized Haar measure on Mx. It is clear that 6’(1;4) =6'(13 0). 
But Im and Im C + from Lemma 15. Hence it follows 
i 


from our assumptions that 6’(1;7) 0. This shows that 6’(13;7) =0 for 
every 7 € Mt. But since 6’ is analytic, this means that 0’ —0. 


For any A€ %, put 


6,(m) =6(A:m) = f exp{ (—1)4A(H (mk’) ) — p(H (mk’) ) }dk’ 


Mr 
(me€ M) 
where dk’ has the same meaning as above. Define ym’ (7) = e?-?ym(m) 
for 7€ Im as in Section 5. Then by applying Lemma 18 of [2(i)] to m 
(in place of g), it follows without difficulty that 


6(A: m3) (—1)8A)0(A: m) (n€ I,), 


where ym’ (n:(—1)2A) denotes the value of the polynomial function ym’ (7) 
€ S(hp) at (—1)4,. Therefore 


O(A:m =y(q: m) (q€ Ig) 


from Lemma 12. 
Put ym 1 and define z, 7’, and rt (1SiSr) 
as in Lemma 15 of [2(i)]. Also put A*=— (—1)4A (AEB). 


LemMMA 26. Select r elements s,—1,5S2,::-+,s, in W such that 
W= U W’s; Then 


€(8;) 2’ (SA*) 74 15 vj) m) 


1354,jS 


for XE and me M. 
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For a fixed m, both sides are holomorphic functions of A. Hence it is 
enough to prove the above relation under the assumption that (A) 40. 
Put Then the rational functions on hy Sr) are 
all defined at A,* and we have to show that 


f(A: m) =@n(A:m) — vi (Ay*) On (A213 m) 


13i,jSr 


is zero. On the other hand 6(A;: m3 = vx m) and therefore 


f(a: = @y(A: 15%) (A;*)@n (A: 1 (Ai*). 


15%,jSr 
But since spy-/y(v/v;,) = 8,5 (see [2(i),§3]), it follows that 
(Ai*) = §,/ (1 ks r) 


and therefore f(A:1;4%,) =0 (1S4Sr). Hence our assertion is a conse- 
quence of Lemma 25. 
8. The function @. We shall now show that if A€ Br, Onx(A:m) is 


actually independent of H. Let H’ be another element in [,* and for a fixed 
m € M, choose a positive number 7,’ such that mexpT7,’H’¢€ M,. Then 


©°(A:m:TH + T’H’) 


T 
—6°(A:m:T’H’) + {d&°(A:m:tH + T’H’) /dt}dt 
0 


for T,T’=0. On the other hand 
6°(\:m:tH + T’H’) = eT) exp(— T’E(A: H’) (A: mexp 7’H’: 1H ) 

from the definition of 6°. Therefore 

|| d&°(A:m:tH + T’H’) /dt | 

eT || exp(— T’E(A: H’) ) || || Va? (A: m exp T’H’: tH) 

for ¢=0 and T’=T,’. Now fix A and m and assume that T,’ is sufficiently 
large. Then from Lemma 18 we can choose a constant a such that 

|| d®°(A:m:tH + T’H’) /dt || 

<= aeT || exp(— T’E(A: H’) ) || || exp(— tz (a: ) || 
Xexp{tp(H) — + tH)) 

for T’=T,’ and t=0. Hence in view of Theorem 3 of [2(i)] and the 


corollary of Lemma 19, we can find a positive number ¢ and an integer 
k = 0 such that 


d&°(A: m: tH + 7H’) /dt || <c(1 + t)*T”* exp{— (8(H) —7’B(H’)} 
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Lim d°(A: m:tH + T’H’) /dt || dt =0 


T’>+0 0 
and therefore ©°(A:m:TH-+T’H’) converges to Lim ©°(A:m:t’H’) 
t'>+0 
=@y(A:m) as T’->-+ uniformly with respect to T. Hence 


Oy (A:m)= Lim ®°(A:m:TH+T7’H’). 


But since the right side is symmetric with respect to H and H’, we conclude 
that @y (A:m) =@y(A:m). 

Now put @(A:m) =@y(A:m) (AEC Br, me M) for any HET,*. We 
propose to obtain an estimate for the difference 6°—®. 


LemMMA 27. For any 7€ Mt, we can choose an integer k=O and a 
positive constant a such that 


| 6° (A:h3n:H) —O(Azh5y) 
Sa(1+ | Al)*(1 + | *e (1 + | log || 
for AE Br, RE Ay* and HE, provided B(H) =1. (Here d has the same 
meaning as in [2(i), Theorem 3].) 
We know that 
@(A:h3y) = 3: H) +f tH) 
Moreover 
| db°(A:h 3m: tH) /dt || = || tH) | 
S || exp(—tE (A: H)) | (Ath tH) |. 
Therefore it follows from Lemma 18 and the corollary to Lemma 19, that 
we can select integers k,,4.=20 and a positive number c, such that 
tH) /dt | 
for AE Br, hE Ay*, HE [ot and t=1 provided B(H) =1. On the other hand 
by Theorem 3 of [2(i)], 
$(O:hexp tH) < cz (1 + logh |) || |})*exp{— tp(H) —p(logh) } 
where c. is a constant. Therefore 
|| th 54: tH) /dt | + |] + ||)" 
X exp{— tB(H) — p(logh)}(1 + || logh 


is 

0. 

is 
ed 

) 

ly 

1e 

or 
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— (1 +. t) tH) dt 
1 0 


S f (1 + t)*e-* dt, 
0 

since B(H) 21. Therefore our assertion is now obvious. 

CoroLuaRy. For a given Mt, we can chose an integer ky =0 and a 
positive number a, such that 
| b(A:h3n:H) H)O(A:h;7) | 

=a,(1 +] + | (1 + log h ||) 4 

for X€ Br, h€ Ap* and H €1,* provided B(H) 21. 

This is an immediate consequence of the above lemma and the corollary 


to Lemma 19. 


9. The functions b and b,. Define b as in Lemma 52 of [2(i)]. We 
intend to show that | b(sA)|—=|6(A)| for se W and AC Fe. Let us say 
that (hE A,y*) if a(logh)—>-+o for every 2€ P,. Moreover if 
and g are two functions on Ay*, we write f(h) ~g(h) if Lim| f(h) —g(h) 
it. h> 

We now use the notation of Sections 7 and 8 and assume that « is 
sufficiently small. Let %,.’ denote the set of those points AE where 
(A) #0. Then it follows from Lemma 37 of [2(i)] (applied to m instead 
of gq) that there exists a holomorphic function ec’ on %,’ such that” 

~ ce’ (sd) exp{sa* (log h)} Ay*) 
sew 
for AE Fe. Now let Br’ = N He and fix AC Fr’ and HEI,*. Put 
and f;=f,,- (1SSiSr) in the notation of [2(i), Lemma 15]. Define the 
r Xr matrix F(i) with complex coefficients by 


fiv; jx, ( i) UE mod SJ y«. 
k 

Then if J is the unit matrix of degree r, it follows from Lemma 15 of 
[2(i)] that (A*) P(t) (A*)T and F(t)B(A:h) =A;*(A)F (1) 
1Sisr. Hence 

tH) = 2 (A* )exp(— (A: H) )@®(A:h: tH) 

= tH) (t€ Ay). 
4 


“If se W and we &, su(H’) denotes the value of the linear function su at H’ € hy. 


But 
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m(A*)@O(A: (si) (A*)e OV OR tH). 
Now put @(A:h) = 


(Ash). Since v= ym’ (v 


i) ASisr), it follows 
without difficulty by applying Lemma 26 of [2(i)] to m (in place of g) that 


Lim | 6;(A:h: tH) —@’(A:hexp tH ;v;)| =0 
t>+0 

Therefore 

(A*) (A: h) 


for h € Ay’. 


=Lim OV (1) (Ath exp tH ; 0;). 
15i,jSr 
On the other hand it follows from Lemma 37 of [2(i)] that 
Lim | ¢’(A:hexp tH ;v;) — e(sd)v;(sd*)exp{sa* (log h + tH) } | =0. 
t>+0 
h> 


But we know from [2(i), Lemma 15] that fw,= 
therefore 


(Ai*) mod and 
(4) 0;(Am*) (Ai*) fi(Am* ) (Ai*) 8imD (A ) 


Moreover H is invariant under W’, since it lies in the center of m 


enter of im. Hence 
F;;(i) = c(sA) v;(SA*) 
j sew 


This proves that 


1SiSr 


Now put (in the notation of Lemma 26)}* 


Tri (A) (—1) -d/2 *€(s;) > 
1SjSr 
where d is the degree of D = 2/z 


Then it follows from Lemma 26 that 


This shows that 


| {vn — "Tra (A) a’ (Aa) Jer | — 0 


12 For any integer k, (—1)*/* =((—1)4)*. 
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But since 0, the w elements (s°€ W’,1 Sir) are all distinct. 
Hence we conclude from Lemma 57 of [2(i)] that 


Vx (A) = ‘Tei (A) € (8G) 


Putting —1 and ‘T,,=T, this becomes 7(A)e(s’A) x’ 
(AE Br’). Now if ¢ is sufficiently small, it follows from the results of 
Section 7, that ‘T;; can be extended to holomorphic functions on §,. More- 
over there exist (see [2(i), Lemma 52]) holomorphic functions b and b’ 
on such that b(A) =-7(A)e(A) and b’(A) (A)e’(A) for AC The 
above result shows that 6(s’A) (A)b’(s’A) for s’€ W’ and AE Fr’. Hence 
by analytic continuation we obtain the following lemma. 


LeMMA 28. b(s’A) for s’€ W’ and XE Fe. 
1. | b(sA)| =| b(A)| for s€ W and AE Fe. 


It is obvious that ¢6(—A:h) = conj $(A:h) forA€ Fr and h€ Ay. Hence it 
follows from Lemmas 37 and 57 of [2(i)] that e(—A) = conj e(A) for AE Fe’. 
Therefore if d is the degree of z, conj b(A) = (—1)4b(—A) (AE Fe). 
Let 1=dimby. If 11, W consists of only two elements. Hence if s 541, 
s\ = and therefore our assertion is obvious. So now assume that = 2 
and use induction. Define & as in [2(i),§3]. Since the reflexions s, (a € 3) 
generate W, it would be enough to prove that | b(sgA)| =| 6(A)| for 
and A€ Br. Now fix a€ & and select the element H, of Section 2 in such 
a way that a(H,) =0. Then s,€ W’ and it follows by the induction hypo- 
thesis (applied to m’=[m,m]) that | b’(s’A)| =| b’(A)| for s’€ W’ and 
AE But then by Lemma 27, | =| Bb’ (sodA) | =| T(A)B’(A) 
=|b(A)|. This proves our assertion. 


CoroLLaRy 2. 6(A)b(—A) =—6(sA)b(— sa) for se W and rAE &. 
First suppose A€ %r. Then we have seen above that 
b(—A) = (—1)*conj b(A) 
and therefore 


b(A)b(—A) = (—1)*| (a) |? = (—1)#| b(sa) |? = b(sa)b(—aa) 


by Corollary 1. Hence the same identity holds for all A€ % by analytic 


continuation. 


CoroLLARY 3. Suppose « is sufficiently small. Then if b(A) =0 for 
some XE Fe, tt follows that b(sX) =0 for every s€ W. 
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If 11, our statement is true since B(A) is never zero for AE Fe (see 
Lemma 53 of [2(i)]). So let us assume that /= 2 and use induction. Fix 
an element a€ =. Obviously it would be enough to prove that b(s,A) =0. 
Again choose H, in such a way that s,€ W’. If b’(A) =—0, it follows by 
induction hypothesis that b’(sgA) 0. On the other hand if b’(A) 40, 
r(A) = b(A)/b’(A) =0. Therefore in either case b(sgA) =T(A)b’(sgA) = 0. 

Now we regard % as a complex-analytic manifold and consider the 
divisor d of the function Bb on %. Select a,:--,%,€3 such that 
r= * and let d; denote the divisor of Then it is obvious that 
d; (1Si=q) are distinct prime divisors. Consider an element AE ¥’. 
We claim that b(A) ~0. For otherwise it follows from Corollary 3 of 
Lemma 28 that b(sA) =0 for every s€ W. But since r(A) £0, this implies 
that e(sA) =0 for all s€ W. However in view of [2(i), Lemma 37], this 
means that the analytic function ¢, on Ay must be identically zero. But this 
is impossible since ¢(A:1) =1. Hence b(A) is never zero unless r(A) = 0 
(A€ Se) and therefore d=k,d,+-- - -+ kad, where k,,: are certain 
nonnegative integers. The divisors d; are obviously invariant under the trans- 
formation A—> —A of %.. Hence 2d is the divisor of the function b(A)b(— A). 
But then by Corollary 2 of Lemma 28, d must be invariant under W. We 
claim that kk [1 (1Si=q). For otherwise suppose *, = 2 and select a 
point Ao€ such that a,(Ao) while (2S1Sq). Then 
c= b/rz, considered as a meromorphic function on %, is holomorphic around 
A, and e(A,) =0. Since the divisor of e is invariant under W, it follows 
that is holomorphic around and e(sd)) = 0 for every se W. Let U be a 
sufficiently small compact neighborhood of A, in %r. We now use the 
notation of [2(i),§10]. Then if W is a sufficiently large positive number, 
®(sA:h) is defined for AE U, s€ W and hE Ay(N) and it follows from [2(i), 
Lemma 37] that 

(A:h) = 2, (sh) h) Ap(V)) 
for AE U’ = UN Sr’. Hence if we fix h€ Ay(N) and make d tend to Ao 
it becomes clear (see [2(i), Corollary 2 of Lemma 28]) that 


sew 


However this is impossible because the analytic function ¢,, on Ay is not iden- 
tically zero. In fact P(Ao:1) =1. This proves that k;=0 or 1 (1S1S4qQ). 
Hence we may assume that the divisor of ec is d, +d,+- --+d, for some 
integer p (OS pq) . Put (am if p=0.) Since 


Ct. 

) 
of 
b’ 
he 
ce 
it 
2 

) 
> 
h 
)- 
d 
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d,+----+d, is invariant under W, it is clear that m*—«)(s)m (s€ W) 
where =+1. Put Then the divisor of bo is zero. Hence 
we have obtained the following result. 


Lemma 29. The functions e* and by = me are everywhere holomorphic 
on %e. Moreover b, is nowhere zero on Be. 


Define 6,’ and =z,’ in an analogous way (corresponding to m). Then 

o ce and 1/b,’ are both holomorphic on Put 

== Then But since by and b,’ have no zeros, it 

follows that Ty) =Tz,’/x, and its reciprocal are both holomorphic on %.. 
Moreover we saw during the proof of Lemma 28 that 


(Ai*) (A) = ‘Tei (A) 2’ (A) (1 = 1, ks r) 


for A€ Fr’. But r(A)e(aAi) = (4) (A;). Also 40 
since r(A) +0 (Corollary 3 of Lemma 28). Therefore 


Tri(A) = €(8;) (1 S1,k=r) 


and so, by analytic continuation, this relation holds for all AEB. Put 
Tyi(A) = €0(8:) (SiA*) To (SA) (1 Si,kS7,A€ Then it follows from 
Lemma 26 and the definition of ‘Ty;(A) that 


(A: m) Tyi(A) ao’ (Ag: m) (m € M) 
1Si=r 
for A€ er’. Therefore since both sides are analytic functions of A, this holds 
for all AE wR: 
LEMMA 30. There exist analytic functions Ty 1S1,jSr on Ser with 


the following properties. 


1Sj=r 


(1) m ) Ti (A) 0’ (8jA) 0 (sjA: m) 


me M). 
(2) We can find an integer d=0 such that 


remains bounded for any fixed v€ S(hy) as A varies in Fr. 


In order to verify the second property we proceed as follows. In view 
of Lemma 58 of [2(i)] and the definition of Ty;, it would be enough to show 
that (1+ To(A)| some >0 and d=0O._ Since 

re 


Ty=Tn, om and T, has no zeros on %, it follows that 2,’ divides 7, in 
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S(by). Therefore by the corollary of Lemma 59 of [2(i)], it would be 
sufficient to verify that sup (1+ ||A||)-¢|T(A)| <oo for some d20. But 
AE Be 

r(A) = ‘Tii(A) and so this follows immediately from Lemma 23 and the 
definition of ‘T,,. 

If we take into account Lemma 52 of [2(i)], we get the following 
result by a similar argument. 

LemMMA 31. We can select an integer d=0 with the following property. 
For any S(hy), sup (1+ Bo(A;A(u))| is finite. 

AC GR 


The following lemma will be needed in Section 13. 


LemMA 32. Let p be an element in such that p’=e)(s)p (s€ W). 
Then for some q€I(hy). 

Fix an element a€ &. It follows easily (see the proof of Lemma 10 of 
[2(i)]) that eo(s.)=—1 or 1 according as a divides w) or not. Now 
suppose & divides 7). Then p%*==— p and therefore a divides p. This shows 


that 2, divides p in S(hy) and our assertion is now obvious. 


10. The relationship between ¢ and ® Lemmas 27 and 30 give us 
an approximate connection between the functions ¢ and 6. Since [ lies in the 
center of m, it is obvious that 6(A:mexp H) —exp{dr*(H) —p(H) }0(A:m) 
for HE AE and m€ M. Therefore it follows from Lemma 30 that 

ao (A) e?O;(A: mexp(H)) = Tyj(A) (Aj) (Aj: m) 
1Sj=r 
(l1StSr). 


On the other hand 

34: H) exp H ; ni) 
for 7€ Mt. Therefore we get the following result from the corollary of 
Lemma 27. 


LEMMA 33. For a given n€ Mt, we can choose an integer k=0 and a 


positive number a such that 


| (A) exp Hs qui) — Ty(A) are! (Aj) (Ay | 
1Sj=r 


for X€ Br, h€ Ay* and HE1,* provided B(H)=1. (Here d has the same 
meaning as in [2(i), Theorem 3].) 
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Now fix an element 6 € 8 and consider the differential operators p,(b) 
and »(b) of Lemma 10. Then p(b) = gm where and M;. 


From Lemma 7, we can select a positive number a, such that | 9;(h exp H)| 
<= for h€ Ay* and H provided B(H) 21. Hence 


| (A: hexpH;n(b))| | (A:hexp 
1SjSs 


On the other hand by Lemma 46 of [2(i)], there exists an integer k, = 0 
and a constant a, > 0 such that 


hexp 


for all AE Br. This shows that 
e(H+logh) | 4(A:hexpH ;b) —p(A:hexpH po(b) )| 
== eh(H+logh) | (A: h exp H ;»(b))| 
S ajaz,(1 + + | logh])4 (h€ Ay’, HE 
provided B(H) =1. Since po(b) € Mt and vy; 1, we can now apply Lemma 
33 to »=yo(¥) and thus obtain the following result. Put Tj(A) =T,;(A) 
(S757). 
LemMa 34. For any b€ 8, we can choose an integer k = 0 and a positive 
number a such that 
| aro (A) (A: hexp H ; b) 


iSjsr 


for X€ Br, hE Ay* and HEI,* provided B(H) 


We recall that the element H, of Section 2 has been kept fixed through- 
out our discussion. It is obvious that p(H,)) >0. Select a number e such 
that 0 <e«<1 and let U be the set of all points H€ hy, which satisfy the 
conditions a(H) = (1—e)a(H,) P) and ||H||= (1+ Then 
U is a neighborhood of Hy in Cl(by,*). Put H, = H — (1—e)H, for HE U. 
Then H,€ Cl(by,*) and exp tH —expt(1—e)H, exptH, (t€ R). Hence if 
t=t, = {(1—e)8(H_)}", it follows from Lemma 34 that 


| wy (A) ed (A: exp tH ; b) 
— Ti(A)exp(t(1 (Ho) (A) exp Hes | 


582 
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tor HE U and A€ Fr. Moreover since H, lies in the center of m, it is clear 
that 
6(A;: exp tH ; ) 
= exp{t(1—e)\i* (Ho) —t(1—e)p(A) exp tHe; ). 


Also | He || S| + Q—e)] Hol]. Therefore if we put 
a, = 24(1 + || Ho ||)**4a, it follows that 


| aro (A) (A: exp tH ; b) Ty (A) mo’ (Ay) 0 (AG: exp tH ; ) | 


Sa(1+ + 


for HEU, AE Fe and t=ty. On the other hand by applying Lemma 46 
and Theorem 3 of [2(i)] both to ¢(A:exptH;b) and 0(\;: exp tH ; yo(d) ) 
and making use of the second statement of Lemma 30, we conclude that 


for suitable constants do, ky, dp = 0 and h € Cl(Ay*), AE Fr. Since Lim 
=( for any g=0, we thus obtain the following result. i 


LemMMA 35. There exists a neighborhood U of Hy in Cl(by,*) and a 
positive number t, with the following property. If b is any given element 
in B, we can select an integer k = 0 and a constant a> 0 such that 


| aro (A) eth (A: exp tH 3b) — STi (A) a0’ exp tH po(b) ) | 
Sa(1+ 
for HE UL XE Fr and t=] 0. 
11. Proof of Theorem 1. We shall now deduce an important result 
from Lemma 35. 


THEOREM 1. For any b€ B, we can choose an integer k =O such that 
(1+ |} A )~* | b) | remains bounded as and h vary in 
yr and Cl(Ay*) respectively. 


We shall prove this theorem by induction on dimrgo. Let S, be the 
set of all points H € Cl(6y,*) with || H || =1. Then S, is compact. There- 
fore it is obviously sufficient to prove the following lemma. 
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LEMMA 36. For a given b€ 8 and Hy€ S,, we can choose a neighbor- 
hood V of H, in S,, an integer k, = 0 and a positive number a, such that 


| (Azexp tH ;b)| Sai(1 + 
for X€ Sr, HEV and 
We now construct m, corresponding to this Hy and use the notation of 
Lemma 35. Since mp, is reductive, its derived algebra io’ = [mo, mo] is semi- 
simple and dimg my’ < dime go because H, lies in the center of mo. Therefore 


our induction hypothesis is applicable to my)’. Define o as in Lemma 12 
and put 


a] 


exp{a*(H(mk’)) -—o(H(mk’))}dk’  (A€ Se, M), 
Mr 


where dk’ denotes, as before, the normalized Haar measure of Mx. Now |, 
lies in the center of m) and mo—I,-+ mo’ +1. Hence by applying the 
induction hypothesis to mp)’, it is easily seen that for any 7 € Mt, we can select 
an integer k, = 0 and-a positive number a, such that 


| (Az exp H 3m) | J 
for all A€ Se and H€ Cl(by,*). Also it is obvious that 
6(A:h) =exp(o(logh) — p(logh) )@’(A:h) 


for h€ Ay. Let po(b)’ denote the image of ww o(b) under the automorphism 
of M over C which leaves every element of mp)’ + m,, fixed and maps H on 
H—p(H) for Hef. Then clearly 


O(A:h; ) =exp(o(logh) —p(log h) )0’(A:h3 po (b)’) 
and therefore if we take 7 = )(b)’, it follows that 
| (A: exp wo(b))| Say(1 + | 


for AE &ex and H € Cl(hy,*). But then from the second statement of Lemma 
30, we can conclude that 


|B mo! (Ag: exp wo(b))| Sas(1+ )™ 
(A€ Sr, HE Cl(Bp,*) ) 


for suitable constants a;,k; = 0. Hence it follows from Lemma 35 that we 
ean choose constants a,,4, = 0 and a neighborhood V of Hy in S, such that 


| ro (A) ed (A: exp tH ;b)| Sa,(1+ 


for HEV, AC Br and t=0. This proves Lemma 36 and hence also 
Theorem 1. 
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12. The space 1(G). Let «© be an element in G. Then z can be written 
uniquely (see [2(f), Lemma 31]) in the form kexpX¥ (K€ K,X€ po). Put 
D(x) = {det(sinh ad /ad where (sinh ad X/ad Y), denotes the restric- 
tion on p of the linear transformation 

sinh ad X/ad Y = > (ad X)4/(2¢+1)! 
q=0 
of gq Then D is an analytic function on G which is obviously spherical. 
Put? = (1+ [flog || D(a). 

DEFINITION. Let I(G) denote the set of all complex-valued functions > 

on G of class C® satisfying the following two conditions: 


(1) @ ts spherical. 

(2) For any b€ B and any integer ¢=0, 
sup 


Put =sup Then is a seminorm on J(@) and 
the collection of these seminorms, for all b€ B and qg=0, defines a topology 
on [(G@) in the usual way so that 7(G@) becomes a locally convex space. 


We note that (e*—e-*) /2t=—= > t*4/(2qg+1)! is an increasing function 


of ¢ for t=0. Hence it follows easily that D(r) = D(1)=—1 (r€@G). 
Moreover /2¢ remains bounded for t= 0 and therefore D(h) 
also remains bounded as h varies in Cl(Ay*). We shall need these facts 


presently. 
THEOREM 2. For any b€ B, we can select an integer g=O and a 
ronstant c > 0 such that 
D(x)| 2;6)| Sc(14 
for all c€ G and AE Fe. 
Obviously we can choose a finite number of elements b,,: - -,6,€ 8 and 


analytic functions on K such that = Sa(k)b; for ke K. 
Now suppose h€ Cl(Ay*) and k€ K. Then —? 


and therefore 


Sad | bi)| 


where a= sup (| On the other hand D(hk) = D(h) 
keK 


| 
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and D(h)e-e") remains bounded as A varies in Cl(Ay*). Therefore by 
Theorem 1, we can choose an integer g = 0 and a constant c >0 such that 


D(h)| mo(A) P(A: hk; b)| Sc(1+ 


for all AE Fr, AE C1(Ay*) and KEK. But (see [2(f). 
§12]) and D and ¢) are spherical functions. Hence it is clear that 


D(x)| Sc(1+ 


for c€ G and A€ Fr. This proves the theorem. 

Now %x being a real Euclidean space, we can define the locally convex 
space @(%nr) as usual (see [2(g),§2]). It consists of all complex-valued 
functions a on such that sup (1+ <oo for 

€ 


p€ S(by) and any integer g=0. Let dd denote the Euclidean measure on 
Sr. Then if a€ @(%r), it follows from Theorem 2 that the integral 


ar (bE B) 
converges uniformly with respect to z€ G. This shows that 
= (asa) dr 
is a C* function on G and 
THEOREM 8. For any a€ @(%r), put 
$o(2)— (z€ @), 


Then oa€1(G) and a— ¢q ts a continuous mapping of 6(%r) into I(G). 
Also 


It is obvious from its definition that ¢q is spherical. Moreover if 
K;h€ Cl(Ap*)), it is clear that 
D,(2) ba(25b) 


for b€ B and any integer r=0. Let D(hy) denote the algebra of polynomial 
differential operators on hy (see [2(g),§$2]). Then as we saw during the 
proot of Theorem 2, it would be sufficient to prove the following lemma. 
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Lemma 37. Let b be an element in 8 and s an integer =0. Then 
we can select a finite number of elements dy, d,,- - -,dy in D(Hy) such that 


(1+ |j log h | S sup |a(d;di)| 
OSiS=N 
for a€ and Cl(Ay*). 
We shall use induction on dim hy. The case hy = {0} is obviously trivial. 


So let us assume that dim, 1. Define S, as in Section 11. Since S, is 
compact, it would be enough to prove the following statement. 


Lemma 38. Fix 6 and s as above. Then for a gwen Ho€ S8,, we can 
select a neighborhood V of H, in S, and a finite number of elements 
dy. *,dy€ D(Hyp)such that 

(1 + t)set) | (exptH ;6)|S= sup | 2(A;4d;)| 
OSiSN 


fora€ HEV and t=0. 


We use the notation of Lemma 35 (corresponding to the element H, 
selected above). Then by this lemma, we can choose a neighborhood V of 
H, in S.. an integer k = 0 and two constants c, t) > 0 such that 


| aro (A) (A: exp tH ; (Ai) (Ai: exp tH wo(b) ) ete | 


<c(1+ Jarl 


for HEV, A€ Se and £20. Put 


fa(m) mo (A)a(A)O(A: m) da (mé€ M,a€ 


uk 


Then by induction hypothesis, Lemma 37 is applicable to mo’ = [mbo, mmo] 
instead of g) and so it follows easily that we can choose a finite number of 
elements such that 


(1+ logh | S sup 
1Si=p 


for a€ @(Fr) and h€ Cl(Ay*). Now put a,(A) (1 SiSr) 
for a€ 6(Fr) and AC Fr. Then it follows from the second statement of 
Lemma 30 that a; are also in @(%x). Moreover in view of the inequality 


stated above, it is obvious that 
| f(g, (exp tH ; 
— D fa, (exp tH ; ) | S ce-t/to (1+ da 


1SiSr 


hat 
vex 
1e( 
for 
ol 
| 
ial 
| he 
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for HE V andt=O0. On the other hand we can choose d,€ S(hy) such that 


for t= 0 and a€ @(%r). Furthermore 


(14 t)set | f,,(exptH ;o(b))|S sup 


1S5j=p 
for HE V and t=O and, in view of the second statement of Lemma 30. 
we can select d,,- - -,dy€ D(h,) such that 


sup la (a;d/)|S sup 

1SiSr 15jSp 1SiSN de FR 
for a€ @(%r). Therefore the assertion of Lemma 38 is now obvious. This 
completes the proof of Theorem 3. 


13. The distribution T,. Let dz denote the Haar measure on (7. 


LEMMA 39. Fiz an element w in &e. Then for any a€ 6(Sr), the 
integral 


J. (con) de 


is well defined and the mapping 


f (conj dx (a€ 
is a @-distribution on 
This is an immediate consequence of Theorem 3 and the following result. 


LemMA 40. Let fe l(G@), and b,,b,€ B. Then the integral 


| f(x; dr (ye G) 


7G 
converges untformly with respect to y on every compact subset of G. More- 


over the mapping 
| b2)| dr (fe l(G)) 
G 
is continuous on I(G). 


From Lemma 46 of [2(i)] we can select a positive number c, such 
that | = for G. Moreover if is a compact subset 
of G, there exists a positive number c, such that $(0: zy) Se.6(0:.2) for 


that 


“his 


the 


ult. 
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r€G@ and y€Q (see [2(i), Lemma 48]). Therefore it would be sufficient 
to prove that 


f | f(r; b,)| dr 


and the mapping 


fof | f(x; bz) | dx (fe 1(G)) 
is continuous on 7(G). Put A(expH) = JJ (e% —e*) (HE by,) as in 


[2(i),85]. Then if the Haar measure dh on Ay is suitably normalized, we 


ff A(h)dh f dk,dk, 
Ap* KxK 


for any g€ C.(G@) (see [2(f),§12]). Therefore 


have 


de— f | dk 
pt c 


We can obviously select a finite number of linearly independent elements 
+,by in B and analytic functions g3,---.gy on K such that 
S gi(k)b; (kEK). Then 

3=i=N 


| f(h; | gi(k)| | 


Since K is compact, the g; remain bounded on K and so it would be sufficient 
to verify that for any DE 8, 


f A(h) h)| f(h3b)| dh 
Apt 
and the mapping 


fof A(h)p(O:h)| f(h3b)| dh (fe l(G)) 
Ap* 


is continuous on J(G). Choose an integer q,;=0 such that 


f (1+ || logh dh <<a 
Ap 


Since | A(h) |? ee" obviously remains bounded for h€ Ay*, we can, from 
Theorem 3 of [2(i)], select an integer g,=0 such that 


(1+ log h A (h) 


is bounded on A,*. On the other hand it follows from the definition 


30, 
__| 
| 
) 
|| 
) 
) 
uch 
yset 
for 
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of D that | A(h)|3(1+ || logh ||)-*D(h)-* remains bounded on Ay for a 
suitable integer gq; = 0. Hence there exists a positive number such that 
A(h)$(0:h) for h€ Ay*. Therefore if we put g=q, + q,, 
it is clear that 


A(h)o(O:h)| f(h3b)| dk (1 -+- jllogh ||) “dh 
Ap* Ay 


in the notation of Section 12. This proves our assertion. 


1. Let Q be a compact subset of GX G. Then if FE T(G), 
the integral | ry; (az; b2)| dx converges uniformly for (y,z) € Q. 
G 


Without loss of generality we may assume that Q =o, X w, where o,, w 
are compact subsets of G. Let w be the image of O in G under the mapping 
(y,z)—> zy. Then wo is also compact. Given any « > 0 we can, by Lemma 


40, select a compact set V in @ such that 


f dr <e 


for y€w. (As usual ¢V denotes the complement of Vin G.) Put U = Vo,". 
Then U is also compact and ‘Uz C °V for z€ w,. Hence if y€ w, and z€ a,. 
it is clear that 
| (rz; f f(r; dr <e 
eU 
from the right-invariance of the measure dz. This proves the corollary. 


Now put 
P(y:z)— {con} ry) }f (az) dx (y,z€ G). 
G 


Then the above corollary implies that F is a C*-function on GX G and 
F(y3;6,:2; 62) (conj ry; b,))f (xz; b2) dx 
G 
for b,,6.€ On the other hand = by the 
right-invariance of dz. Hence if we put y=1 and (X€ go, t€ 
and differentiate with respect to ¢ at t—0, we get F(1;6,:1;Xb,) 
=—F(1;Xb,:1;6,). Let denote the anti-automorphism of over 
R such that (X + (—1)§¥ (X,Y €q.). Then the 


above result obviously implies the following corollary. 


2. For any b€ B, fe l(G) and Sr, 


J, (cont f (conj x; b*)) f(x) dr. 
G G 
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Moreover since | = ¢(0:2) and the integral f $(0:2)| f(x)| dx 


is convergent, the following result is also obvious. 


3. Fix an element fe I(G). Then the mapping 


p> (conj f(a) dx (u€ Fr) 
is continuous on Br. 


We shall now try to determine the distribution 7’, of Lemma 39 explicitly. 
Define the homomorphism y of J, into (hy) as in Section 4. Then we know 
from Lemma 18 of [2(i)] that ¢(A:23q) (ZEG, 
q€ Ig, A€ %). Let pg denote the polynomial function on % whose value at A 
is y(q:(—1)8A). Then it follows from Theorem 3 that g¢a—¢p,0 for 
a€ 6(%x) and we conclude from Corollary 2 of Lemma 40 that 


= (conj o(u:2) (conj x; q*) )ba(x) dz. 


On the other hand conj 2) = ¢$(u:27!) (see [2(i), Lemma 47]). There- 
fore it is obvious that conj for any B. On the 
other hand if b lies in Z,, the same holds for b* and $(u:1; 6) = y(b: (— 1)4m). 


Therefore 

conj y(q*: (—1)4x) =conj 
This proves that 7’, (p,a) = pa(u)T, (a). Now let p be any element in (hy). 
Then by Theorem 1 of [2(i)], pp, for some q€ I, and so we get the 


following result. 
Lemma 41. for any pe and 


CorouLary. There exists a continuous function B on §p such that 


Tu (a) =B(u) e0o(s)a(sp) 


sew 


for all a€ and er. Moreover is unique and B(sp) = 
(sé W). 


Fix a point po€ Then if and psy, for any W, it is 
clear that we can choose po€I(hy) such that po(u)Apo(po). Put 
P= Po—Po(wo). Then it follows from Lemma 41 that pT,,—0. On the 
other hand p(n) +0 and so we conclude that » does not lie in the carrier 
of T,,. This shows that this carrier is contained in the finite set of points 
Sug (SEW). 


a 

at 
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e 
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For any function a on %e and s€ W define the function a* by as(,) 
=a(sta) (A€ Se). Then if a€ @(%e), it is obvious that a*® also lies in 
and Hence 7T,,(a*) =e(s)Ty(a). Also T,—T,, 
since ¢s,—¢, (see the corollary of Lemma 17 of [2(i)]). Let U be an 
open neighborhood of yo in x such that its closure is compact and sU =U 
(s€ W). Select a function a,€ such that U. Then if 
U, it is clear that 2 = where w is the order 

sew 


of W. Hence the uniqueness of §$ follows from its continuity and the 
equation Ty (ado) = (w€U). Therefore = B(,) 
since T,,—T,. Thus only the existence of {% requires proof. Fix an 
integer k=O. Then for any given a€ @(%r) and pe U, we can select a 
polynomial p € S(y) such that all derivatives of a— p of order = k are zero at 
the points su (s€ W). Hence if & is chosen sufficiently large, T,(a) = T,,(pa,) 
(see Schwartz [4, p. 99]). But a,*—a, is identically zero on U and so it is 
obvious that T,( pao) Hence T,(a) =T,(qao) where 
g=w 2 But from Lemma 32 we can choose po€ I(y), such 


that Therefore 
T,(a) = T, ( pomodo) = Po(u) Ty (mode) (mE U). 


from Lemma 41. On the other hand po(u) =w p(sp) 
sew 


=w ¥ «(s)a(su). Therefore 
sew 
Ty (a) = (we U). 


But from Corollary 3 of Lemma 40, 7,,(7 a.) is a continuous function of 4 
and so our assertion is proved. 

Define b, as in Section 9. We shall see in Section 15 that if the 
measure dA on is suitably normalized, 8(A) = | bo (A) |? for AE Gr. This. 
in fact, is one of the main results of this paper. 


14. An inequality and its consequences. Put n= > CX, as in [2(i). 
ae P, 


§2] and i=én—= S CYX_, where 6 is the automorphism of g defined in 
ace P, 
Section 2. Let NV and NW be the analytic subgroups of G corresponding to 


nM Qo and go respectively. We normalize their Haar measures dn and 
dn in such a way (see [2(i), Lemma 44]) that 


f dn = f 1 


N 
where n’=6(n") (n€N). 
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LemMA 42. Let h and vi be two elements in Ay and N respectively and 
select h’€ Cl(Ay*) such that Kh’K. Then p(log h’) = p(H(n)) + p(log h) 
and therefore || logh’ || = || p |*{p(H(%) ) + p(logh)}. 

Put A= 5 « and let o denote the irreducible representation of g on 


aeP 
a finite-dimensional space V with the highest weight A (see the proof of 


lemma 45 of [2(i)]). Choose a unit vector y in V belonging to the weight 
A. Then if ah =k,h’k, (ky, € K), it follows that | o (7h) po | =| o(h’k2) po |. 
But since A coincides with p on hy, this shows that p(H(n)) + p(logh) 
=p(H(h’k.)). However h’€ Cl(Ay*) and therefore we conclude from 
Corollary 3 of Lemma 35 of [2(i)] that p(H(h’k.)) Sp(logh’). Hence the 


lemma. 


Corotuary 1. Let 2 be a subset of Ay such that p(logh) remains 
hounded from below as h varies in Q. Then for any integer k=0, we can 
select a positive number c, and an integer k,=0 such that 


Dy, (mh) = + p(H }¥exp{p(H(n)) + | p(logh) |} 
for all n€ N and h 


It is easily seen that we can select an integer d=0 and a positive 
number c, such that D(h,)e (1+ || logh, ||)¢= cz. for Ao € C1(A,*). 
Therefore if hk’ is defined as above, it follows that 


Da(mh) = Da(h’) = cree”) = c, exp{p(H(n)) + p(logh)}. 


Hence in view of Lemma 42 and our assumption on Q, the statement of the 


corollary is obvious. 


CoroLiuary 2. Let U be a compact subset of N and fiz f and b in I(G) 


and B respectively. Then the integral | di converges 
N 


formly as ity and h vary in U and Q respectively. Moreover, we can find an 
integer r= 0 and a positive number c such that 


aii < csup D,(z)| f(23b) 
N 


for all hE Q, fET(G) and bE B. 


From Lemma 45 of [2(i)], we can select an integer = 0 so large that 


N 


in 
an 
if 
der 
he 
ali 
a 
at 
lg) 
is 
re 
ch 
) 
le 
1S, 
iD 
to 
d 


HARISH-CHANDRA. 

Choose #, and c, corresponding to Corollary 1 above. Then 
| f (th 5 b)| Ser {1 + 

for N, hE OQ, bE B and fe 1(G), where 


to(f) sup D,,(z)| 


Hence it is sufficient to choose rk, and c= c,"'c,. Moreover for any « > 0, 
we can select a compact set V, in N such that 


f (1 + <e. 


(°V, is the complement of V, in NV.) Put V=V,.U-'. Then V is also 
compact and 


f {1 + p(H (nto) ) } * exp{— p(H (fifty) ) }di <e 
cy 
for i,€ U. From this the first assertion of the corollary follows immediately. 


Put 2, = Nii where N is the subalgebra of B generated by (1,ii). More- 
over for any function F on G@ write F(i:h) =F(nh) (WE Ay). 


COROLLARY 3. Suppose n»€ MN, and w€ Hy. Then 


f 
“N 


for fe I(G) and h€ Ay. 


Fix and put 7’ = (»)"" for any RN. Then f(a snihsu) =f 
and therefore, by Corollary 2, the integral 


f dn 
N 


converges uniformly as fi, varies ‘/ithin a compact subset of N. Put 


Then it follows from the above remarks that F’ is of class C” on N and 


F(fio3m) = f mynih;u)dn 


for m € ®. However the Haar measure on the nilpotent group N is both 
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left- and right-invariant. ‘Therefore =F'(1) and hence =0 
for X€n. This shows that 


f :u)di =0 


for X € n and » € X% and now our assertion is obvious. 


Let @(A,) denote the set of all functions F' on Ay of class C® such that 
qu(F) = sup (1+ || logh ||)4| P(h;u)| <2 
he Ap 


for any integer g 20 and w€ Sy. We define a topology in @(Ay) by means 
of the seminorms o,, and thus turn it into a locally convex space. Let 
I(Ay) denote the subspace of @(Ay) consisting of those elements which are 
invariant under W. Obviously Z(Ay) is closed in @(Ay). 


4. Forany 1(G), put F,y(h) = f(mh)dn (h€ Ay). 
N 


Then F,€ I(Ay) and f— Fy; ts a continuous mapping of I(G) into [(Ap). 


Moreover 
Fy(h3u) = f(mh;u’)dn (hE Ay, UE Dy) 
N 
where = oc e®, 


It is obvious from Corollary 2 that Fy is of class C* and 
Fy(h;u) = f f(mh;u’)dn 
N 


for wE Bp. Moreover f(x) =f G), since f is spherical. There- 


fore 
Fy (h) = f(hn)dn. 
N 


We can now apply to f the proof of Lemma 17 of [2(i)] and conclude that 
Fy(h8) = Fy(h) (se W). 

Select & as in the proof of Corollary 2. Since p(logh) 20 for 
h€ Cl(Ay*), we can take Q=Cl1(Ay*). Now choose k&, as in Corollary 1. 
Then it is obvious from Lemma 42, that for any integer gq = 0, there exists 
a positive constant c, such that 

= cg(1 + || log h + exp{p(log h) + p(H(x))} 


for h€ C1l(Ay*) and 7€ N. This shows that 
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for hE Cl(Ay*), wE Hy and fe 1(G@), where 


f + p }* di. 
N 


Let u—> u® (s€ W) denote the automorphism of §, which coincides with s on 
hy. Then obviously Fy(h ;u) = ; u*). Therefore since Ay = LU s(Cl(A,*)), 
sew 


it follows that 
sup (1+ logh ||)*| Fh; u)| Secg* sup f(z; (us)’)| 
he Ap seW 


for f€ 1(G), wE Hp and g=O0. This proves the corollary. 


We normalize the Haar measure dh on Ay in such a way (see [2(b), 
Lemma 35]) that dr = for z=khn K, hE Ay, n€N). 


LEMMA 43. For any A€ and fe l(G), 


f F',(h)exp{ (—1)4A(log h) }dh. 
G Ap 
We keep to the notation of the proof of Corollary 4 of Lemma 42. 


Select an integer g=0 so large that (1+ logh Fix 
Ap 
fe and put 


g(h) | dn— | f(iih)| di 
N 


for h€ Ay. One proves without difficulty (see [2(i), Lemma 17]) that 
g(h*) =g(h) for se W. Hence 


f |f(x)le g(h)dh=w | g(h)dh 
G Ap Apt 
where w is the order of W. On the other hand 

e {1 + p(H(n))}* sup f(z) | 

réeG 
= + || log h |] ) | | 
for n€ N and h€ Cl(Ay*) and therefore 
g(h) Scecg*(1 + || logh Dyysq(2) | f (2) | (h€ Ay’). 


This shows that J | f(x) | ePHOdr <a. Hence it follows immediately 
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that 
= f f(z)exp{(— 1)4A(H — p(H(2))} dr 
G G 


-f exp{(—1)a(log h) + pllogh)}dh f(lin)dn 
Ay N 


f F,(h)exp{(— 1)4A(log h)} dh. 
Ap 


Let us now assume that dad is the regular Euclidean measure (see [2(g), 


§2]) on $x and the Haar measure dh on Ay is so normalized that 


f dh f a(A)exp{ (—1)4A (log h) }dA = a(0) 
Ap OR 


for any @€ @(%r). In view of the relation dr dkdhdn, this fixes 
the normalization of dz as well. We shall call these the regular normalizations 
of dA, dx and dh. Define $ as in the corollary of Lemma 41. 


CorotLary. Let a be any element in @6(%r). Then 


eP(H) sole exp H)dn = BA) €o(s)a(sdr) }ecu? ) dy 
N 8 


ew 
for H € By, 


Put fd. Then from Theorem 3, f lies in /(@) and therefore by 


Lemma 43, 


f Fy (h)exp{— (—1)4A (log h) }dh = f oa(x)conj daz (AE Fr). 


Now apply the corollary of Lemma 41. Then 


(h)exp{— (—1)4A (log h) }dh = B(A) 2 <o(s)a(sr). 


Therefore our assertion follows immediately by the Fourier inversion formula. 
We shall see in the next section that the above relation also holds if 
B(A) is replaced by | bo(A)|*. This would prove that B(A) =| 6b (A)|? for 
Fy. 
15. Determination of the function . Extend 6 to an automorphism 


of B and put N—o(N), and y’(q) —e*y(q)oe (qe Iq). 


Also define 8, as in Lemma 9. 


LeMMA 44. Let q be an element in I, and let d denote the degree of 
y(q). Then q—vy'(q) €BE+ 
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Define $8 as in Lemma 19 of [2(i)]. Then we have seen in [2(i), § 4| 
that J; = 1,0 B+ 1, (£B). On the other hand J, N (FB) =I, N (BE) is the 
kernel of y (see [2(i), Theorem 1]). So it would be sufficient to consider 
the case when q€ J, $8. But then it follows from [2(i), Lemma 20] that , 
itself is of degree d. Now g is the direct sum of f, hy and n. Hence 
Ba C IB+ (GSN) N Ba from [2(b), Lemma 12]. Therefore it follows from 
the definition of y (see [2(i),§4]) that gq—vy(q) € B+ 
Let b> bt (b € B) denote the anti-automorphism of 6 such that Xt —— (YX) 
(Y€q). It is clear that every element of p (and therefore also of $) is 
left fixed by this anti-automorphism. Hence 


= (g—y'(q) BEF (Mi Gp) Ba. 


This proves the lemma. 
Select = 1, - -,Uw€ Sp as in the corollary of Lemma 8 of [2(i)] 
and let denote the automorphism of given by wu’ = oe? (WE Hy). 


LemMA 45. Supposeu= uy(qi) Then we can choose a 
1Si=w 


finite number of elements Ig and nu € 1 S1=w) such 
that 
wig nriti mod BE. 

We shall use induction on the degree d of u. Obviously we may assume 
that u is homogeneous and d=1. Then wy(qi) (1 Siw) are also homo- 
geneous of degree d (see the corollary of Lemma 8 of [2(i)]) and it follows 
from Lemma 44 that 


— (q%) Bt -+- (Ns Hp) a) By. 


But this implies that 


1SkSs 


where € and 1% € Sy (1SkSs). On the other hand $= Jui 


1Si=w 


the 


where J =I(hy) =y(J,). Therefore our assertion follows by applying 


induction hypothesis to vx. 

Select as in [2(i),§3] and consider the additive group 
L generated by 3. Then (a,,- - -,,) is a set of independent generators of L. 
We say that an element is of rank B (BEL) if [H,b] = Hb—bH 
= 8(H)b for every HE hy. Let L, be the set of all elements BE L of the 


form where m,,---,m, are nonnegative integers 


998 


SEMISIMPLE LIE GROUPS, II. 599 


which are not all zero. Let (N,)- (B€L,) denote the set of all elements 
in R, of rank —f. Then it is easy to see that Jt, is the direct sum of (Jt,)-¢ 


for B8€ L,. Therefore it is obvious that the elements »; of Lemma 45 can be 
so chosen that yw is of the rank —,; for some 6,,€ L,. Now we use the 


notation of Section 14. 


CoROLLARY. Assume that nw ts of rank — Br (Bri€ LDL.) in Lemma 45. 


Then 


1SisSw 


1SkSr 1515 


for AEB, WEN and hE Ay. 


It follows from Lemma 45 and [2(i), Lemma 18] that 


= y (qi: (—1) A) + (—1)4A) 5 


for c€ G. Now if we put 2==7h and observe that 


our assertion follows immediately. 

Now put 

(A:n:h:H) =m (A)e? exp H; uj’) 
forrA€ WEN, hE Ay and HE by. Suppose = (qi) where gj € 

Then we put H) =y(qa: (—1)4A) Sw). It is clear that 
=,;(A:H) depend on H but not on the particular choice of qj. Now fix an 
element fH,€ hy,*. By Lemma 45 we can choose elements qji. xj in Ig and 
mi in NR, 1Sk=r) such that 
= = Uj Qii > mod Bf (1 w). 
1=j=w 1Sk=r 15j=w 
Moreover we may assume that i; is of rank — yi; for suitable Brij € L,. 
Then it follows from the corollary of Lemma 45 that 
dd DS y (qu: (—1)3dA) (A: 
1Sj=w 


exp{— Brij(logh + tH) }. 


§ 4| 
s the 
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In matrix notation, this equation can be written as follows. 


Hy) O(Ar nth: tHyo) + ¥(Ar t) 
where 
Wi (A:nv:h:t) 
2 (—1)8A)@;(A: %3 h: tH) 
X exp{— Brij (log h + tH) } 

Put n:h: tho), nth) = 0), 
W(A:7:h:t) =exp(—tE(aA: Ho) ) ach: t) (t€ 

Then the following lemma is obvious. 


LemMa 46. d®(A:n:h:t)/dt=W°(A:n:h:t) and therefore 


T) O(A:n:h) +f t)dt 
0 


for TZ0. 


Put B= min «(H,) and let » denote a compact subset of Jer. It 
ae P, 

follows from Corollary 2 of Lemma 14 of [2(i)] that (—1)3A(sH») (s€ W) 
are all the eigenvalues of =(A:H,.). Hence by Lemma 60 of [2(i)], there 
exists a positive number c, such that || exp(—t2(A:H>))|| Sa.(1+ ¢#)” for 
t=O andA€w. Put —6(2") as in Section 2 (cx€G). Then Krk 
and therefore ¢,(21) =¢,(z). Let b— bt denote the anti-automorphism of 
8 such that (X€q). Then if »€ and Hp, it follows 
without difficulty that 


= 


where n= (nv)? and b= ((yqu)")*. Therefore since D(x) 21 (r€ @), we 
get the following result from Theorem 2. 

Lemma 47. Let U and w denote two compact subsets of N and §r 
respectively. Then for any h€ Ay, we can select a positive constant c such 


that 


forrA€o, RE U andt=0. 


It is obvious from Lemmas 46 and 47 that ®°(A:/:h:t) tends to a limit 
as t—> +o if A€ Br. We denote this limit by ®°(A:n:h:0). 


] 

( 

| 

l 

t 
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CoroLLARY. Fora fixed h in Ay, ts a continuous function 


of (A,%) on Br X N. 
It follows from Lemma 47 that the integral f | H(A: n:h:t)|| de 
0 


converges uniformly as A and f vary in w and U respectively. The corollary 
is an immediate consequence of this fact. 

As before let be the set of those points A in where 
Fix an open subset w of %»’ such that its closure in §,r’ is compact. We also 
assume that so—w for s€ W. Select an element p in S(hy) and for any 
a€ (w), put ae(A) (A) exp{— (— Gr). 
Obviously a;€ C.*(w) for any t. Now choose an integer /') = 0 such that 


f e P(A) +. )}- di < oo. 
N 


LEMMA 48. Define Q as in Corollary 1 of Lemma 42 and let b be an 
element in B. Then there exists an integer m = 0 with the following property. 
For any a€ C.”(), we can select a positive number cq such that 


| ba, (th ; b)| S ca(1 + t)mexp{— | p(log h) | — p(H(a))} {1 + p(H(n))}* 


From Corollary 1 of Lemma 42, we can choose an integer k, 20 and a 


positive number c, such that 


f(mh;b)| 
exp{—| p(log h)| —p(H(A))} 1 + sup 


for any f€ 1(G). On the other hand by Theorem 3 we can select a finite 
number of differential operators d,,- - -,d, in D(hpy) such that 


1S¢=r 


sup Dx, ¢a(z36)| sup |a(a;di)| 
fora€ C.*(w). Let m; denote the order of d;. Then if m=max(m,,:--,m,), 
it is obvious that for any a€ C,” (w), there exists a positive constant c’ such 
that 


1SiS=r 
lor all ¢=0. From this our assertion follows immediately. 
CoROLLARY 1. Let u be an element in Sy and y an element in N, of 


rank —By (Bo€ L,). Then we can select an integer m=0 and, for any 
a€C.*(w) and h€ Ay, a positive constant c(a,h) such that 
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erllogh+tHe) | (i; 4: hexptHy; w) | eFoloe 
<= c(a,h) (1 + t)™ePAM) {1 + p(H ) }-* 
for and tZ=0. 
This is obvious from the above lemma if we note that 
da, h exp tHy; u) h+tHo) — (nh exp tH; nu). 
For any a€ C,”(w), put 


a(A)®°(A: fh: t)da, 


W°(a:n:h:t) 
and @(a:n:h) =®°(a:n:h:0). 

Corottary 2. There exists an integer m2ZO0 with the following 
property. For any a€ C,*(w) and h€ Ay, we can select a positive number 
c(a,h) such that 

|| Sc(a,h) (1 + t)™e PFO (1 + p(H(n))}-* 
for allie N and t= 0. 


We use the notation of [2(i), Lemma 14]. Put A* = (—1)4) and 
and ot(A*)u; (AC Rr). Select such that 


1SiS=w 


(1Sk,tSw) and put By=So*v,i;¢€ S. Then it is obvious that 
k 


= = Bij (A*) u; mod SJ (1 =. i= 


1SjSw 


Let E(A*) denote the w X w matrix with the coefficients £,;(A*). Then we 
have seen during the proof of Lemma 51 of [2(i)] that™ 


E'(sA*)2(A: Ho) = =(A: Ho) E(sA*) = sd*(H,) (se W) 


and 3S e(s)H(sA*) =2(A*)J where J is the unit matrix. Hence 
sew 


a(A*)exp{— tE(A: H,)} = e(s)exp{— tsa*(H,) } (sA*) 


seW 
for R and AE Fr. Therefore 


®°(a:n:h:t) = €(s) fae") 
sew OR 


X exp{— tsrA* }E(sA*)®(A: nih: t)da. 


But since £4;€ 8, the statement of the corollary now follows from Lemma 48 


602 
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LEMMA 49. The integral || dni is convergent for 
N 


(w), hE Ay and t2=0. Moreover 


N N 
The first statement is obvious from Corollary 2 of Lemma 48. Moreover 


it follows from Lemmas 46 and 47 that 
T 
O° (a:n:h:T) +f W°(a:nzh:t)dt 
0 


for 7 0. On the other hand 


W(a:n:h:t) = > e(s) a(A)r(A*)* 
sew Fr 
exp{— tsrA* (Ho) }E (sA*)¥ (A: ah: t)da. 
Therefore if we take into account the definition of ¥(A:n:h:t), it follows 


from Corollary 1 of Lemma 48 that 


f | (t=0), 


where c’ and m are independent of ¢. This shows that 


T 
N 


lence by Fubini’s Theorem, 


T 
N N 0 N 


So in order to prove the second statement of the lemma, it is enough to 
verify that for any But in view of the 
definition of ote: ni:h:t) and the expression for ¥°(a:n:h:t) in terms of 
WA: n:h:t) given above, it would be sufficient to show that f da(tisni:h;u)dn 


=0 for h€ Ay, 7E I, UE Sy and a€ C,*(w). But this is a consequence of 
Theorem 3 and Corollary 3 of Lemma 42. 

Put ®°(a:n:h: 0) = f (AE C.*(w)). Then it 
lollows from Lemma 47 that On the 


dther hand 


HARISH-CHANDRA. 


f }(a:n:h)di = Lim 4 ®°(a:nih:t)dn 
N t>+0 


by Lemma 49. From these facts we intend to deduce that 


N N 


N 


(Here , and ®,° stand for the first coefficients of the one-column matrices 
© and ®° respectively.) However first let us compute ®,°(A:n:h:o). In 


order to do this we need the following lemma. 


Lemma 50. Fix n€N and for h€ Ay let h’ denote some element in 
C1(Ay*) such that mhe Kh’K. Then | logh’—logh—H(n)||>0 us 


min «(logh) +0. 


aeP, 

Let o be an irreducible finite-dimensional representation of G on a vector 
space V and let A denote the highest weight of o. Select an orthonormal 
hase for V such that y; belongs to the weight A; 
(Ag =A). Put | 7 |= ( | Ty: for any linear transformation on J. 


0=i=p 
Then 


Let 8: (1StSp) denote the restriction of A— A; on by. Then it follows 
from [2(e), Lemma 2] that B;¢€ L, if B;A0. Suppose B;—0 for 1Si<r 
and 6,€ L, for rSi=p. Then the above relation implies that 
e2A (log h’) {r+ >. e~?Bi(logh’)} 
rSisp 


== ¢?A (log h) > | Wi |? + > | Wi \2 2Bi(logh)) | 


r=isp 


Now suppose i<r and 2€P,. It is obvious that 
{A(H) + So (Va) vi 


for /1€ hy. On the other hand a cannot coincide on by with — for any 
BeL,. Therefore A + 2 cannot coincide on hy with A; for any j (0S jp). 
This implies that o(Xg)¥i=0. Hence for n€N and 
lo (va) | (OSi<r). Now put A’(h) =logh’—logh —H(i). 


Then the above equation becomes 


r+ |? exp{—2B;(logh) —2A(H(n) )} 
p 


r=iz=p 
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Now let h->oo in the terminology of Section 9. Then £,(logh)—~>-+o 
(rtp) and hence we get 
h> rSisSp h> 


Since r= 1, this shows that LimsupA(H’(h)) =0. On the other hand 


h> 
ih—=k,h’k, (ki,k2€ K) and therefore But it 
follows from Lemma 35 of [2(i)] that A(logh’) = A(H(h’k.)) and hence 
A(H’(h)) 20. This proves that Lim A(H’(h)) =0. This being true for 


h> 


every highest weight A. we conclude from Theorem 1 of [2(a)] that 


Lim || H’(h) || =0. 


hoo 
Define the function 6, on ¥e as in Section 9. 
LEMMA 


2) =e PAM) €,(s) by (sd) exp{(—1)4sA(logh + )} 


sew 
forX€ Br, NE N and hE Ay. 


Let be the set of all points A€ such that KA(s.2Ho) 
for any two distinct elements s,, s. in W. Then §r” C §r’ and since Hy € by,*, 
itis obvious that pr” is dense in §}z. Now, for fixed 7 and h, both sides of the 
above equation are continuous functions of A (see the corollary of Lemma 47). 
Therefore it is enough to prove their equality for A€ Br”. 

Since ®(A:n:h:t) =exp{tE(A: Ho) } n:h:t), it is clear that 

= e(s)exp{tsrA* (Ho) }H(sA*) (A: 
sew 
lor t€#. (Here the notation is the same as during the proof of Corollary 2 
to Lemma 48.) Hence 


a(A*)@, (A: — e(s)exp{tsrA* (Hy) 30 
sew 


as +00, where 


1SjS 


On the other hand 
=a9(A) (nh exp tH). 


Now fix A, h and vi (A€ Fe”) and for t=0, select an element h;’ € Cl(Ay*) 
such that exp tH, € Kh/’K. Also put H’(t) = log h;’ —logh — tH, — H(i). 


Ces 
In 
an 
as 
tor 
al 
| 
w 
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Then it follows from Lemma 50 that || H’(¢)||—0 and therefore h,’ > 
(in the termininology of Section 9) as £—>-+ 0. But 
(ih exp tHy) = exp{— p(H ) — p(H’(t) ) 
and 
Lim | (h’) — e(sd)exp{sa* (log h’) }| =0 
sew 
from Lemma 387 of [2(i)]. Therefore 
n:h:t) —e PAM (s)bo(srd)exp{sa* (logh + tH, + H(n))}-0 
sew 


as t—»-+ 0. This implies that 


= (8) h) 
— (8) bo (sd) exp{sa* (logh + tH, + H(ii))} 0 


ast—>-+too. But since A€ Fr”, it follows from Lemma 56 of [2(i) | that 
=2(A*)e(s) eo (8) Bo (SA) Mexp{sr* (logh + H(n))} (se W). 


On the other hand e(s) H(sA*) and therefore 
sew 


sew 
Hence 


©) 
== (A*) Bo (sd) exp{sd* (logh + 
sew 


The statement of the lemma is now obvious since #(A*) 40. 


CoroLLary. The integral { | )| da converges if a€ C,*(w) 
N 
and h€ Ay. 


Fix h anda. Then it is obvious that for any s€ W, 
sup (1+ || H|})*| 5o(sd)a(A)exp{sa* (log h + H)}dv| <0. 
H OR 
Hence there exists a positive number c such that 


and from this the corollary follows immediately. 


| 

(ne 
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Now we regard the Lie group N as an analytic manifold. For any 
(N) and a€ C.*(w), put 


(a: v: fio:h: t) -f (MEN, hE Ay tZO) 
N 


and @®(a:vitio:h) =O (aivito:h:0). It follows from the corollary of 
Lemma 47 that the integral 


o) -f (a: fight: h: 


N 
s also well defined. 


Lemma 52. The integrals 


f @(a:vin:h)dn, f ® (a:vinih: o)dn 
N 


are both well defined for a€ C.”(w), ve Coe? (N), h€ Ay and they are equal. 


In view of Lemma 49 and the right-invariance of the Haar measure of 


the nilpotent group JN, it is clear that 


f || ®(a:v:n:h)|| dis | | an f | P(a:n:h)|| di<o. 
Moreover it follows from Lemmas 46 and 47 that 
®(a:vin:h:o) =O(a:vin:h) + 
0 
where 
We claim that 


f || o(a:vinih:t) || dt<oa. 
e N 0 


If we recall the definition of W°(A:n:h:t) (AE Br), it becomes clear (see 
the proof of Lemma 49) that for this it would be sufficient to prove the 
following lemma. Put (a@€ C.*(w)) and use the notation 
of Corollary 1 of Lemma 48. 


Lemma 53. For any a€ (,*(w) and v€ C,.*(N), put 


dn (io € N, HE Ap). 
# 


> 0 
, 

) 
t 
> () 
v) 
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Then for any wE€ Sp and h€ Ay, the integral 


di f ba, (vin; n:hexptHy;u)| 
e N 0 
X exp{p(logh + — Bo(logh + tH.) }dl 
is finite. 

Let €—>& denote the anti-automorphism of ® such that ¥’—=—Y 
(XY €it). Then in view of the left-invariance of the measure dn, it is clear 
that 

= dal 
where (WEN). Hence go, 
= da, (i Now fix v, h and a. Then from Lemma 48. 
we can choose a positive constant c and an integer m = 0 such that 

| ba, hexp tHy;u)| 


Se(1 (Aa)| + p(H )}% da 


for all i)€ N and t=0. Since B,(H,) > 0, the assertion of the lemma is 


now obvious. 
This proves that 


| dn 


< | dit dn || dt<oa. 
0 


e 


Therefore it follows by Fubini’s Theorem that 


dt f W(arvinih:t)dn. 
0 


Hence in order to prove Lemma 52, it would be sufficient to verify that 


fw 


for any {=0. But we have seen during the proof of Lemma 49 that 


the integral da is finite and f 


Hence it is obvious that 
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This completes the proof of Lemma 52. 


Now select vy in such a way that if r(i)di=t1. Then it follows from 


lemmas 52 and 49 and the corollary of Lemma 51 that 


®,(a:n:h)dn 


fora€ C.*(w) and h€ Ay. Now fix a and h and put 


a, (H) = f bo (sd)a(A) exp{saA* (logh + H)}da 


fors€ Wand H€ hy,. Then it follows from the theory of Fourier transforms 


that sup (1+ | H||)*|a/(H)| <oo. On the other hand, 
H€Opo 


@,°(a:n:h: 0) =e S (H(n) ) 


sew 


by Lemma 51. Therefore it is obvious that 


f > e(s) ay (H (n) dn. 
sew 
Yow let § be a sufficiently small positive number. By the corollary of Lemma 
45 of [2(i) ], f exp{— (1+ 8)p(H(n))}di <o and therefore, by Fubini’s 
Theorem, 
a,’ (H (nv) )exp{— (1+ 8)p(H(n))}dn 
f by (sr) a(A) dy f exp{sr*(H(n)) — (1+8)p(A(a)) }dn 
= f by (A) conj e(As) dav 


from Theorem 4 of [2(i)], where As—=A— (—1)43p. But since w C Sr’, 
c is a holomorphic function on a complex neighborhood of w in %. Therefore 


if we recall that w is invariant under W, it becomes obvious that 
f ay (H )e Lim f as’ (H ) HO 
§>0 


= f by (A)a(sa) conj e(A) dA 


by (A) |? ta (std) ed dy, 
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Hence 

f $,°(a:n:h:0)di= f | Bo(A) |? {mo(A)* 2 ¢o(s)a(sa) 
But we have seen above that 


Therefore it follows easily from the corollary of Lemma 43 that §8(,) 
=|b,(A)|? for A€w. But since this holds for any choice of w and since 
§ and 6, are both continuous on ez, it is obvious that this relation actually 
holds for all A€ Fr. 


TuHeEorEM 4. Let a be an element in @(%r). Then 


H)di = f | By (A) €9(8)a(sd) 
N J 
for H € by,. 


In view of the result obtained above, this is an immediate consequence 
of the corollary of Lemma 43, if we use the regular normalization of d). 
On the other hand the statement of the theorem is obviously independent 
of the normalization of dA. Hence it holds in general. 


THEOREM 5. Let a€ and rA€ Fr. Then 


mo(d) dz — | bo(A)|? eo(s)a(sr) 
if we use the regular normalizations of dr and dx. 
This is merely a restatement of the corollary of Lemma 41. 


CoroLuaRy 1. Let w denote the order of W. Then under the above 


normalizations, 


for a€ 


e 
= 


SEMISIMPLE LIE GROUPS, II. 611 


This would follow immediately from Theorem 5 by Fubini’s Theorem; 


as soon as we can verify that 


This is done as follows. We know (see [2(f),§12]) that if the Haar measure 
dh on Ay is suitably normalized, 


f 


for any spherical function f in C,(@). (Here A has the same meaning as 
in Section 13.) Now select an integer g = 0 such that 


-f a+ | log h <oo. 


Then 
| o(A) | f | | da = | wo(A)| br(h)pa(h)| )dh 
he Apt 


Hence it follows from Theorems 1 and 3 that there exists an integer k= 0 
and, for a fixed a, a positive number c such that 


for all AE Yr. Therefore 
J Gala) | dedase f (14 dace. 


Let I,(G@) denote the subspace of /((@) consisting of all elements of 
the form (a€ 


CoroLuary 2. For any f in I(G), put 


f(x) conj dz 


J, | f(z) |?da—w | F(A) 


nce 
nt 
Then 


HARISH-CHANDRA. 


for fe and G, if dx and da are regularly normalized. 


This is an immediate consequence of Theorems 5 and Corollary 1 above. 
: 
We have seen (Lemma 29) that e+ is analytic on x. Moreover Theorem 5 


of [2(i)] gives a geometric interpretation of ce. 


16. Two conjectures. Let /,.(@) denote the subspace consisting of 
those elements of 1(G) which have compact support. Also let Z,(@) denote 
the Hilbert space of square-integrable functions on G and I,(G@) the closure 
of [.(G) in L,(@). It is seen without difficulty that C I(@) C I.(@). 
Therefore if the statements of Corollary 2 of Theorem 5 could be extended 
to all functions f¢€ 7(G), we would immediately get an explicit Plancherel 
formula (see [2(j)]) for 7,(G@). Moreover Theorem 5 of [2(i)] would then 
provide a simple interpretation for the Plancherel measure. For this, it 
would obviously be enough to show that J,(G)CI,(G). However this 
appears to be a rather difficult problem which I have not yet been able to 
solve. Its solution seems to depend on the following two unproved statements. 


(1) There exists a polynomial function p€ S(hp) such that | Bo(A)p(A) 
= 1 for all AE VR: 


(2) For any define Fy as in Corollary 4 to Lemma 42. Then 
unless f=0. 


Assuming these two conjectures, we shall show that J,(G@)C I,(@). 
Let f be any element in 7,(G). Then it follows from Lemma 43 and Corollary 
4 of Lemma 42 that f€ @(%r). On the other hand if we take Lemma 3! 
into account, it follows from the first conjecture that the function a(A) 
= wi'ay(A)| bo F(A) (AE Be) also lies in Now put g— 
We know from the corollary of Lemma 17 of [2(i)] that $.,=¢,(s¢€ W) 
and therefore f(sA) = f(A) and =m (A)F(A) (AE Fe) by Theorem 
5. Moreover g and f are both continuous functions on §, (see Corollary 3 
of Lemma 40). Hence g=/. But then by Lemma 43, F;= F, and therefore 
f = 9 = $2 by the second conjecture. This proves that f € J,(@) and therefore 
[.(G)C1I,(@). 


Although there seems to be considerable evidence in support of these 


612 
and 
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conjectures, I have at present no clear idea as to how to proceed to prove 


them. 
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ON NILALGEBRAS AND LINEAR VARIETIES OF NILPOTENT 
MATRICES, I.* 


By Murray GERSTENHABER.’ 


Let A,,° - -,A,x be nm Xn matrices with coefficients in a field K having 
at least n elements, and which have the property that every linear combination 
of them with coefficients in K is nilpotent. The main purpose of this paper 
is then to demonstrate that k = n(n—1)/2 and if in fact k = n(n —1)/2, 
that there exists a matrix C with coefficients in K such that the CA,C- are 
all triangular matrices. Letting V denote the subspace of n?-space of all 
linear combinations of A,,- - -,A,, one may say: dim V = n(n—1)/2 and 
if dim V =n(n—1)/2, then V is in fact an algebra, and one may choose a 
new basis for the space on which V operates relative to which V is just the 
algebra of all triangular matrices, where here a triangular matrix shall be 
one with zeros both below and on the diagonal. For the matrix C' of the 
change of basis one can choose any matrix transforming an arbitrary element 
of V with nilindex exactly n into triangular form; from what has been 
asserted, it follows that V indeed contains such an element of maximal nilindex. 

The assumption that K has at least n elements is used, as will be seen, 
to insure that if K’ is any extension of K and Vx: the linear space obtained 
by extending the field of definition of V to K’, then it is still the case that 
that every matrix in Vx: is nilpotent; one may then say of the variety deter- 
mined by V that every element in it is nilpotent. 


It is easy to exhibit a pair of n X n matrices with coefficients in a field 
of fewer than n elements all of whose linear combinations over that field are 
nilpotent but not over a larger one. Nevertheless, S. A. Hoffman has shown 
[unpublished] that.if three 33 matrices with coefficients in the field of 


two elements have the property that all their linear combinations over that 
field are nilpotent, then it is still the case that they can simultaneously be 
brought to triangular form. This suggests that the assumption that K have 
at least n elements may be unnecessary; no counterexample is yet known to 
the author. 


* Received October 11, 1957; revised January 23, 1958. 
* The author gratefully wishes to acknowledge the support of the National Science 
Foundation through contract NSF G-2270 with the University of Pennsylvania. 
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Proof of the theorem. A necessary and sufficient condition that an n XK n 
matrix M be nilpotent is that the sum s,(M) of its rr principal minors 
vanish for all r—1,- - -,n, for these ~ums are, up to sign, the coefficients 
of the characteristic polynomial of M.  . >t V denote always the given vector 
space of nilpotent matrices defined over : coefficient field K. If A, B are in 
. then «A + B is in V for every « in K, hence is nilpotent, and s,(#A + B) 
for r==1,- -,n. The expression s,(¢4 + B) may be written as a poly- 


nomial in a of degree r—1, say 
S,(@A + B) = + 48,1, where 


is simultaneously a homogeneous form of degree i in the coefficients of A and 


of degree r—z in the coefficients of B. Keeping r fixed and letting a range 
through the non-zero elements of K, the equations s,(#4 +B) =0 may be 


viewed as a system of homogeneous linear equations for the r—1 unknowns 
‘i. Since rn, there are, by assumption, at least r—1 distinct non-zero 
elements of AK. Choosing such a set of elements, the determinant of the 
system is of Vandermonde type and does not vanish; therefore s,;—0 for 
all r and It follows that s,(zA + B) =0 for in any extension K’ of K, 
whence A + B is nilpotent. Equivalently, 7,A,-+ 2,A, is nilpotent, where 
1, % are arbitrary elements of K’ and A,, A, are arbitrary elements of V. 
Now if it has been shown that any linear combination of, say, ¢ elements 
of V with coefficients in K’ is nilpotent, then it follows that 


1 (Az + GA 41) 


is nilpotent for all - in K’, Ay,- in V, and a in K. By 
the same argument as that just given, it follows that one may again replace « 
by an element of K’, whence 7,4, is also nilpotent 
for all 2,: - -,a@:,, in K’, and by induction, this holds for all ¢. We may, 
therefore, whenever it is suitable, enlarge the field of definition for V, and it 
will remain the case that every matrix in the enlarged linear space is nil- 
potent. Therefore, in general, no subscript will be used to indicate the field 
of definition, particularly when it is clear from the context. 

lf the linear variety V is spanned by A,,:--,Ax, then a generic 
element of V over AK is a matrix of the form 2,A4,+-: - -+2,A,, where 
(c) = is a set of independent transcendentals over K. The 
elements of this generic matrix are linear functions J,; of 2,- - -,2, and may 
be viewed as vectors in a k-dimensional space with components ((A;) i. 
+, (A;)ij). This set of vectors indexed by pairs of indices (1,7), 
i.j==1,: ° ,n may be considered associated with the variety V and uniquely 
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determines it. For convenience, we shall occasionally denote a pair of indices 
(i,j) by a single symbol, say a, and the corresponding vector by lo. Among 
the vectors lz the number of linearly independent ones is dim V. 

If Y is any n Xn matrix with coefficients in an extension field of K 
and with non-vanishing determinant, then we may form the linear variety 
V(Y¥)—XVX-" defined over the field K(X) =K((aij)); it has the same 
dimension as V, and every matrix in it is again nilpotent. The vectors 
associated with V(X) will be denoted by U(X) or lo(X); for X¥ —1, we 
will write as before just lc. If S is a subset of the set of all pairs of indices 


(i,j), i,j—=1,---,n, then the linear space spanned by the Io(X), o€¥, 
will be denoted by Ls(X). If 8 and S’ are two sets of pairs of indices such 
that Ls (X) C Ls(X), then S’ will be said to be dependent on S83; such 
dependencies usually vary with XY. Further, if dim Zg(X) —dim V, then 


Given 7, S, and X such that /,(1) € Ls(X), then we may write /,(.) 
= di40(X)Ilo(X), the summation ranging over o€ S, where ao(X) is an 
element of K(X). If Y is a specialization of XY over K with non-zero 
determinant, it does not necessarily follow that 1,(Y)€ Ls(Y); for some 
ao(Y) may not be finite, although, since there always exists a o, for which 
all ac(¥)/do,(Y) are finite [1], one finds, in that case, a dependence rela- 
tion between the Io(Y) for «¢€ S. However, if Y is a generic specialization of 
X, then certainly all ao(Y) are finite and we may write 1-(Y) = Sac(Y)lo(Y). 


every S’ is dependent on S and S will be called complete. 


The set of all pairs of indices (i,j), 1,7==1,:--+,n, may be divided 
naturally into three disjoint subsets: 6,, the set of all (7,7) with 7 >1, ie, 
the elements above the diagonial; 8), the set of all (1,7) on the diagonal; 
and 6_,the set of all (7,7) with j <7, or the elements below the diagonal. 
Given a ¢ = (1,7), we may occsionally write o* for the pair (j,1). The set 
of all o* for o in a set S will then be denoted by S*. Instead of Zs,, we will 
write simply L,; analogous definitions will hold for LZ, and L.-. 

For a linear variety of nilpotent matrices, it is always the case that 3) 
is dependent on 6, (and. of course, 6_), else there would exist a matrix in V 
with zero entries above the diagnoal and a non-zero entry somewhere on the 
diagonal; but such a matrix can not be nilpotent. Since V(X) =XVX" 
is also a linear variety of nilpotent matrices, the same holds for it. From 
this will follow now the first major lemma in the proof of our proposition: 
Let be a matrix whose elements are n® independent transcendental quantities 
over K, the field of definition for V. Then L,(X) is complete. 


Since Lo(V) CL,(X), were this false there would exist a += (i, /) 


( 
a 
] 
{ 
| 
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in 8. such that Z,(V); assume so chosen that t—j is minimai. 
To see that this leads to a contradiction, we shall consider the effect of 
replacing A’ by Y’ = (1+ ze;+)X, where z is transcendental over K(X) and 
e,« is the matrix with 1 in the j-th row, i-th column, and zeros elsewhere. 
(tiven a matrix A, the matrix (1+ 2e;*)A(1-+2e7+)-! is obtained from A 
by adding z times the i-th row to the j-th and then subtracting z times the 
j-th column from the i-th (for note that (1-+ zer+)"'=1—ze;+). Let now 
denote Then it is the case that Lg(X’) CLg(X). For if o€ 8, 
but « not in the j-th row or i-th column, then lo(X’) =lo(X). If o€ 6, 
and o in the j-th row but o7r*, then we may set o= (j,k) and 1j,(X’) 
=1,.(X) + 2liy,(X). Tere k > j, and by choice of 7, for such k, we have 
l.(X) € L,(X) (for note that this is so for k > j but k <i by choice of 7; 
that 14(X) € L.(X) since is dependent on 6,; and that 1;,(X) € L,(X) 
by definition for k >i). Therefore, 1j,(X’), being a linear combination of 
elements of L,(X), is in L,(X), where, however, we must now construe 
L,(X) as a vector space over K(X,z). Similarly, for o € 8,, o in the 1-th 
column but o 54 7*, we have o = (hk, i) and = — 2lyj(X). There- 
fore. for all o € S, we have Ig(X’) € Ls(X), so Lg({X’) C Ls(X). However, 
for 1,«(X’), we have 1,+(X’) + 2lii(X) —2ljj(X) — 21,(X), and for 
1(X’), we have 1;;(X’) =1;(X) + 21,(X). Now 1;;(X’) is in D,(X’), and 
irom these equations and the fact that 1;«(X) and 1;;(X) are in L,(X) but 
is not, it follows that 1;;(X’) = + Sac(X’)lo(X’), where 
the sumation ranges over g in S. Therefore, 


21;;(X’) = — (X’) + )lo(X’), 


and this is an identity in z, where Y’ may be considered a function of z 
taking on the value Y when z=0. Since the entries in Y are independent 
transcendentals over K, it is the case that any matrix X’ is a specialization 
of \ over A, but since z is transcendental over K(X), it follows that the entries 
in Y’ are likewise independent transcendentals over K; so XY and YX’ are 
generic specializations of each other. Therefore ac¢(X) is finite for all o€ S, 
and setting z—0, we find 1,.(X) 0. But again, since .\’ is a generic 
specialization of A, it follows that /;«(X’) 0, and from the equation 
for we find 0=2l,(X) —2l;;(X)—27l,(X) which implies that 
€ Lo(X) CL,(X), contrary to assumption. Therefore, indeed, if the 
elements of are n° independent transcendental quantities over K, then 
L.(.) is complete. 
Since 6, contains only n(n—1)/2 elements, it follows that dim V 
n(n—1)/2. which proves the first half of our main proposition. We shall 
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suppose henceforth that dim V =n(n—1)/2, and we must show that V js 
then similar to the set of all triangular matrices. Since by choosing Y a 
generic n X n matrix over the field K of definition for V, we have L,(X) 
complete, we shall henceforth assume simply that the transformation has 
been made and L, is complete. We must assume, however, that the field of 
definition, K, has been extended to K(.), a pure transcendental extension 
of dimension n? over K. 

Let P now be any invertible n & n matrix with zeroes above the diagonal 
and remaining coefficients in K(X). We may form V(P) =PVP* and 
L,(P). It is then the case that L,(P)—L,. For if A is any matrix in V 
and P, as before, has zeros above the diagonal, then the 1-th row of PA isa 
linear combination only of rows 1,---,% of A. Similarly, if @ has zeros 
above the diagonal, then the j-th column of AQ is a linear combination of 
columns - -,j, and P-' is such a Therefore, if o € 8,, then Ic(P) isa 
linear combination of for € 8,, so L,(P) CL,. Transforming by 
the reverse inclusion holds, so indeed L,(P) = L,. 

Suppose now that dim V = n(n—1)/2 and that L, be complete. Since 
5, has only n(n—1)/2 elements, there must exist a matrix A = (aj) in V 
for which 1=1,---,n—1, and aj;=—0 for Of the 
entries in A below the diagonal nothing need be known, but it is the case. 
nevertheless, that A, being nilpotent, has index exactly n. For letting 
€1,' * *,@, now denote the basis of the space on which the elements of V 
operate, the i-th row of A is just e;A. But then from the form of A. we 
have =e,-+ multiple of e,, =e; + linear combination of e, and e. 
ete., so that —e, + linear combination of to hence is not 
zero. Therefore, if dim V = n(n —1)/2. it must contain at least one element 
of index exactly n. 

Let = denote the matrix for which t=1,- - -,n—1, 
vigj=0 for jAi+1. Then WN is nilpotent of index n and is the Jordan 
canonical form for any n X n matrix of index n. Although usually a matrix 


can be transformed into Jordan canonical form only over an algebraically 
closed field, if A is any matrix of index n, then there exists a matrix P such 
that PAP-*=WN and the elements of P are in the field of definition for A. 
In fact, for P, we may choose the matrix whose rows are é,, €,A,° * *,¢@:A™”, 
for relative to these vectors as basis, the linear transformation A has the 


matrix For the matrix A given above -,n—1, ay=0 
for j>%1+1), the matrix P whose rows are é,, has zeros 
above the diagonal since the i-th row of P is e,A‘*—e,;-+ linear combination 
of e, to e,. Therefore L,(P) =L.. whence L,(P) is still complete, and 
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further, V(P) == PVP! contains the matrix VN. We may therefore assume 
henceforth that ZL, is complete and that V contains N. It is then already 
the case, as we shall see, that V is the algebra of all n  n triangular matrices. 
To show this, we shall have to prove that V contains not only N but also 

Denoting, as before, by s,(M) the sum of the r Xr principal minors of 
V and setting + B) =ar1s,,,+: ++ as,,, we have observed that 
s,; is a doubly homogeneous form of degree 7 in the coefficients of A and of 
degree r—zi in those of B and that s,; vanishes for all A and B in V. Let 
us set A = (ac), and if o is the pair (i,j), then o* will denote, as before, 
(j,i). Then s., is a bilinear form in the elements of A and B, and a simple 
computation shows that so; Y@o+bc, the summation ranging over all pairs 
of indices o. Keeping A fixed and varying B, we see that if A is in V, then 
a dependence relation between the vectors lo of the form S@o+lo =O must 
hold. Let us now denote by D the set of all triangular matrices in V and 
by D’ the set of all triangular matrices A = (ac) for which Sao+elo = 0 holds. 
Then D and J” are linear spaces, and it follows from what has just been 
shown that DCD’. If A is triangular, then Sao-le—=0 is a relation 
involving only those /s for o in &, i.e., below the diagonal, and it is clear then 
from the definition of D’ that dim L_ = n(n —1)/2—dim D’. But L, is com- 
plete and has dimension n(n —1)/2; therefore dim D = n(n —1)/2 — dim L, 
(for a matrix in V with zeros below the diagonal is in fact triangular). We 
see therefore that dim D)=—dim D’, whence in fact D==D’. Since it has 
been shown that V contains V, we may choose N for B, and with that choice, 
the s,,, being linear forms in the elements of A, are easily computed. In fact, 
= the sum ranging from i—1 toi—n—r-+1. Since s,,—0 
for all A in V, it is therefore the case that SJj,,1,—0 for r—1,- --,n. 
Now for r= -,n, the pairs (i+ r—1,7) are all in &, and the relation 
Sisrt.4 =O is in fact equivalent to having VN’ in D’. Therefore N*1is in 
D for r= 2.: - -,n, which implies that V contains not only N but N?, N%,---, 
Vr as well. It follows, therefore, that if a matrix A is in V, then 
AtaN+---+a,,N"" is nilpotent for all a,,: --,%;. But we shall 
show that this implies that A is actually triangular. 

Suppose now that A= (aj) has the property that A+a,N+-: - - 
+ is nilpotent for all Choosing the first 
row of the matrix A+a,N +: + is (a1:,0,-- ,0). Therefore, 
else A+a,N-+- +--+ a,_,N"?! would have a non-zero latent root. 
Let P now be the matrix 1 + BiN+:- +--+ Then P is non-singular 
and commutes with NV, whence A + a,N +: - -+ a,_,N"" is nilpotent for all 
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%1,° °°, if and only if has the same 
property. Therefore, for every choice of fi,- + *,Bn-+, the element in the 
first row and column of PAP-' must be zero. It follows that the first column 
of A is zero, for choosing B;=1 and B;—90 for 71%, the element in the 
first row and column of PAP is aj.,,. Let be, as before, the 
basis vectors for the space / on which the matrices of V (defined now over 
K(X)) operate and let £’ denote the subspace of / spanned by es,: - -.e,. 
Then it is clearly the case that ZN is contained in H’, and we have just shown, 
in effect, that ZA is contained in £’ also. In particular, Z’ is carried into 
itself by both NV and A, and we may consider, therefore, the restrictions of 
and A to this space; the matrices of these restrictions are obtained by striking 
out the first row and column from the matrices of N and 4A, respectively. 
Now for n 1, the lemma in question is trivial, and we may therefore make 
the inductive assumption that it holds for all smaller values of n than the 
one we are considering. Stripped of its first row and column, therefore, the 
matrix of A is triangular; but since the first column is zero, A itself is 
triangular, which was to be proved. 

It has therefore been shown that if V is a linear space of nilpotent n x n 
matrices wtih elements in a field K having at least n elements, and if 
dim V =n(n—1)/2, then there exists a matrix which we will denote by Y 
such that every matrix in YVY~ is triangular. If K is the field of definition 
for V, then Y may be taken to have coefficients in a field K(X), where 
XV = (aj) is a set of n* independent transcendental quantities over A. It 
was asserted, however, that one could choose for Y a matrix C with coefficients 
in K, and this must still be shown. Let F now denote the n-dimensional 
vector space over K on which the matrices of V, defined over K, operate 
We must prove, in effect, that a basis can be chosen for F relative to which 
every matrix of V is triangular. Agreeing with the previous notation. 
FE will denote the space obtained by extending the field of coefficients to 
K(X). Then we have seen that Vxg,x) is similar, over K(X), to the algebra 
of all triangular matrices. It follows, therefore, that there exists a non-zero 
vector in / which is annihiliated by every matrix in Vx,x), or what is the 
same thing, that the intersection of the null spaces of the elements of Viix 


is of positive dimension. From this, it follows that the intersection of th 


null spaces of the elements of V (these are subspaces of /) is not zero, being 
in fact of the same dimension. There exists, then, a non-zero vector v in / 


annihiliated by every matrix of V. Let (v) denote the linear space spanned 


by v and E£* the quotient space F'/(v). Then every element A of V induces 


a linear transformation of /4* whose matrix is that obtained from 1 b\ 
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deleting the last row and column. Of the 2n—1 elements deleted from A, 
nare zero; hence if V* denotes the linear space of operators on E* so obtained, 
dim V* = n(n — )/2 — (n—1) = (n—1) (n—2)/2. Now the theorem is 
trivial for n 1, and we have dim #* =n—-1. We may therefore make the 
inductive assumption that a basis v,*,- +, can be chosen for #* relative 


to which every matrix in V* is triangular. Then letting 1,,: - -,Up+ be 


representatives for v,*,° +, v form a basis of relative to which every 


matrix of V is triangular. 

From the foregoing, one sees that there indeed exists a matrix C with 
coelticients in AK such that CVC is the algebra of all triangular matrices. 
It was asserted, lastly, that if A is any element of V of index exactly n, then 
it is sufficient to choose for C any matrix Q such that QAQ is triangular. 
(ne may show by direct computation that if 1/ is a triangular matrix of index 
nand P a non-singular matrix such that PMP is again triangular, then 
P has zeros below the diagonal. Therefore. if A has index n and if Q is a 
matrix such that QAQ ? is triangular, then Q is unique up to left multiplication 
by such a matrix ? with zeros below the diagonal. Thus if C is a matrix such 
that CVC"? is the algebra of all triangular matrices, then, in particular, CAC-* 
is triangular, so (’'== PQ for some P with zeros below the diagonal. Then 
CVC} = P(QVQ"')P-', but conjugation by P carries the set of all triangular 
matrices onto itself, so that it must already be the case that every matrix 
in QVQ"' is triangular. In order to effect the actual reduction of V to the 
set of triangular matrices, the only problem that remains is the finding of an 
element of index n. If -,Ax, K=n(n—1)/2, is a basis for V and 
are independent transcendentals over K, then A(a,° 
=1",A,;+:-: -+2,A;, being a generic point of V over K, has index n, but 
has coefficients in K(X). There must exist a specialization of 
in K for which A”""'=40; it is therefore a finite process to find such a 
specialization, and this, in principle, solves the problem. Somewhat easier, 
perhaps, is to find a Y with coefficients in the ring K[A] such that 
YA(a,.- * +.2,)¥-'=N. We know that there must exist a specialization of 
(t1,° * *,@n) in K over which Y and Y~ have finite specializations C and C-'; 
this gives the desired C. 

Comments. The orginial motivation for the present paper is in the 
following theorem whose proof will be given in the second paper of this 
series: Let 9 be a commutative, not necessarily associative and not necessarily 
finite dimensional algebra over a field of characteristic zero, and suppose there 
exists an integer ¢ such that the ¢-th power of every element of 2% in every 
association vanishes. Then the linear transformation R,: r— za of YW onto 
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itself is nilpotent for every a in & (in fact of index not more than 2¢— 3), 
If 2 is finite dimensional, then the set of right multiplications Rg, for all a 
in YM, is precisely a linear space of nilpotent matrices. Unfortunately, the 
theorem proved here yields only meager results about such non-associative 
nilalgebras. A more complete description of linear varieties of nilpotent 
matrices would probably shed further light even on the structure of the radical 
of an associative algebra. It is interesting to note that there is nothing in 
the statement of the main theorem of this paper that involves an extension 
of the the field of definition. Nevertheless, transcendental extensions, or 
what are in effect algebrized versions of geometric arguments, played an 


important role in the proof. Such arguments may be unnecessary, but it 


is also possible that they may prove a valuable tool in studying the structure 
of the radical of an algebra. 

Finally, the author wishes to thank Professor Olga Taussky-Todd for 
ideas communicated in personal correspondence, and Professor A. A. Albert 


for much help and stimulation. 
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ON THE STRUCTURE OF LOCAL HOMEOMORPHISMS 
OF EUCLIDEAN n-SPACE, II.* 


By SHLOMO STERNBERG. 


1. In this paper we continue the study of local homeomorphisms of 
n-space begun in [6]. The main result is that every C* mapping of some 
neighborhood of the origin onto itself, keeping the origin fixed, is equivalent 
via a C® change of coordinates to a linear transformation, provided that a 
certain formal condition on the Jacobian is satisfied. If this condition is 
violated but no eigenvalue is of absolute value one, we show that the trans- 
formation can be brought to a simple but non-linear normal form. This 
result was proved in [6] for the case of contractions; the remaining cases 
will be treated here. In view of the connection between local mappings and 
differential equations (cf. Lemma 4 of [6]), our results include a C® version 
of a well known theorem of Siegel [3] and results of Birkhoff [1] and Birkhoff 
and Bamforth [2]. The theorem becomes false when extended to the analytic 
case. In future publications we shall deal with the analytic case, and study 
in some detail the structure and representations of various groups of local 
mappings. We shall also see the true meaning of conditions (*) below in 
terms of the root structure of the group of all local maps. 

In Section 2 we state the theorem and give a sketch of the proof in two 
dimensions. In Sections 3 and 4 we prove some preparatory lemmas and 
in Section 5 we complete the proof of the main theorem. Sections 6 and 7 
are devoted to a discussion of applications and of the situation where condition 
(*), below, is violated. 

We should like to thank Dr. Fred Brauer for many helpful conversations. 
Above all, we wish to thank Professor Wintner for his encouragement and 
advice throughout the progress of this work. 


2. We now state the main theorem. 


THEOREM 1. Let T be a homeomorphism of class C' of E"—> E” defined 
in some neighborhood of the origin, keeping the origin fired. Let s1,° - *,Sp 
be the (possibly complex or multiple) eigenvalues of J(T), where J(T) is 


the Jacobian of T at the origin. Then if 


* Received December 30, 1957. 
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(*) +s," for all non-negative integers -,m, with 
holds, there exist a neighborhood N of the origin and a function \=X(s,, 
.Sn31) such that there is a change of coordinates R of class X defined in 
N which linearizes T. Furthermore, for any fixed * Sn51) 
—«oasl—>»o. In particular, for loo, R can be chosen to be of class C. 


We first observe that (*) implies that | s;|340, 1 for any i. The first 
inequality is trivial and the second follows from the fact that since /(T) 
is real, any eigenvalue occurs along with its complex conjugate. If we set 


r; =| s;|#, we can order the 7; as 


Kor the purposes of this paper, we may assume that 0<hk <n. In fact, 
if k =n, the mapping T is a contraction, and if k—0, T- is. Both of these 
cases have been treated in [6]. We shall now sketch a proof of Theorem | 
for the case n 2, 1 oo, in orded to motivate the considerations of the 
following sections. By Theorem 7 of [6] or Theorem 5 of [4], we can assume 
that the axes are invariant curves. Furthermore, (*) implies that a formal 
change of coordinates can be found which formally linearizes T. Choosing 
coordinates properly, we can then assume that T has the form 


(i) x, = sa[1+ f(x,y) ], y= ty[1+9(2,y)], 

where we can assume that 

(ii) 0O<s<cl<t 

and 

(iii) f(x,y) =0( (2? + y*)”) and g(x,y) =o0( (a? + y?)™) for all m. 
We can also assume, by [5] or [6] Theorem 2, that f(z,0) =g(0,y) =0. 

We then seek a change of coordinates 

(iv) 


which linearizes (i). Since the four quadrants are left invariant by (1), it 
suffices to construct ¢ and y in each of them and to prove that ¢ and y tend 
to 1, together with all their derivatives, as a point approaches the axis. The 
functional equation to be satisfied by ¢, for example, is sz[1 + f(z, y) ]¢(21. 41) 
or 


(Vv) 


Now we can view (v) as defining ¢ at (2,,y,) when ¢(z,y) is known. If 
we choose ¢ to be identically one on the line C: y=, then (v) defines ¢ on 
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the images C” of C. If (i) were actually linear, these images would be the 
lines f"y = s-"x, which tend to the axes as n—> +0. Since (i) doesn’t differ 
very much from its linear part, the images C” also approach the axes as 
n— +00. In the case of (i) which is defined only in some small neighbor- 
hood of the origin, any point will eventually get out of VN. What we mean by 
(" approaching an axis is that C" N does. If we call W the region bounded 
hy ( and Ct and contained in NV, we can define ¢ in W so as to be C® and 
to be = 1 on C and to satisfy (v) which imposes a condition only on C’. 
We then define ¢ on W" NN as 


(v1) (Ln; Yn) [1 + f(z, y) (2, y). 


The point now is that, although n may become arbitrarily large, in order for 
all the images (2,,y,) of (ay) to remain in N for kn and n large, (2, y) 
must be very close to the origin; this makes f(w,y) small enough to prevent 
any difficulty. 

In the general case, no simple pre-normal form such as (i) exists and, 
since complex eigenvalues can enter, no ‘2”-tant’ need be left invariant. We 
can carry out the proof by replacing the half line zy > 0 by the complete 
cone * = y? or, in general, a similar cone in m dimensions. 


3. In this section, we study in some detail the linear transformation L 
without multiple elementary divisors whose eigenvalues, s;, satisfy (*). We 
first choose coordinates x; corresponding to these eigenvalues. We then intro- 
duce the following three norms 


where k is given by (1). We also introduce the cone 
C:2,2+- 
On || x |], = || x ||. || || and the complement of C consists of two open 
sets 


and 


It is clear that ZS, C S,; in fact, any point of LS, satisfies || z |],/|| 2 || 


Similarly, L"S,—T1,, where I, is the subspace I, = {z| || x]. 
n=0 
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= 0}. Let W denote the closed wedge W = (S,—LS,); W is bounded by (7 
and the cone 
C; : + & + Tn = (0. 
We collect these facts as 


LemMMA 1. The closure of the set S, can be decomposed into the union 


(2) (ULW)ut.. 


n=0 
For any y€ L"W, we have the inequality 
Now for any point z in the space, 
and 
(5) 
If x€ W, then a consequence of (3) for m0 is 
(6) 242 
and 
(7) (r+ |e |-S ile] 
If we combine (5) with (7) we obtain, for c€ W 
In particular, we have 


LemMa 2. Let B, denote the ball of radius r and let W,=WOB,. 
Then 


(9) = By NS, C U (L"W,) U (1,9 B,). 
n=0 


If we set W," = L™W 1 B,, then another consequence of (8) is that the 
set L-™W,” is very small for large m. More explicitly, we have 


Lemma 3. Let D,” denote the set 21;.,-" W,, then 
In particular, if «€ L-™*W,", then x can be written in the form 


(11) Pp z* € D,™. 
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Finally, if y€ B,*—I,, then y=L™az for some x¢€ W. We shall call 
ra pre-image of y. Combining (4), (6) and (8), we obtain an estimate 


of || z|| in terms of || y ||,, namely, 
Lemma 4. Jf y€ By*—I, and if x is a pre-image of y, then 


|| r/log 14.41) = (4) rea ( + tn) | y 


4, In this section, we will show how to bring every C* mapping into 
a prepared form so that the considerations of the following section apply. To 


this end, we need the following well known lemma. 
LemMA 5. Given a real formal power series T = in 
n variables, there exists a C® function @ having T as its Taylor series at the 
origin. 
roof. Let a(x) be a C® function such that a(x) =1 for r<4 an 
Proof. Let a(x) be a C*% function such that 1 f <4 and 
a(z) =0 for r> 3%. Let The the function 


p Xis=p 


satisfies the requirements of the lemma. 

It follows from Lemma 5 that the natural projection ¢; of G* onto F* 
described in [6] is onto for all &, including the case ko. Let T be an 
element of G* satisfying the hypotheses of Theorem 1. Then ¢;(7') satisfies 
the hypotheses of Lemma 1 of [6], and hence, since ¢; is onto, we can find 
a C* change of coordinates so that ¢,(7’) is linear in the new coordinate 


system. Hence, we have proved 


Lemma 6. Let T be an element of C' and let L be the linear approat- 
mation to T at the origin. Then, by an appropriate change of coordinates, 


we can arrange that T=L-4-F, where 
and the f’s satisfy 
(13) ff l<o; for all q if l=o. 


If we examine the proof of Theorem 7 of [6], we see that, without 
destroying (11), we can arrange that 7, and = {z| || ||. = 0} are invariant 
surfaces and 7’ reduces to the identity on 7, and J.. We have thus achieved 


the desired preliminary normalizations. 


Lemma 7. Jf T satisfies the hypothesis of Theorem 1, then by a C! 
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change of coordinates it can be arranged that T=L-+-F, where F satisfies 
(13) and vanishes on I, and L_. 


5. In this section we shall complete the proof of Theorem 1. We first 


prove 


Lemma 8. Let f* be a C! function defined on Cy, B, and such that f* 
satisfies (13). Then there exists a function f€ C! satisfying (13), defined 
on W, and reducing to f* on C, and to 0 on C. 


Proof. Since C, is a smooth retract of W, we can certainly find an f** 
of class C’, defined on W,, reducing to f* on C and satisfying (13). If 2 
denotes the functions of § 4, the function f = a([|] x |]./|| x ||_]!084/08@«/re+) ) fe 


satisfies the requirements of the lemma, where we set f(0) =0. 


Proof of Theorem 1. We wish to find a change of coordinates R which 


satisfies the functional equation 
(14) RL=TR. 


Now if & were defined so as to satisfy (14) on W,, then R could be extended 
to L™W, by the simple device of R(x) to be T"R(x). By its very definition, 


Ff would be a smooth homeomorphism on all of (J) L”W except possibly at 


m=—e0 
the origin. We shall construct an R on W, which can be extended to all of 
b, for sufficiently small positive «. 

We define R to be the identity on C. Then the functional equation 
(12) imposes no condition on R in W except on (,. In terms of coordinates, 


if R(r) (14) becomes 
(15) gi( Lr) =fi(r). 


We can view (15) as defining g;, and hence R, on Cy. The g’s satisfy the 
hypotheses of Lemma 8, so that we can extend them to all of IW, so as to 
vanish on ( and satisfy (13). Thus, for sufficiently small r, the mapping 2 
will be a smooth homeomorphism at all points of W, save the origin. By the 
remarks above, we can extend R& to be a homeomorphism on all of By, with the 
exception of J, and J... We would like to show that R with all its derivatives 
approaches the identity as a point goes to J, or I. Now RP is getting more 
and more complicated in L”™W, as m—>o. In fact, for y=,” in L”W,, 
we have, by (14), 


(16) = = (L+ F)™Re. 
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But here, Lemma 3 comes to the rescue. In fact, although the expression 
for R gets more involved, the x occuring in (16) gets smaller and smaller. 
We can formalize the situation by introducing certain function spaces as in 
[6]. Let G4 be the space of all C¢ mappings of the form G= (91,° - -,9n), 
where the g; vanish at the origin with order g, which are defined on W,. 
On this space, we introduce the norm 


n 

We 1 iy 

where 1q. It is clear that, given any 6>0 and any J, we can choose e 

so small that 

(18) | (8/nM)| for p<. 

Now let Dy denote the operator on G,4 given by 


(19) Dp: G(-) > (LHF) G) — 


Then, since G admits a factor of || x |}¢ and we can choose 6 as small as we 


please, we have, given any a, for sufficiently large gq, 


(20) || Sa |] G + F lle’. 


In particular, we can choose «<r,'. Then, by Lemma 3, (16) and 
(20), we have that R approaches the identity with its first / derivatives as 
m—>oo if g is sufficiently large. Thus, at any point of J, and J_ other than the 
origin, R is of class C'. At the origin, we can assume that the approach to the 
origin is through points of L”W* with m bounded, since, for M0, Ro EL. 
sut then the estimates of Lemma 4 apply, since the expression for F# is of 
one of a finite number of forms. Thus Ff can be defined on all of B,, proving 


Theorem 1. 


6. It should be noted that the estimates occurring in the proof of 
Theorem 1 depend, really, only on the ratios of the 7; Thus, by Lemma 4 
of [6], if 7 is a continuous one parameter group of transformations, it can 
be linearized provided the eigenvalues of a Jacobian (and hence of all 
Jacobians) at the origin satisfy (*). If we apply the considerations of 
Section 7 of [6], we obtain the following theorem on differential equations 
(which we state for, simplicity, in the C® case). 


THEOREM 2. Let the system of differential equations 


(21) dx;,/ dt X;(%1,° 


rst 
f* 
ed 

h 
it 
yf 
n 

) 

) 

v 


630 SHLOMO STERNBERG. 


be C® and such that X;(0,- - -,0) 0. Let % denote the eigenvalues of the 
matrix of linear terms of the X;. Then tf 


UA mA, for any positive integral m, with m > 1, 
there exists a C® change of coordinates linearizing (21). 


This theorem is the C® version of a well known result of Siegel [3]. 
It also generalizes to n dimensions the results of Birkhoff [1] in two dimen- 
sions and Birkhoff and Bamforth [2] for real eigenvalues in three dimensions, 


without their unnatural analyticity requirements. 


7. In this section we wish to consider what happens when (*) is 
violated. We still retain, however, condition (1). In fact, if (1) were 
violated and some eigenvalue were of absolute value one, then the linear 
term is stable (on some lower dimensional invariant surface) and cannot be 
indicative of what happens in the non-linear case. We also note that the 
considerations of §3 apply to non-linear as well as to linear transformations, 
provided that a small modification is made in all of the constants occurring 
in the lemmas. We shall asume, for simplicity, that the eigenvalues s; are 
real; complex eigenvalues add no essential difficulties. Let M; denote the 
set of n-tuples of positive integers (m,,- - -,m,) such that 


If m and m* are two elements of M;, then m—m*€ S, where S is the group 
of those n-tuples (m,- -,m,) such that 


(23 ) 1= $,™ 


Then choosing a basis B for the positive elements of S, we can express all 
but a finite number of elements of J/; as products of some one element m and 
multpiles of elements of B. Combining these considerations with Lemma 9 
of [6] and Lemma 5 above, we obtain 


THEOREM 3. Let T be a C* local mapping whose eigenvalues at the 
origin satisfy (1). Then there exist a finite number of monomials depending 
only on the eigenvalues, such that T is equivalent to a transformation of the 
form L+F, where L is linear and F depends only on the P;’s. 


For example, if n= 2 and s, = we can find a change of coordinates 
so that T has the form 
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ON THE PONTRYAGIN CLASSES OF CERTAIN 
SO(n)-BUNDLES OVER MANIFOLDS.* 


By Micuet A. KERVAIRE. 


One of the main steps in the proof of the well known 


THEOREM (Rochlin [4]). Jf w.(M,) =0, then p,(M,) is divisible by 48, 
is the following lemma due to Pontryagin who stated it without proof in the 
Doklady Akademii Nauk 8.8.8.R., XLVII, N. 5, pp. 327-330. (In Rochlin’s 
theorem, w2(M,) is the 2-dimensional Stiefel-Whitney class of the 4-dimen- 
sional, orientable, closed, differentiable manifold M, and p,(M,) the first 
(4-dimensional) Pontryagin class of M,.) 


Lemma. Let the closed differentiable manifold M, of dimension 4 be 
the base space of a principal SO(n)-bundle MN. Assume that MN admits a 
cross-section over the subset M —U of M, where U 1s a spherical neighborhood 
of some point in My. Let A€x3(SO(n)) =Z be the integer representing, 
up to sign, the obstruction to the extension over M of the cross-section given 
over M—U. Then, p,(M,) =2d, up to sign. 


A tentative method toward generalizing Rochlin’s theorem starts with 
generalizing this lemma. This is done below. I do not know whether this 
will actually lead to a reasonable generalization of Rochlin’s theorem. How- 
ever, the generalized lemma might have some interest in itself. 

I am indebted to A. Borel for valuable discussions during the preparation 


of the present paper. 


1. Let M,, be a closed manifold of dimension 4s. Let 9t be a principal 
SO(n)-bundle over M,, which admits a cross-section over M—U. We shall 
say for brevity that the bundle ¥t is “almost trivial.” Assume that 4s <n 
and let A denote the integer representing the homotopy class in 74,.,;(SO(n) ) 
=Z (see [1]) of the obstruction to the extension over M,, of the cross- 


section given over 1/—U. All manifolds considered in this paper are assumed 


to be orientable. 


* Received January 10, 1958. 
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LeMMaA (1.1). The value on M,, of the 4s-dimensional Pontryagin class 
py of the bundle Mt is gwen by the formula: Mas] (28—1)!, up 
to sign, where a, is equal to 1 or 2 according to whether s is even or odd 


respectively. 


Results concerning the same question in the non-stable range (n < 4s + 1) 
can be deduced (using Lemma (8.1) below) from results in a forthcoming 
paper by A. Borel and F. Hirzebruch: “On the characteristic classes of 


homogeneous spaces.” 
Before we proceed to the proof of the above lemma, let us recall briefly 
the argument by which it implies Rochlin’s theorem: 


2. Let the orientable, closed, differentiable manifold M, be imbedded 
in euclidean (n+ 4)-space F,,, in such a way that U is the hemisphere 
0 of the unit sphere S,C C En,,. Assume that —U lies in {x = 0} 
and that the imbedding of M,, in Ey, is differentiable of class C*. The 
assumption w,(M,) 0 is equivalent to the existence of a field of n-frames 
F,, defined over 1 —U and orthogonal to M, in Fy,, (because M, was assumed 
to be orientable and 7,(SO(n)) By Lemma (1.1), 2a, 
where J, is the 4-dimensional Pontryagin class of the normal bundle over 
iM, in Ey... The integer A represents the homotopy class of the mapping 
u: Ss—> SO(n) which sends a point r€ U' (identified with S;) into the 
matrix of components of the vectors of F,, at x relative to the vectors at x 
of some field of normal n-frames over S, in E,,, (Take for instance the field 
consisting of the normal to S, in EZ; followed by the vectors of an orthonormal 
basis of the orthogonal complement of F; in E,,,). By the interpretation 
of J (the Hopf’s homomorphism) given in [2] and the fact that F, | U° can 
be extended over 1/—U, it follows that the element Ju€ ani3(Sn) is zero. 
Since Jx3(SO(n)) = tnig(Sn) Zox, it follows that A is divisible by 24. 
Consequently 7,[1/,| is divisible by 48. By Whitney duality (which holds 
over the integers in this special case), we have p,[%,]=—p,[M,]. Hence 
the theorem. 


3. Using the following lemma, we reduce the study of almost trivial 
bundles over a closed manifold Mg to the study of bundles over the sphere Sy: 


LemMA (3.1). Let f: Ma— Be be a mapping of Ma into the classifying 
space for G and assume that the induced principal G-bundle over Mg 1s 
almost trivial (i.e., admits a cross-section over M—U). Then f is homo- 
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topic to a composite map f’oa, where a: Ma— Sq has degree 1 and f’ maps 
Sa into Be. 


Proof of lemma (3.1). Denote by 2: Eg—> Bg the projection in the 
classifying fibration. Since the bundle over Mg induced by f is almost trivial, 
there exists a mapping F: M—U-— Eg, such that roF=f|M—U. We 
may assume that f is constant on U: f(U) =b€ Be. The map F is homotopic 
to zero is contractible). Let F; be a homotopy: =F, maps M—U 
into some points of Hg. It is convenient for later purposes to assume that 
F,=F for 0=tS4. Introduce generalized polar coordinates (z,r) in U 
(c€ r=distance from to the center of VU). The required homotopy 
between f and a map of the form f’ oz is given by 


=F; (z) for z€ M—U, 
(We take the radius of U to be 1). 
Clearly, f;(z) is continuous in both z and ¢t. We verify that f, =f: for 
z€ M—U, fo(z) =aFo(z) (z) =f (2); for 
(z,r) €U, fo(#, 7) (2,1) (2,1) =f (xz, 1) =f (z,r) =). 
For t 1, we have 
fi(z)=7F,(z) a constant point M—U), 
f1(z, 7) =2F,(2z,1). 


Clearly, has the form f’oa, where a: Mag— Sq shrinks into a point 
and maps the interior of U homeomorphically into Sq (thus a has degree 1), 
and f’ sends «(z,r) into rF,(z,1). 


4. Let f: My,— Bsoin) induce an almost trivial bundle over M,, 
(4s-+1<n). We may assume, without loss of generality, that the section 
over M—U is given by a mapping F: M@—U—Esoqn) (such that rF 
=f|M—U). Assuming for convenience as in §3 that f(U) =b€ Bsow, 
F'| U' defines a mapping of S,.-, into SO(n). Since we assumed 4s + 1 <n, 
one has by [1], m4s1(SO(n)) =Z., Let A be the integer (determined up to 
sign) representing the homotopy class of F|U' in SO(n). Denote by 
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p.€ H**(M,,;Z) the Pontryagin class of dimension 4s of the SO(n)-bundle 
over M,, induced by f. We have to prove that ps[M4,] =as:A* (2s—1)!. 
Let f’oa=~f be the factorization given by Lemma (3.1). Denote by x 
the characteristic map of the bundle over S,, induced by f’. We shall prove 
(up to sign): 
x =A, (we use also x to denote the integer representing the homotopy 


class of x), 


PsL Mis] = p’[Sas], where p’, is the 4s-dimensional Pontryagin class of 
the bundle over 84, induced by f’. 
Proof of (1). Define F’: 85, —V—Esoin) by F’(a(a,r)) =F,(2,1), 
where V is the image by a of the set of those (z,r)€U with OSrsSh. 
Since we assumed for (see $3), 
=f(U;) =), where Uy is the set of points (7,4) € U. On the other hand, 
rl” =f’ |Ss,—V. In other words, F’| V’ defines a mapping SO(n) 
which is precisely the characteristic map x of the bundle over S,, induced 
by f’ (we use x for the map and its homotopy class). But F’(z,4) = Fy(2,1) 
=F(x,1). This means that x is also represented by F'| U. Hence y=). 


Proof of (2). Trivial by naturality of the Pontryagin classes (and the 


fact that « has degree 1). 


Proof of (3). We are left with the following situation : Let (Z, SO(n), 84.) 
he a principal SO(n)-bundle over Sy, and x its characteristic map. y= 0%4s, 
where @ is the boundary operator in the homotopy sequence of 7: H—> S4s. 
Let p, be the 4s-dimensional Pontryagin class of (7,SO(n),S.,). We have 
to prove: 

Ps| Sie) =i, (2s—1) ! 
(up to sign). 

Let a: SO(n) > U(n) be the standard injection and denote by c., the 
4s-dimensional Chern class of the extended bundle (H’,U(n),S.,). By 
definition = up to sign. It is well known that 
=Z. We have = Cos[ Sas] where 04: the 
boundary operator of the homotopy sequence of the fibration with fibre 
associated with U(n), and ew is a generator of 


To evaluate c.,[S,,]. consider the commutative diagram 


‘The divisibility of p’,[S,,] by (2s—1)! is also known to R. Bott. 
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qx 
Tas-1 (SO (n) ) (U (n) ) ( 


0 Oa 
identity identity 


where g: U(n) > Waynes. is the natural projection. Using the definition 


of Cos[ Sas], we get 
Cos[ Sas | ‘ew = 04 (tas) = % ( bys) = = Us 


where y denotes also the integer representing the homotopy class of y. 


Consider the homotopy sequence of the fibration U(n)/U(2s—1) 


== With projection q: 


By R. Bott, =0 and (2s —1)) =Z/(2s—1)!Z. There- 
fore, g, is the multiplication by (2s—1)! (precisely, gen = (28 —1) !ew). 
It follows that 

pal Sas] (28—1)}, 


up to sign. It was proved in [3], Lemma 3, that a2,,, = 2 and a,,—1. This 


completes the proof of Lemma (1.1). 


5. Remarks. The same method gives the Chern class c, of an almost 
trivial U(n)-bundle over a 2s-dimensional manifold (sn) and similarly 
the symplectic Pontryagin class e, of an almost trivial Sp(n)-bundle over a 
4s-dimensional manifold (for the “symplectic” Pontryagin classes, see A. 
Borel and F. Hirzebruch, loc. cit., Chapter I, 9.6). 


LemMA (5.1). Let Mz, be the base space of an almost trivial principal 
U(n)-bundle 9%. Let A(F) be the obstruction to the extension M,, of a cross- 
section F in given over M—U(A(F) € m25.(U(n))). Assume s <n, thus 
tsi(U(n)) =Z. Let c, denote the 2s-dimensional Chern class of N. We 
have cs| = (s—1) !A(P). 


Similarly, let M,, be the base space of an almost trivial Sp(n)-bundle %. 
Assume s <n, then the obstruction to the extension over M of a cross-section 
defined over M —U (U some spherical neighborhood in /) can be represented 
by an integer A(m4s5.(Sp) =Z by R. Bott [1]). Let o be the standard 


636 


PONTRYAGIN CLASSES. 637 


inclusion o: Sp(n) U(2n) and o*: H*(By(on)) > H* (Bspyn)) the induced 
homomorphism in integral cohomology of the classifying spaces. The sym- 
plectic Pontryagin classes of an Sp(n)-bundle induced by a mapping 
f: M— Bspin) are, up to sign, the images by f*oo* of the universal Chern 
classes Co; € H**( Byjony)- 


LemMaA (5.2). Let es denote the 4s-dimensional symplectic Pontryagin 
class of MN. We have es[My,] =b,-rA- (2s —1)!, where b, is equal to 1 if s 
is odd, to 2 tf s is even. 

The proofs are entirely similar to the one of Lemma (1.1) and are 
left to the reader. For the proof of Lemma (5.2), one has to use that 
oy! T4s-1(Sp(n) ) w4s-1(U(2n) ) maps a generator into b,-times a generator, 
a fact which follows from [1], formula (3.6) and the knowledge of the 
stable homotopy groups of Sp(n). 

We have two more remarks: in the situations of Lemmas (1.1), (5.1) 
and (5.2), it follows that A(F’), the obstruction to the extension of the 
partial cross-section F’, does not depend on F, a fact which could also be 


proved directly (the Hurewicz homomorphisms 
(U(n) H»s4(U(n) ), T4s—1 (SO(n) ) (SO(n) 
m4s-1(Sp(n)) > (Sp(n) ) 


are monomorphisms* for large n). 
Finally, we notice that R. Bott’s result: m2,(U(n)) = Z/n!Z which was 
used in both Lemmas (1.1) and (5.2) implies 


(5.3) 43-»(Sp(s—1)) = Z/b,(2s—1)!Z. as in Lemma (5.2)). 
Indeed, the projection k, in the homotopy sequence 


+ (S4s-1) > T4s-2(Sp(s— 1)) — ) 


is the composition ky, Where oy: mas1(U(2s)) is 
induced by the standard inclusion ¢: Sp(s) > U(2s) and qy: (2s) ) 
18 induced by the projection g: U(2s) > Sis... Now, oy, sends 
generator into b,-times generator and q, sends generator into (2s—1) !-times 
generator. Therefore, k, sends a generator of m.,1(Sp(s)) =Z into 
b,- (2s—1)! times a generator of m45-1(S4s-1). Since m4s-2(Sp(s)) we 
have a4s-0(Sp(s—1)) ~ Hence (5.3). 
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ON THE 2-VARIANT OF MERTENS’ y.-HYPOTHESIS.* 


By AvREL WINTNER. 


Let M(n), L(n); J(n), K(n) denote the n-th partial sums of the series 
Su(n), ZA(n); Su(n)/Vn, Z(n)/V n respectively, where p(n) and A(n) 
are Mobius’ and Liouville’s factors, defined by 1/£(s) = 3u(n)/n* and 
£(2s)/£(s) = According to Littlewood, the convergence of either 
(or both) of the latter series for s > $ is equivalent to Riemann’s hypothesis 
(=R.H.). According to Landau, the unilateral boundedness of any one of 
the functions M,- --,K of n implies, without being implied by, R.H. In 
particular, more than R.H. is implied (for trivial reasons) not only by 
Mertens’ hypothesis 
(1) M(n) =O(Vn), where M(n) = % (mm), 

m=1 
hut also by Pélya’s hypothesis (= P.H.), which claims that L(n) S0 (or 
even L(n) <0) holds for every n> 1 (or n> 2); for references and certain 
conclusions cf. a paper of Ingham [1] (and, concerning a A-hypothesis which 
is distinct from P.H. and was propounded by Turan, the recent conclusions 
of S. Selberg [2]. 

Neither the necessity nor the sufficiency of (1) for P.H. is known 
(and, what is more curious, no implicative connection is known between 
Pélya’s and Turan’s A-hypotheses). On the other hand, the formal A- 
analogue of (1) is not P. H. but 
(2) L(n) =O(Vn), where L(n) —3a(m). 


m=1 

I do not know of an implicative connection between either (1) or P.H. 
(or, for that matter, 8. Selberg’s version of Turan’s hypothesis) on the one 
hand, and the hypothesis (2), which does not seem to have been considered 
in the literature, on the other hand. But something like P.H. (a certain 
“negative preponderance” of the same type as P.H.) can be expected to 
follow from (2), and even from R.H., which claims less than (2). Such an 
expectation rests on the circumstance that 


(3) res £(2s) /£(s) <0. 


* Received May 14, 1958. 
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As a matter of fact, the available numerical evidence for the truth of P.H. 
could be merely a reflection of (3). [Needless to say, (3) follows not only 
from the value of £(3) but, more immediately, from the circumstance that, 
whereas £(2s) does not change sign when s passes from s>1 to s <1, the 
function {(s), having a simple pole at s—=1, must change sign at s=1 on 
the real axis. | 

Actually, while (3) does not seem to be able to lead from (2) to a 
“negative preponderance” in terms of L(n) (which is P.H.), it does lead 
to a “negative preponderance “ in terms of K(n). In fact, (2) turns out 
to imply that 
(4) K(n)/logn—c, where K(n) = 3 A(m)/V m, 

m=1 

holds for a certain negative constant c, and so K(n) >—o. But much more 
than (4) can be concluded if an argument applied to (1) in an earlier note 
|3] is adapted to (2). 

Consider the following refinement (1*) of (1): 


(1*) J(n) =O(1), where J(n) =Sp(m)/Vm. 
m=1 


A partial summation shows that (1*) implies (1). On the other hand. a 
partial summation fails to lead from (1) to (1*). In fact, 


[Sem—O(Vn)] > [ m = O(log n)] 


m=1 m=1 


for arbitrary ¢,,¢.,- but, as shown by the example nothing 
more can in general be concluded. But the O(log n) can be improved to O(1) 
in the particular case c, = y(n), which means that (1) is equivalent to (1*). 
As shown in [3], this follows for function-theoretical Tauberian reasons. 
Since the truth of (1*) appears to be quite unlikely (it may or, in contrast 
with (1), it may not at all, be indicated by the beginning of a numerical 
table), the usual “theoretical” objection against Mertens’ hypothesis appears 
in a strengthened form. 

It turns out that the “theoretical ” objection to (2) can be straightened 
correspondingly, and in a manner which appears to be even more striking 
(though actually it is not). In fact, the following relation (2*) proves to 
be equivalent to (2): 


(2*) K(n) =clogn+O0(1), where K(n) SA(m) 
m=1 
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(here c¢ denotes, as in (4), a certain negative constant). This speaks much 
against (2), since the truth of anything like (2*) seems to be unlikely. 


Proof of (2*) => (2). This requires nothing but a partial summation 


(no matter what the given value of c may be). 


Proof of (2) > (2*). In [8], the proof of (1) > (1*) resulted, on 
the one hand, from the fact that 


(i) the function 1/£(s) is regular at the point s = 4, and, on the other 


hand, from an application of 


(ii) a lemma Tauberian in nature, representing an O-variant of 
M. Riesz’ convergence theorem concerning Dirichlet series (the convergence 
theorem which extends Fatou’s theorem on power series to Dirichlet series). 


Condition (i) becomes violated if the function 1/£(s), occurring in (i), 
is replaced by the function £(2s)/£(s), since the latter has a pole at s—4. 
This pole can, however, be eliminated if £(2s)/{(s) is replaced by the sum 
y(s) defined by 


(5) y(s) =€(2s)/E(s) —cf(s+ 4), 


where ¢ is a constant, to be determined by the condition that the simple pole 
possessed at s==4 by the first term of (5) be compensated by the simple 
pole possessed at s = 4 by the second term of (5). Accordingly, condition (i) 
is satisfied if the function 1/£(s) is replaced by the function (5), where 
(<0, by (3). 

Since 


£(2s)/E(s) = SA(n)/n® and £(s) 1/n’, 


n=1 n=1 


it is seen from (5) that the series 


(6) 1/E(8) =3 p(n) 
n=1 


must be replaced by the series 


y(s) =3 [A(n) —0/Vn] 


n=1 


But what corresponds to the hypothesis (1) for the Dirichlet series (6) is 
the hypothesis 


(8) [A(m) —c/Vm] =0(Vn) 


m=1 


| 

4 
| 
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for the Dirichlet series (7). Consequently, if the Tauberian lemma, referred 
to under (ii), is used in precisely the same way as it was used in the proof 
of (1) > (1*) in [8], then, since what now corresponds to (1*) is the 


estimate 


(9) [A(m) —¢/Vm]/Vm = 0(1), 
there results the truth of the (unconditional) implication (8) > (9). 
Finally, 


31/Vm =O(Vn) and 3 (c/Vm)/Vm=clogn+ 0(1) 
1 


m= m=1 
(the O(1) claims less than the existence of the Euler-Mascheroni constant). 
Hence, (8) and (9) are equivalent to (2) and (2*) respectively. Conse- 
quently, (8) > (9) is equivalent to (2) > (2*). Since (8) > (9) was just 
proved, the proof of (2) > (2*) is complete. 


THE JoHNs Hopkins UNIVERSITY. 


REFERENCES. 


[1] A. E. Ingham, “On two conjectures in the theory of numbers,” American Journal 
of Mathematics, vol. 64 (1942), pp. 313-319. 

[2] S. Selberg, “ Uber eine Vermutung von P. Turan,” Det Kongelige Norske Viden- 
skabers Selskabs Forhandlinger, vol. 29 (1956), pp. 33-35. 

[3] A. Wintner, “A note on Mertens’ hypothesis,” Revista de Ciencias (Lima), vol. 50) 
(1948), pp. 181-184. 


eo 
n 
a 
| 
( 
4, 
0] 
\ 
A 
n 
Sl 
( 
in 
in 
A 
th 
sll 
A 
(3 


PARTITIONS OF LARGE BIPARTITES.* 


By E. M. Wricurt. 


1. In a recent article [4], I found an asymptotic formula for the 
number of partitions of a bi-partite number (m,n) whose components m, n 
are large but of the same order, i.e., their ratio is bounded above and below. 
| also gave without proof the first few terms of an asymptotic formula 
(or the logarithm of the number of partitions of a multi-partite number 
(n;,M2,° * *,nj), the ratios of whose components are all bounded below. 
Just before the article appeared, I found that Auluck [1] had dealt with 
one of my four cases for bipartites, under the same condition, and that 
Meinardus [2] had found the first term of my formula for multi-partites. 
Auluck indicates that his results for bi-partites (and any results obtainable 
for multi-partites) have applications to the study of the thermodynamical 
properties of assemblies characterised by the conservation of two or more 
parameters. He found an entirely different result true when m is fixed and 
n large, and Nanda [3] has shown that this is true for m= o(n*). 

A much more precise approximation for the generating function has 
now been found [6], and this enables me to deal here with all large m and n 
such that 


(1.1) < logn/logm < 


lor any fixed positive ¢,, €2. This is a substantial relaxation of the restriction 
imposed in both [1] and [4] that m/n should be bounded above and below. 

Auluck’s result and the result in two of my four cases involved a definite 
integral I(m/n) which neither of us was then able to evaluate (except that 
Auluck evaluated 7(1)). This problem has since been solved [5], and I use 


the results here. 


2. Notation and Result. A bi-partite number (m,n) is a two-dimen- 
sional vector whose components m, nm are non-negative rational integers. 
A partition of (m,n) is a solution of the vector equation 


(my, ne) = (m,n) 


* Received January 6, 1958. 
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in bi-partite numbers other than (0,0); two partitions are regarded as 
identical if they differ only in the order of the bi-partite numbers on the 
left of (2.1). We write p™(m,n) for the number of partitions of (m,n) 
and p® (m,n) for the number of such partitions in which no part has a zero 
component. Again, we write p“(m,n) for the number of partitions of 
(m,n) into different parts and p“ (m,n) for the number of partitions into 
different parts, no one of which has a zero component. Our object is to 
find an asymptotic formula for p®)(m,n) for large m and n satisfying (1.1). 

In what follows, s==1,2,3 or 4; any statement involving s is true for 
these four values of s. The letter s is frequently omitted, so that, for 
example, p(m,n) is written for p®)(m,n), a for a), and so on. 


We write 


a) a) = = = 1.20205690- - -, 
r=1 


a) al) (3/4)£(3), =—b@ = 22/12, = —b = 
and y for Euler’s constant, so that 


--+1/r—logr) =0.57721 


oo 


Again, for all complex z such that @ (z) > 0, we write 


c?)(z) = (2 +3+21)/24, =c@(z) —4, c@(z) =c(z) =0, 


and 


— 2¢2(z) 


It is readily verified that this integral converges. Its evaluation is dis- 


cussed in [5]. In particular, if m= o0(m), we have 
I (n/m) =a_.m/n + + O(n3/m?), 
where a , == (1—y)/12 —0’(—1) = .20065317- - -, 
== | log (27) fy = 31516535: - - 
We write also 
d®(z) =c®(z) (logz + 2y) +1(z), 
where logz has its principal value, and 
(z) = d®(z) —log2z, d® = log 2, = 2c log 2, 


D(z) =d(z) —log(27a34) — b?(z—1-+ 2°) /8a. 
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\ little calculation shows that d®(1/z) =d@(z), and a similar result 
follows trivially for c, dM, d®, d@ and D. 

The numbers «, €,, €2 are positive numbers, to be thought of as small. 
(‘is a positive number, not always the same at each occurrence, which may 
depend upon any of «, €:, €2, 8, h, k, but not on m, n, x, y, X, Y, 9, & t, 2. 
The symbols O( ) and o( ) refer to the passage of m and n to infinity or of 
r, y, X, Y to zero. The constant implied in the O( ) notation is of type C 
and all statements are subject to the implied conditions “for m>C and 
n>C” or “for |x| <<C and |y| <(C,” as may be appropriate. 

We write 


(amn-*), v= (anm-*)’, 
so that, when (1.1) is satisfied, » and vy are 0(1). We shall repeatedly make 
use of the relations 
pv? == a?/mn, v/p=n/m. 


We write 7,(¢) —0 and 


2H-1 
Tu(t) =a (H =2), 
A=38 


where ?,® and P;°) are polynomials in log ¢ of degree [4h], whose coefficients 
can be calculated, and P,) and P,“ are numbers depending only on h and s. 


In particular, 


P,© (—.. 1 )AP,™, 1 Pre. 


We show how to calculate P, in §7 and give a table of P, for hS7 at 
5 


the end of the paper. 

Our object is to prove the following 

THEOREM. Jf m and n tend to infinity subject to the condition (1.1), 
we have p(m,n) that is 

log p(m,n) =o0+0(1), 

where 

ao = 3(amn)* + b(m+n)/(amn)* + (1/3) {2 — e(n/m) } log(a?/mn) 

+ D(n/m) + + TK (v) 


K =[3/8e,4+3/2], 


/ 
as 
he 
of 
to 
to 
or 
Or 

and 
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Since o is symmetrical in m and n, we can confine ourselves to the case 
in which 
(2.5) 4+¢,Slogn/logm=1, 
(2.6) ma =n =m. 
If we write e; = 4e,/3, we have 
(2. 7) 


Hence 7'x-(v) = O(v? logv) =o(y) and we may replace o by 


o, = 3a/pv + b/p+ b/v+ {2—c(v/p) } log (pv) 
+ D(v/p) 


3. The integral for p(m,n). We take X, Y small, positive numbers 
which we define more precisely later. For the present, we require only that 
(3.1) X~y, Y~us, 


so that Y¥ —=O(Y) by (2.7). 
We write where 

We write also 

AM (h, =A (h, (1 — -1, 

and 

f(x,y) (h, k), 

where, for s=2 or 4, h and k each take all positive integral values, while, 
for s=1 or 3, h and k each take all non-negative integral values, except 
h=hk—0. We see at once that 


(3.2) f@O (a, y) (x,y) /f@ (22, 2y), f(a, y) = fO (2, y) /f (22, 2y). 


If we put p(0.0) 1, we verify from the definitions that 


(3.3) f(x,y) p(m, n)e-ma-ny, 


m=0 n=0 


Hence 


= (XY/4n’) J f dédn, 


(3.4) 


PARTITIONS OF LARGE BIPARTITES. 
where 
P(x, y) = mex + ny + log f(x,y). 
We choose « a fixed positive number small enough to ensure that 
(3. 5) < 
and that 
(3. 6) 3(1 + Ge) (1 + 1/es) |] = [4(1 + 1/es) | = [38/8e, + 4] = K—1. 
We write 
= = U =f(XY)4~C (mn). 
By a similar argument to that used to prove Lemma 1 of [4], we can 
prove 
Lemma 1. If 4 or if then 
| F(z, y)| S F(X, Y) —CU?. 
We shall prove later 
LemMMA 2. We can choose X and ¥ to satisfy (3.1) and such that 
F (x.y) —F(X, Y) =— (a/XY)(@ +&+7") +0(1). 
whenever 


(3.7) 


Using these two lemmas, we have from (3.4) that 


p(m,n) ~ { f f exp{— (a/XY) (& + & + 7°) } dédy 


So 
+ O(e-U/XY)}. 


If we put 
E=(XY)X(u+v), n= (XY)A(u—v), 


we have 


U 
uty f J exp(— 3au” — av*)dudv 


—~2XY f f exp (— 3au? — av*) dudv = /33a. 
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Hence 
p(m,n) = (35- + 0(1) + } ~ 
where 
o2 =F (X,Y) + 2 log(uv) —log(34- 2za). 


It remains to prove Lemma 2 and to show that 


o2=0,+0(1), 
that is, that 
(3.8) F(X, Y) =8a/pv + b/p + b/v — c(v/p) log (pv) 
+ D(v/p) + log(34- Tx(n) + 0(1). 


4. Further results. We use B, for the k-th Bernoulli number, where 


u/(e*—1) =1—4u+ (|u| < 2x), 
k=1 
and write 
= — By /2ka™ (2k + 2) 
yu) (2*—1) /2ka® (2k +2) 1, (k 21) 
H-1 


S,(z) = 0, = =. (H 2 
h=1 


Henceforth we suppose that (3.7) is satisfied. Then, for any H <1, 
we can deduce from Theorem 1 of [6] that 
F(a,y) = ma + ny + + b/x + b/y (2) /y—aSu(y)/x 
—¢(x/y)log(xy) + d(x/y) + O(x) + O(y) 
+ O (a?H+1y-1) + O 


By (3.1) and (2.7), we have 


r~X~y, «= O(y) =0(1), 
and so 
= O(2z*) =O(y*) =o0(y), = —0(1). 
Hence 


F(x, y) = ma + ny + + + b/y — c(x/y)log(ry) 
+ d(x/y) + 0(y#/2) + 0(1). 


(4.1) 


ane 


and 


INC 
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We now introduce the linear operator Q defined by 
Qg(x, y) = g(a, y) — g(X, VY) — (0/0X) 9g (X,Y) — (0/0Y )g (X,Y) 


where g is any function of the two variables 2 and y with continuous first 
derivatives. Trivial calculations show that 


Q(1/xy) = — (& + & + 9°)/XY + O(8/XY), 
Q(1/2) = 0(2/X), A(x) = A(y) =0. 
\ow 
= Of (uv) = o0(1), 
C/Y =0(2/X) =O (ur = O — 0(1), 


since 12e <<; by (3.5). Again, 


ere 
(4.2) = —0(C?7/X) —o(1) 
when h = 0, and 
(4.3) Q(y log y/r) = O(£°Y log Y/X) = 0(€?/X) =o(1). 
Hence 


Q(1/cy) =— + + + 0(1); 


and 
Q(1/r),Q2(1/y), Q(x), A(y), log y) 
= 1, Mare all o(1). 
We now consider separately the case in which and that 
in Which mat = 
5. The case m*/*=n=m. In this case we have 


logy SloguS4logv/7 ++C 
and so 
2 + 
2 log  — logy = (1 — 6e) log p — 6c log v 


SC + (4/7 — 66/7) logy < C + logv/7, 


ry) ince 22e< 1 by (3.5). Hence 


(0.1) p?/y = = O(r'”"), v= 
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From the first of these it follows that y°/t~p3/v—o(1). Hence, if 


we put H —1 in (4.1), we have 


(5.2) F(z,y) =F,(«,y) + F2(2,y) + 0(1), 
where 
PF, (x,y) = ma + ny + + + b/y, 
F, (x,y) = d(x/y) —c(x/y)log (zy). 


It follows from the results of the last section that 


OF, (2,y) =— (a/X¥) (@ +0(1) 
and so that 


(5.3) F,(2,y) —F,(X,Y) 
— itX0F,/@X + inYOF,/a¥ — (a/XY) + & +77) +0(1). 


We now choose 
(5.4) X=v{1+ ba? Y =p{1 + ba? (2v—pz) /3}. 
We have 
X (0/0X) F(X. = mX —a/XY — b/X = (mX*¥ —a— bY) /XY. 
Since v= O(n), 


mX?Y = + ba-*(24—v) /3}*{1 + ba? (2v— p) /3} 
=a-+ bu + O(p?) =a-+ bY + O(n’) 


and 
(5.5) = O(tu2/XY) =O(tu/v) =0(1). 


A similar calculation shows that 
(5.6) nY (OF ,/0Y ) =0(1). 
and so (5.3) becomes 


(5.7) Fi(a,y) —Pi(X, =—a(& + +7’) (XY)* + 0(1). 


The choice of X, Y in (5.4) is, of course, designed to ensure the truth of 
(5.5) and (5.6), i.e., to take XY, Y not at the “saddle-point ” but sufficiently 
near to it. 
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By (5.4), 


(5.8) =X (1+ €)/¥ (1+ = (X/Y) (1+ O(%)} 
= (v/u){1 + + O(£)} = (v/m) + + 


Again, 
—Pe(v. |S | log (uv) | | 2/y—v/n | + | L(2/y) —1v/n) | 
+o(1). 


We can show, by the methods of [5], that 


| T(a/y) —I(v/n)| SO| #/y—v/p | p?/r*, 


provided that this is 0(1). Now 
(u?/v*) | x/y—v/p | = O(n2/v) + O(Ln/v) =O(") 


by (5.8) and (5.1). Again, log(pv) = O(logv) and so 


(5.9) F, (x,y) —F:2(v,n) =0(1). 
In the special case r= XY, y= Y, this is 
(5.10) Y) —F.(v,p) =0(1). 

From (5.2), (5.7), (5.9) and (5.10), we have Lemma 2 for this case. 
Again, in this case, 

T'x(n) log ») —0(v) 

and so, to prove (3.8), it is enough to show that 

+ F.(X, Y) = 3a/pv + b/p + b/v— c(v/p) log (pr) 

+ D(v/p) + log (34: 24a) + 0(1), 

that is, in virtue of (5.10) and the definitions of D(z) and F,(X,Y). that 

mX + nY +a/XY + 6/X + 

8a/pv + b/p + b/v— 6? (v/p—1 + p/v)/3a + o(1). 


This follows from (5.4) and the first part of (5.1) with a little calculation. 


6. The case = n= In this case we have 
t/y~X/Y ~v/p=n/m =o0(1), «log y/y = o0(1), 
log y = log» + 0(1). 
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Now, by [5], if | argz| <<4r—C, 
I(z) = {(1— y)/12 — (— 1) }/z — (y — log 277) /4 + O(2°). 

Hence, if we write «= 0b/3a, 

yo = (12¢’(—1) —1)/12a,  B=—1/12a (s=1,2), 

yo =—log2/12a, B=0 (s=3,4), 

A) == [log (pv?/8x*) | /4, = [log (?2/p) |/4, 

A() == — (3 log 2) /4, A() = (log 2) /4, 
we have 
(6.1) d(v/p) —c(v/p) log (pv) = A + apy? (B log »— yo) + 0(1) 
and 
(6.2) d(a/y) —c(a/y)log(ay) =A + ayx?(B log y— yo) + 0(1). 

Again, by (2.7) and the definitions of K, 

Hence, if we take H = K in (4.1), we have 
(6.3) F(z,y) =F,(x,y) +4 + by* + o(1), 
where 
= mea + ny + a(ry)* xx (y), 


xu(y) =1+ 3ay + log y— yo) —ySu(y). 
Now 


b /y — b/ Y in/ Y(i+ in )=O (C/p) = ) 


= 0 = — 0(1), 


since n= and 22e< 1. Hence 
(x,y) —F(X,¥) =F, (x,y) — Y) + 0(1). 
Now the results of §4 show that 
OF, (a, y) ——a(& + +9°) 0(1) 
and so, to prove Lemma 2, we have only to choose X and Y so that 


éX(0F,/aX) =0(1), ¥ ~0(1), 


PARTITIONS OF LARGE BIPARTITES. 


that is, so that 


(6.4) mX?¥ =o0(XY/l) = of (pv) 
and 

(6.5) nX = of (pv)3**}, 

where 


oY) ¥) —~ ¥*(plog ¥ + + 


We write Blog~—yo, so that C < 8/|logu| <<C when s—1 or 2, 
and 6==——yo = C when s=8 or 4. 


In the next section we shall prove 


LemMaA 3. For every positive integer h, there exist two polynomials 
Qi, Ry of degree [4h] in 8 whose coefficients depend only on h and s and 
which have the following property. If 
H-1 H-1 
(6.6) =1+ Yu=1+ 
h=1 h=1 


then 

(6.7) Xn? + O 

(6.8) = on 1) + O 
By (3.6) 


K =[(4 +3e)(14+1/es)] +1 > (4+ 3e) (1 +1/es) +€ 
and so 
— —3e) 4+3e+C. 
Hence, by (2.7), 
and so 


(6.9) < (pv) — of (pv) 


We now choose XY =vX¥y, Y so that X~v and Y~yp as we 
have supposed. We remark that myy?—nvp?—a. Then, by (6.9) and 
Lemma 3 with H —K, we have 


m/X?Y — ( Y) = aX x x) = o{ (mv) 
and 


n/XY* =aXxV —aox(p¥ x) = 0f{ (uv) **}. 


Hence (6.4) and (6.5) are satisfied and the proof of Lemma 2 is complete. 
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With these values of X and Y, we have 


(X,Y) =F,(X,¥) +4 + (b/Y) +0(1) 
=mX + nY + + 0(1) 
= + A + b/n—bQ, + 0(1), 
where 


(6.10) An=NXyt Yu t+ un 


=3+ Php" + O 
h=1 
and 2, is a polynomial of degree [3h] in 8 In the next section we shall 
see how to calculate 
P, = 3a, P, =§ — 32’. 


Hence 


F(X, Y) = 3a/pv + b/p + b/v +A + ba + 327) /v + 
h=3 


and (3.8) follows from this and (6.1) and (6.9). 


7. Proof of Lemma 8 and calculation of Px. From (6.7) and (6.8), 


we obtain 


whence 


H-1 
h=1 


where g, is a polynomial of degree [4h] at most in Blog(p¥ x) —y 
=6+ BlogYy. With sufficient labour, we can solve (7.2) by successive 


approximations to Yy of the form 
=1+Qy + O(p%), Vu =1+ + + O(u%),. 


and eventually we have 


H-1 
Yu=1+ 2D Qnp". 
h=1 


From this and (6.8), we deduce 


H-1 


h=1 


a 
al 
sl 
( 
a 
de 
80 
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Retracing our steps we see that these Yy and Yy must satisfy (6.7) and 


(6.8). 
We could, of course, add any terms in »” and higher powers to Xq 
and Yy without affecting the truth of (6.7) and (6.8). Again 


An + Yu t+ 
and so 
(7.3) OAn/OX = 1 — yu /X Vn = O 


by (6.7), and similarly 
ve 4) 0An/OY = |] — wn x? == O 


by (6.8). Hence a change in XYy or Yy of order O(p%84#)) will produce a 
change of not more than O(p?#8") in Ay. Now Xy.1—Xuy and Yui— Vu 
are and —xa(eY a1) = Hence 


Ana — An = O (p?464) 


and so in (6.10) the polynomials ?, are independent of H. 

We have shown above that Q,;, Ry, Py exist and can be calculated, but 
the method of calculation is plainly very laborious. We can, however, 
shorten the calculations considerably by the following considerations. From 


(6.7), we have 
(7.5) An—=Xu+ ya = 2X + O 
and so, if we equate coefficients of »", we have 
(7.6) + On = Pr. 
Again, 


2H-1 


= 


where Ly is a polynomial in § of degree [4h]. This infinite series and its 
derived series are uniformly and absolutely convergent when 0<p<C for 


some C. Hence 
2H-1 
p(dAn/dp) => + B(dP,/d8)) + O 
h=1 
Now 
u(dAg/dp) = p(0An/0X (dX y/dp) 
( ON Oy ) ( dy / dp) + ux’ / 
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The first two terms on the right are O(u#**844]) by (7.3) and (7.4), 
Again 

by (6.7) and (6.8). Hence 

p(dAg/dp) =Xy— Vy + 
Thus, if we equate “coefficients” of »*, we have , 
7%) Ry — Qn + B(dP,/d). 
From (7.6) and (7.7), we have at once 


(7.8) Qn = — (2h — (28/3) (dP,/d8), 
Ry = (h +1) + (B/8) (dPp/dd). 


Our method of calculation is now fairly simple. Given Q, and Rk) for 
1=h=H—1, we use (6.10) to calculate P, for H=h=2H—1 and 
(7.8) to caleulate Q, and Rk, for H=h=2h—1. We then repeat the process 
with 2H for H. We start with H 1, Y,—Y,—1 and can thus calculate 
P, for any h. We thus avoid having to solve (7.1) or (7.2), which would 
be troublesome. The only stage of each cycle which is at all elaborate is the 
use of (6.10). Using (7.6) in (6.10), we have 


H-1 2H-1 
xu /XuYu=1+ Rap" + Pap! + 
h=1 h= 


Now 
H-2 
xa /Yu = + + — + O (pe) 
k=1 
2H-1 
=1+ Mip" + 
h=1 
where we can calculate the M,. Finally, 
2H-1 H-1 a H-1 2H-1 
1+ = (1+ Pap") (1+ Rap” + > Pip!) 
h=1 h=1 h=1 h= 
+ 0 
and we ealeulate Py.: from 
H-1 


h=1 


H-1 
Pas — Mua R,Px > 


h=2 


and so on in succession. 
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If we replace « by —a, » by —yp but leave § unchanged (i.e., leave 
log» unchanged), the sums and x) are the same functions 
of a pw, & Yy as before. Hence the equation (7.2) is unaltered and so Yy 
is unchanged, and so, also, 1 and Ay. Hence P, is an odd or even function 
of according as is odd or even. Since a?) and ¢@), 
we have 

his remark exactly halves our labour. 

We conclude by giving P, for h=7, first as a polynomial in § with 
coefficients in terms of @, B, y1, yz and secondly with numerical values. 

We have 

Pi Ppa Pm — — 4- 

— §* + §(12a?— — B?/3 + 11Ba2/2 — —y,, 
= + 8a(98 — 54a2) + + + 
28° + 8?(238/6 —55a*) + 8(862/3 — 66Ba? + 260a* + 4y,) 

4. 1783/27 — 133%a2/6 1787Bat/12 — 988a°/3 
+ 7By,/3 — 25y1a* — yo, 
== — 2748? + 82a (1078a2/3 — 3198/6) 
+ 8a(— 1128?/3 + 1351Ba?/3 — 1309a* — 38y,) 
— 24283a/27 2753 8703/18 — 47477 B8a°/60 + 430127/3 
— T1Byi%/3 385y,a3/3 + Tyee. 


If we write 


= 2 pnx (log »)*, 


we have the following table for pax. 


0 1 
I .68421639 

.05088999 —.06932561 

—.04273573 04743372 
.01982883 —.01938670 —.00480604 

—.00728059 .00192568 .00876899 
.0013371% .00576762 —.00905955 —.00066636 
00097131 -.00713373 00615476 .00205172 


E. M. WRIGHT. 


For s = 3, we find that 

P,=  .45614426 P; =—-.00029313 
P, = —.00528539 .00001197 
= —.00461938 P,= .00001931 
P,= .00152613 


The following short table of values of [(n/m) was caluculated from the 
results of [5] by Mr. M. M. Robertson. 


1(0.1) = 2.321694 1(0.6) = 0.648918 
1(0.2) = 1.318405 1(0.%) = 0.60077. 
1(0.3) = 0.983921 1(0.8) = 0.564468 
(0.4) = 0.816592 1(0.9) = 0.536012 
1(0.5) =0.716076 1(1.0) = 0.513011 


UNIVERSITY OF ABERDEEN, SCOTLAND. 
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PRINCIPAL HOMOGENEOUS SPACES OVER ABELIAN 
VARIETIES.* 


By Serce and Tare.? 


Let A be a commutative group variety defined over a field &. If K/k 
is a Galois extension, the group Ax of points of A rational over K is a 
module for the Galois group G(K/k), and we denote the associated coho- 
mology groups simply by H"(K/k,A) or by H"(k,A) in case K is the 
separable closure of #. In case K/k is infinite, we mean of course the coho- 
mology groups constructed with cochains of finite type, i.e. coming by 
inflation from finite extensions. 

In $1, we have carried over to the infinite case the basic propositions 
of Galois cohomolgy which are familiar in the finite case [2]. This generaliza- 
tion is essentially trivial, but it furnishes a good review for the non-expert, 
it fixes our notation, and mainly, it is urgently called for when one studies 
algebraic groups for the following reason: If A—> B->C is an exact sequence 
of (separable) homomorphisms defined over k, then Ax—>Byr—-Cx is not 
necessarily exact but is exact if K is the (separable) algebraic closure of k. 
Actually, in the remainder of the paper, we require the cohomological results 
only for dimension 1, and most of our applications are based on the special 
“Kummer sequence” discussed at the end of §1. 

In §2 we discuss systematically the representation of principal homo- 
geneous spaces for A over k by elements of the 1-dimensional cohomology 
group (a set if A is non-commutative) H'(k,A). One establishes an injec- 
tion of the classes of k-isomorphic spaces into H'(k,A), and as Serre has 
remarked, using Weil’s theorems concerning the field of definition of a 
variety, one sees immediately that one actually gets a bijection. Since this 


representation has been carried out in special cases by F. Chatelet, we call 
H'(k,A) the Chatelet group. 

Although the rest of the paper is essentially independent of the principal 
homogeneous space interpretation, it is mainly this interpretation and the 
consequent relation of the cohomology to diophantine problems which moti- 
vates our study of H'(k,A). For example, as Chatelet has shown, an 


* Received January 7, 1958. 
1 Fulbright and Sloan Fellows respectively. 
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elliptic curve I is a homogeneous space over its Jacobian A, and the question 


whether T has a rational point in an extension field K is the same as 
whether its cohomology class a(T) € H'(k,A) is split by K. 

The essential content of this paper is contained in the theorems of 
the last two sections, which concern the structure of H'(k,A) when A is 
an abelian variety. 

We first consider the case where k is a local field. After recalling in 
§3 some basic facts concerning reduction modp, we treat in §4 the case 
when A has a non-degenerate reduction. We show (Theorem 1) how the 
study of elements of order prime to p in H*(k,A) can be reduced to a study 
of the reduced variety. There results (Theorem 2) a complete description 
of the part of H'(k,A) prime to p when & is a p-adic number field. In 
particular, it is a finite group. 

In §5, we deal with global fields, essentially number fields, function 
fields over algebraically closed fields, or fields of finite type, and obtain various 
qualitative results. Theorem 3 gives a new variant of the proof that A;/mA, 
is finite. (For another variant, cf. Roquette [10].) From it, we deduce 
the finiteness of H"(K/k, A) for finite K/k and all r> 0, in Theorem 4. We 
then consider the subgroup of H*(k, A) consisting of those elements which split 
at all primes. Although it is known that this group is not necessarily trivial, 
we can show that for each integer m (prime to the characteristic of k), its 
subgroup of elements of period m is finite. 

Theorems 6 and 7%, which are independent of the preceding five, show 
on the other hand that H'(k,A) is large, in different senses. From Theorem 
7, it is a corollary that given any positive integer m one can construct a 
function field in one variable of genus 1, over a suitable algebraic number 
field k, the degrees of whose divisors rational over k are exactly the multiples 
of m. One still does not have such examples when k —@Q is the field of 


rational numbers. 


1. Galois cohomology. Let & be a field and © an algebraically closed 
field containing ’. In Galois cohomology, one deals with a functor A which 
attaches to each field AK between &# and Q a group A(K) and to each 
k-isomorphism ¢: K— K”, an isomorphism A(¢): The 
functor is subjected to three axioms: 


(Al) For each K we have A(K)=\)A(F), the union being taken 
over all finitely generated subextensions F'/k of K/k. 


Notice that (Al) implies that all of our groups A(K) are subgroups 
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of one big group, namely A(Q), and that we have 4(K) C A(L) whenever 
KCL. 


(A2) If wy prolongs ¢, then A(y) prolongs A(¢). If y and ¢ can be 
composed, then A(Wod) A (identity) = identity. 


From (A2) it follows that any group of k-automorphisms of a field L 


operates on A(L). 


(A3) If L/K is a Galois extension, then A(K) is the set of fixed 
points for the operation of the Galois group on A(L). 


In most of our applications, A will be (the functor derived from) 
an algebraic group defined over k, for which A(K) = Ax is the group of 
points of A which are rational over K, i.e. whose coordinates lie in K, and 
A(¢) is the map obtained by applying ¢ to the coordinates. 

From now on in this section, we assume that our functor A is commu- 
tative, that is, each A(K) is a commutative group. Let K/k be a (possibly 
infinite) Galois extension. Then A(K) is a module for the Galois group 
(i(K/k), and we can consider the standard r-cochains a= -,0;) of 
(}(K/k) with values in A(K). We shall say that such a cochain is of finite 
type if there exists a finite sub-extension F' such that a(o,,- : -,o,) depends 
only on the effects of the automorphisms o; on F. The cochains of finite type, 
' which are the only ones arising from the usual algebraic processes, form a 
subeomplex of the standard cochain complex. We shall denote this sub- 
complex simply by C(K/k,A) and its cohomology groups by H*(K/k, A). 
These latter are what we mean by Galois cohomology groups. Of course, 
if K/k is a finite extension then every cochain is of finite type, and 
we have achieved nothing but a simplification of notation: H*(K/k, A) 
=H"(G(K/k),A(K)). Also, even for infinite K, we have H°(K/k, A) 
= H°(G(K/k), A(K)) and this group is just A(k) because of (A3). How- 
ever, for r > 0 and K/k infinite, our groups may differ from the usual ones. 
For example, if A(k) —A(K), that is, if G(K/k) operates trivially on 
A(K), then H1(K/k, A) is the group of continuous homomorphisms of G(K/k) 
(Krull topology) into A(K) (discrete topology), whereas H1(G(K/k), A(K)) 
is the group of all homomorphisms. 

Let K’/k’ be another Galois extension, such that K’ > K and k’ Dk. 
Then each cochain a€ C(K/k,A) determines a cochain a’ € ((K’/k’,A) by 
the rule - -,0’,- =a(- where o’x denotes the effect 


on K of o € G(K’/k’). The cochain map a—a’ induces a homomorphism 
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H*(K/k, A) H"(K’/k’, A) which we simply call the canonical homomor- 
phism. However, in the extreme case k =k’, it goes by the name of inflation 
(inf), and in the other extreme case K = K’, it is known as restriction (res), 


Proposition 1. Let K/k be Galois and let k’ be an arbitrary subfield. 


Then 


H"(K/k’, A) =lim {H"(F/F NF, A)}, 
F 


the limit being taken inductively with respect to the canonical homomor- 
phisms, as F runs over the finite subextensions of K. 


Since passage to (co)homology commutes with inductive limits (cf. [2], 
Ch. V, Prop. 9.3*), our proposition will follow if we can show that the 
corresponding formula holds for the cochain groups. Each of the canonical 
maps C'(F/F 0 k’,A) is an injection, because the inclusion 
A(F Nk’) > A(k’) is injective and the natural map G(K/k’) > G(F/F NF’) 
is surjective. Thus we have only to show that each element a€ C™(K/k’, A) 
is in the image of C’(F/F 1 k’,A) for some F depending on a. Since a is 
of finite type, it has only a finite set of distinct values and by Axiom (A1), 
it follows that we can find a finitely generated, hence finite, sub-extension 
F'/k of K/k such that all valuesof a lie in A(F). Enlarging F, if necessary, 
so that a(o,,- - *,a,) depends only on the effects of the o; on Fk’, we can 
well-define a cochain b€ C™(F/F 1 k’,A) whose image is a by putting 
b(- +) =a(- -,0,° -), where op denotes the effect of o on F. 

Taking the special case k’ =k, we find as a corollary 


H*(K/k, A) =lim {H*(F/k, A)} =lim {H"(G(F/k), A(F))}. 
F F 


Thus our cohomology groups are just the inductive limits, under inflation. 
of the ordinary cohomology groups of the finite subextensions. 

Let L/K be a Galois extension. A k-isomorphism ¢: L— L® induces 
an isomorphism by the rule a%(- - 
= +, and it is a fact that the induced cohomology map 
H"(L/K, A) > H"(L*/K*%, A), called conjugation, depends only on the effect 
of ¢ on K. In particular, if L and K are Galois extensions of k, then the 
Galois group G(K/k) operates on H'(L/K,A). 

Although there is no doubt that the whole spectral sequence of Hoch- 
schild-Serre carries over to the case of infinite Galois extensions we are content 
here to discuss only a small corner of it, namely: 


Proposition 2. Let K D Fk’ be Galois extensions of k. Then there exists 
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u canonical transgression homomorphism (tg) such that the following sequence 
is eract : 
inf res 
0— (k’/k, A) (K/k, A) —— H'(K/k’, 


tg inf 
(k’/k, A) —— H?(K/k, A). 


Indeed, this proposition is known in the case of ordinary cohomology 
groups (Cf. Hochschild, G. and Serre, J-P., “Cohomology of Group Exten- 
sions,” Trans. A. M. S8., Vol. 74, 1953). Consequently, for each finite Galois 
subfield F of K, we have, exactly, with obvious abbreviations of notation: 


tg 
H? (FN /k) > H?(F/k). 


The commutativities required for passing to the inductive limit over F’ are 
satisfied and, by Proposition 1, the limit sequence is the one we are looking 
for. The superscript G on the middle term carries over to the limit because 
each k’/k) is finite. 

It is easy to see that our limiting transgression map cap be characterized 
in the same way as the ordinary one, namely, we have e—tg® if and only 
if there is a cochain b€ C1(K/k,A) whose restriction to C1(K/k’,A) is a 
cocycle representing 8 and whose coboundary 8b is the inflation to C?(K/k, A) 
of a cocycle a€ C*(k’/k, A) representing «a. 

If K/k is Galois and F a finite (not necessarily Galois) subextension, 
there exists a transfer map 


tr: H"(K/E, A) > H"(K/k, A) 


going in the opposite direction from restriction, whose definition we recall 
here, although we have little use for it in the sequel. Let ® be the set of 
|Z: k] distinct k-isomorphisms of For each let ¢, € G(K/k) be a 
chosen prolongation of ¢ to K. Then for o€ G(K/k), both of, and (c¢) x 
have the same effect on H, and, consequently, the automorphism (c¢),-'o¢x, 
which we shall denote by (o,¢) leaves # elementwise fixed, i.e. belongs to 
(((K/E). The cohomology transfer is that induced by the cochain transfer 
a—tr(a) defined by 


(tr(a))(o,,° or) 
= 2, (owe orp) ( (01, 02° orp), (2, 03° Orh), (o,,p) ). 
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Although this cochain transfer depends on the choice of prolongations, the 
induced cohomology map does not. The main relation between transfer and 
restriction is the rule trores=[H:k]. This and all other such relations 
can be guessed from the case of dimension 0, where the transfer A(H) — A (ik) 
is just the trace: > ¢a, and the restriction A(k) is just the 
inclusion map. 

The relation trores—[H:k]| shows that if an element 2¢€ H"(K/k) 
restricts to 0 in H"(K/E), then [H: k]2=0. Applying this remark in 
case / = K is a finite Galois extension of k, we see that H"(H/k) is a torsion 
group of exponent k| for r > 0, because H'(H/E,A) for positive r. 
From Proposition 1, it now follows that the Galois cohomology groups in 
positive dimension are torsion groups for arbitrary K/k. 

We conclude this section by considering the cohomology maps induced 
by a homomorphism f: A—B of one of our functors into another. By this 
we mean a collection of homomorphisms f(K):A(K)—B(K) satisfying 


(f1) If LD K, then f(XK) is the restriction of f(L) to A(K). 
(f2) If ¢: K—K® is a k-isomorphism, then 
f(K%) oA(d) = B(¢) of (K). 


For example, suppose A and B are algebraic groups defined over &. Then 
« k-homomorphism f: A—B (that is, an everywhere defined rational map 
over k which is a group homomorphism) yields a homomorphism of the 
functor A into the functor B. We simply let f(K) denote the restriction of 
f to A(K). Condition (f2) is satisfied because f is defined over k. 

A functor homomorphism f: A—B gives rise to cohomology homo- 


morphisms 


H'(K/k, A) H"(K/k,B), 


namely, those induced by the cochain map a—foa, and these induced 


cohomology maps obviously commute with canonical maps, conjugations, and 
transfers. A sequence of functor homomorphisms A’— A — A” is said to be 
K-exact if the sequence A’(K) > A(K)—A”’(K) is exact in the ordinary 
sense. 
Proposition 3. Let K/k be Galois. A K-exact sequence 
0— A> A” > 0 


gives rise to un infinite exact cohomology sequence 
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8 
H"(K /k, A) > H"(K/k, A”) —> H""(K/k, A’) > H"(K/k, A) >: 


This proposition follows as usual from the lemma: If A’ A—> A” is 


K-exact, then the cochain sequence 
C(K/k, A’) ~C(K/k, A) > C(K/k, A”) 


is exact. If a cochain a€ C(K/k,A) goes to 0 in C(K/k, A”), then each of 
its values goes to 0 in A”’(K). Hence, by K-exactness, we can pick a pre- 
image in A’(K) for each of these values and thereby define a cochain a’ 
whose image is a. Moreover, a’ will be of finite type, provided we select one 
single pre-image for each of the distinct values of a, because of Axiom (A1). 

In many applications, we shall deal with the case where K is the 
separable closure k, of k, and where the sequence of Proposition 3 is k,-exact. 
The resulting cohomology sequence involves the cohomology groups H'(k,/k, A) 
which we shall simply write H™(k, A) since they occur so frequently. 

Such a sequence arises from commutative algebraic groups. As a matter 


of notation, if X is an abelian group and m a natural number, we shall denote 
m 
by Xm the kernel of the map Y—~>YX. Let A be a commutative group 


variety defined over k. If m is prime to the characteristic, the sequence 


m 
A, A— 0 


is k,-exact. Writing Ag instead of A(K), our cohomology sequence becomes 


m m 
Am Ap — Ay H(k, Am) @ H'(k, A) — H'(k, 


A portion of this exact sequence may be written more simply as follows. 
0— A;,/mA;,— H'(k, An) H'(k, A) 0. 


The group A;/mA,, is well known to be of interest in arithmetical questions, 
and we shall investigate it from this point of view in §5. For the moment, 
we assume further that A,, C Ax, and let G, be the Galois group of k, over 
hice. Gyp—=G(k,/k). Then G, operates trivially on A, and our sequence 
becomes 


A,/mA;— Hom(G;. Am) @ H' (hk, A) 0, 


where Hom means, of course, the continuous homomorphisms as always. 
We shall have many applications for this sequence, and we shall call it the 
Kummer sequence, because, in case A is the multiplicative group, we have 
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H*(k, A) =0 by Hilbert’s Theorem 90, so that we find the familiar Kummer 


duality 
k*/k*™" Hom(G;, Am), 


always provided that the group of m-th roots of unity A», is contained in 
A; =k*. 


2. Principal homogeneous spaces. Let A be a functor of the type 
described in the first paragraph of §1. If the groups A(K) are not commu- 
tative, we cannot define cohomology groups H’(K/k, A) for Galois extensions 
K/k. The best we can do is define cohomology sets in dimension one, as 
follows. We consider 1-cochains a of finite type and we call 1-cocycles those 
satisfying the identity aca;?=dor. Here we write A(X) multiplicatively 
and write do instead of a(o) for a€ G(K/k). We do not attempt to multiply 
1-cocycles, but we explain when two 1-cocycles a and a’ are cohomologous, 
namely, when there exists an element b€ A(K) such that a’o—=b"aob*. 
The cohomology thus defined is an equivalence relation, and we denote the 
set of equivalence classes by H1(K/k,A). This set is not a group but it 
does have a distinguished element, namely the class of coboundaries of the 
form ao = b-'b*, which we call the trivial class. 

The reader will easily verify that the canonical maps, in particular. 
restriction and inflation, the conjugation maps, and the induced maps make 
sense for this non-commutative cohomology. 

Proposition 1 holds in dimension 1. 

Proposition 2 holds in a weaker form, namely, in the sequence 


inf res 
0— H'(k’/k, A) — H'(K/k, A) ——> H'(K/k’, 


inf is an injection whose image is the inverse image of the trivial class under 


restriction. 
Proposition 3 collapses to the exactness of the sequence 


8 
0— A(k) > B(k) > C(k) —> H"(K/k, A) > H"(K/k, B) > H?(K/k.C). 


where we now deal with a K-exact sequence 


A— B— C 0. 


Here exactness means that the image of each map is the inverse image of the 
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trivial element under the succeeding map, and there is the additional feature 
that 6 injects the right coset space C(k)/gB(k) into H'(K/k,A). 

Suppose now that A is a group variety defined over *. We wish to 
explain the connection between the 1-dimensional cohomology sets and the 
right principal homogeneous spaces for A. To recall the definition of this 


latter object, a right phs for A over & is a variety V defined over & on which 
A operates simply and transitively, in such a way that the map (v,w) > vw 
of VX V into A is an everywhere defined rational map over *. Here we 
use the symbel v-tw to denote the uniquely determined element of A which 
carries the point v into the point w, so that the formula v(v-'w) = w becomes 
an identity. Two phs’s V and V’ are said to be k-isomorphic if there exists 
a birational biholomorphic transformation f: V— V’ such that f(va) =f(v)q 
for v€é V and a€ A. Among the k-isomorphism classes, there is a distin- 
vuished class. namely, the class of spaces which are k-isomorphic to A itself, 
viewed as phs under right multiplication. A space is in this class if and 
only if it has a rational point in k. In case A is commutative, Weil [13] 
has defined a geometric law of composition which makes the classes of phs’s 
into a commutative group. 

The following proposition has been proved by F. Chatelet [3], [4] for 


various special groups. 


Proposition 4. Let K/k be a Galow extension. There is a canonical 
bijection between the first cohomology set H*(K/k,A) and the set of k- 
isomorphism classes of principal homogeneous spaces for A over k which have 
rational points in K. This bijection is a group tsomorphism when A is 


commutative. 


Proof. Let V be a phs with a rational point v in K. Each such point 
gives rise to a 1-cocyle da = v-tv’. The different choices of v lead to cocycles 
filling out a cohomology class. Denote this class by a(V). If V and V’ are 
k-isomorphic, then points v and v’ which correspond under a k-isomorphism 
yield the same cocycle; hence 2(V) —a(V’). Conversely, if V and V’ are 
given such that a(V) —.a(V’), then there do exist points v and v’ yielding 
the same cocycle. When this is the case, the map r—>v’(v"r) is a k- 
isomorphism of V onto V’. Indeed, it is a K-isomorphism, and a simple 
computation shows that it is invariant under all o€ G(K/k). We have 
thus obtained an injection of the classes of spaces into the cohomology set. 

As Serre has observed, it follows immediately from Weil’s theorems 
concerning the field of definition of a variety that every cocycle comes from a 
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space. Indeed, consider the transformations fo: A— A defined by fo(xc) =acr, 
They satisfy the identity foof;*—= for. Since the cocycle a is of finite type. 
it follows from [14] that there exists a variety V defined over & and a 
birational biholomorphic transformation F:4—V defined over K such that 
The operation vb =F(F*(v)b) for ve V and A makes 
V into a phs for A over k, not only over A, because a simple computation 
shows that (vw)? = ((v%)-'w?). Finally, one sees that the cocycle a with 
which we started is that arising from the point v= (1) on V. 

If A is commutative, let U, V, W be phs’s and suppose f: U XK VoW 
is an everywhere defined rational map over k which exhibits the fact that 
the class of W is the product of the classes of U and V (cf. [13], prop. 5). 
Select we U, v€ V rational over K and put w=f(u,v). Using the charac- 
teristic property of f, namely f(ua, vb) =f(u,v)ab, one finds that the cocycle 
derived from w is the product of those derived from u and v. This concludes 
the proof. 

Since every variety defined over & has a point whose coordinates lie in 
the separable algebraic closure &, of k, it follows from Proposition 4 that 
the set (group) of all principal homogeneous spaces for A over & is isomorphic 
to H'(k,/k, A) which we have agreed to write H'(k, A), and which we shall 
call the Chatelet set (group) for A over k. 

[If k’ is an extension field of &, it is obvious that the canonical cohomology 
map H'*(k,A)—H'(k’,A) reflects the homogeneous space operation of 
extending the ground field from & to k’. The cohomology classes in the 
kernel of this map are said to be split by k’, and the same terminology is 
applied to the corresponding homogeneous spaces. Thus a phs for A over f 
is split by an extension k’ if and only if it is k’-isomorphic to A, or what 1s 
the same, if and only if it has a rational point in k’. In case k’/k is a Galois 
extension, the exactness of the sequence 

inf res 


0—> H'(k’ /k, A) ——> H*(k, A) ——> A) 


is obvious from the point of view of homogeneous spaces, for the cohomology 


inflation map simply reflects the inclusion of the set of phs’s split by k’ in 


the set of all phs’s for A over k. 

Let X be a variety defined over &. We define the index of X over I 
(ind X) to be the greatest common divisor of the degrees of the 0-cycles on 
\’ which are prime rational over &. The degree of a prime rational 0-cycle 
is equal to the degree of the extension generated ovér k by the coordinates 


of one of its points. Thus, in the case of a principal homogeneous space V 
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for A over k, we see that ind V is the greatest common divisor of the degrees 
of the finite extensions of & which split V, and is consequently subject to a 


cohomological analysis. 

From now on, we assume that A is commutative. Defining the separable 
index of V (ind, V) as the greatest common divisor of the degrees of the 
finite separable splitting extensions, and the period of V (perV) as the 
period of V in the group of classes of principal homogeneous spaces for A 


over k, we have 


Proposition 5. Let V be a principal homogeneous space for A over k. 
Then per V divides indV divides ind, V, and all three numbers have the 
same prime factors. 

Proof. \t is trivial that the index divides the separable index. Let vo 
be a rational point of V in some Galois extension of k. Let f: V—A be the 
map v—>votv, and let be the cocycle determined by vp. Then 
for any point vé V. we have ac(f(v))7=f(v%), and consequently, by 
linearity, we have 

(f(b) = f(b) 


for any 0-cycle » on V. If b is rational over & and of degree d, then b? = b, 
and the d-th power of the cocycle ao is split by the coboundary of f(b). 
This proves that the period divides the index. 

Finally, let » be a prime number not dividing the period. We must 
show that p does not divide the separable index, that is, we must construct 
a finite separable splitting extension H, whose degree is not divisible by p. 
To this effect, we simply take any finite Galois splitting extension K/k and 
let Hy be the subextension cut out by a p-Sylow subgroup of G(K/k). 
If a€ H'(K/k,A) is the cohomology class of V, then the period of 
resa€ H'(K/E,A) divides the p-power [K: 2] on the one hand, and 
divides per V on the other. Consequently, resa==0, i.e. HF splits V. 

The reader will have noticed the analogy between the Chatelet group of 
classes of principal homogeneous spaces for A over & and Brauer’s group 
of classes of central simple algebras over k. We have in fact taken over 
Proposition 5 and its proof almost word for word from the theory of 
algebras. In the case of algebras, the period is not in general equal to the 
index as a counterexample of Albert [1] shows. We have found a similar 
counterexample in the case of principal homogeneous spaces (end of §4). 
Nevertheless, our counterexample, like Albert’s, involves a comparatively 
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complicated ground field #, and over number fields and their completions, all 
examples which we have satisfy the condition period = index. 

The theory of algebras suggests other questions. Since every central 
division algebra contains a separable splitting field, it is true for algebras 
that (1) the index equals the separable index, and (2) the index is not only 
the greatest common divisor, but is actually the minimum of the degrees of 
the finite splitting fields. We have not investigated the corresponding state- 
ments for homogeneous spaces, except to notice that (2) is true in case A 
is an elliptic curve, for in that case, the Riemann-Roch theorem shows that 
every divisor class of positive degree contains positive diivsors. 


The divisibilities of Proposition 5 imply 


CoroLLaRy. Suppose H'(k, A) ws of pertod m and is split by an 
extension E/k of degree m. Then the corresponding homogeneous space has 


index m. 


This corollary will enable us to construct, with abelian varieties A, over 
various ground fields /, examples of spaces whose index is a_preassigned 
integer m (cf. Theorem 7, $5). These examples are of particular interest in 
case A is an elliptic curve. Then V, which becomes birationally equivalent 
to A over an extended ground field, is also a curve of genus 1. The point 
is that the index of a curve of genus g 1 is bounded by, and in fact divides, 
2g — 2, for the Riemann-Roch theorem shows the existence of divisors rational 
over k of degree 2g-—2. On the other hand, our examples show that the 
index is completely arbitrary for g=1, a fact conjectured by Artin, but 


unknown until now. 


3. Non-degenerate reduction. ‘Throughout this section, we assume that 
we have a field & and a place of / onto a field k’ such that any two extensions 
of it to the algebraic closure / of / are conjugate over 2’. In terms of 
valuations, this means that the extension of the valuation is unique, and 
this condition is certainly satisfied if / is complete, and the valuation discrete. 

We denote by @ a definite extension of our place to /. An auto- 
morphism o of G(i/hk) induces an automorphism o’ of the algebraic closure 
of k’, characterized by the relation The map o—0o’ is a homo- 
morphism of G(f/k) onto G(k’/k’). 

We shall also assume that the valuation is discrete, although this can 


presumably be dispensed with. If Z is a cycle rational over an algebraic 


extension K of k (say in some projective space), then it has a reduction, or, 
as we shall also say, a specialization Z’ in the reduced projective space deter- 
mined by 6, and rational over K’ (Shimura [12]). The only facts concerning 
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the specialization Z— Z’ which we shall use in the sequel is that it com- 
mutes with projections and intersections, i.e. under suitable hypotheses, 
(prZ)’ = pr(Z’), and for two positive cycles Y, Y, we have (X-Y)’=—JX’-Y’. 
We refer to [12] for the proof. 

Our place @ induces a mapping of points P of our projective space, 
algebraic over k, onto points 1”, algebraic over k’. We shall also write 
P’=6@P. We have for any automorphism o of &/k, (oP)’=o'’P’. If Z isa 
positive cycle, then supp(Z’) = (supp Z)’. 

We shall now list a few properties of reduction of cycles, and especially 
varieties in non-degenerate cases. 

To begin with, we have a result which will serve as Hensel’s lemma for 
points on varieties. 

Lemma. Let a be a positive 0-cycle rational over k. Let P’ be a point 
of a’ which occurs in a’ with multiplicity 1. Then there exists a unique 
point P of a specializing to P’, and P is rational over k. 

Proof. Note that P’ is rational over k’ since a’ is rational over k’. 
Let P be in a, specializing to /’. Then obviously P occurs with multiplicity 1, 
so that P is separable over &. If o is any automorphism of *& over k, then 
(oP)’ = (o’P’) =P’, and hence oP also specializes to P’. Since a is 
rational over k, it follows that oP also occurs in a, and since P’ has multi- 
plicity 1, we conclude that oP =P, and hence that P is rational over k. 

We now have the surjectivity of 0, whose proof is due to Chow. 


Proposition 6. Let the cycle Z be a variety V, and assume that Z’ 
is also a variety V’, i.e. consists of one component with multiplicity 1. Let 
” be a simple point of V’, rational over hk’. Then there exists a point P 
of V rational over k which specializes to P’. 

Proof. Our statement being local, we may assume that V’ is affine. 
There exists a linear variety L’ defined over k’ such that V’: L’ is defined 
and contains P’ with multiplicity 1. Lift LZ’ to a linear variety LZ over k, 
such that V-Z is defined. Then V-Z contains a point P specializing to P’. 
Since V-L is rational over i, we need merely apply the lemma and the 
compatibility of specializations with intersections to conclude the proof. 

For the applications, we are principally interested in abelian varieties. 
Let A be an abelian variety defined over i. Its specialization A’ is then a 
evele. If this cycle has one component with multiplicity 1, which is an 
abelian variety whose law of composition is obtained by reduction of that 


of A, then we shall say that the specialization A— 4’ is non-degenerate. 


(The uniqueness of non-degenerate specializations has been proved in [5].) In 
that case, if a, b are two points of A algebraic over k, then (a + b)’ =a’ +B’, 
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the first + referring to addition on A and the second on A’. In view of 
Proposition 6, we have an exact sequence 


)— Si: — A => 0, 


where S;, is simply the kernel of the specialization homomorphism 6. If K 
is a finite Galois extension of k with group G@ then each one of the groups 
Sx, Ax, A’x is a G-module, in view of the relation (ox)’=—o’z’. It is to 


the exact sequence 
Sk —> Ax A’x: — 0 


that we shall apply the cohomology theory in the next section. 

Suppose for a moment that & is a p-adic field Q, and A is an elliptic 
curve of the type considered by Lutz [8]. Then A; contains a subgroup 
isomorphic to the integers of Q,, which is none other than our kernel §, 
when A’ is non-degenerate. More generally, if & is an arbitrary p-adic field, 
and A an abelian variety of dimension r, then Mattuck [9] has shown that 
A; contains a subgroup isomorphic to r copies of the integers of k. We can 
always choose such a subgroup J/; of Lutz-Mattuck such that M,C S;,. We 
shall prove below that S;, is uniquely divisible by an integer m prime to p. 
From this one sees that (S;: M;,) is a power of p. 

We return to an arbitrary field & subject to the conditions stated at the 
beginning of this section. Let m be an integer not divisible by the charac- 
teristic p of k’. Let a be a point of A rational over k. The cycle 


(m8)-1(@) = pr, {T- (A X (a) )}, 
where [ is the graph of mé, consists of the points z on A such that ma =a. 
each one occurring with multiplicity 1. Specializing, we see that 


[ (a) |’ = 


, 


where 8’ is the identity on A’. 
6 induces an isomorphism of the points of finite order prime to p on A onto 
those points on A’, i.e. of A, onto A’,,. Actually, from Hensel’s lemma, 


Taking a= 0, this shows in particular that 


we get 


PRoposITION 7. Assume that the specialization A > A’ ts non-degenerate. 
Let m be an integer prime to p. Then the homomorphism 6 induces an 
isomorphism of Am A; onto A’mQ 


Furthermore, we also get information concerning the kernel §; in our 


exact sequence above. 


PROPOSITION 8. Assume that the specialization A > A’ is non-degenerate. 
Let m be an integer prime to p. Then S; is uniquely divisible by m. 
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Proof. Let a be in S;, so that a’ The cycle (m8)-*(a) specializes 
to the cycle (m8’)-*(a’) = (m8’)-*(0’) which consists of the points of order 
mon A’, Since (0’) occurs with multiplicity 1 in the reduced cycle, it follows 


by Hensel’s lemma that there is exactly one point on (mé)-*(@) which 


specializes to 0’ and that this point is rational over k. 


PROPOSITION 9. Assume that the specialization A — A’ is non-degenerate. 
Let m be an integer prime to p. Let a bea point of A,;, and let K =k(1/m-a) 
be the field obtained by adjoining all points x such that mr=a. Then K 
is unramified over k, and K’ =k’(1/m-a’). 


Proof. This is again an immediate consequence of Hensei’s lemma. 
Taking into account the fact that the points in (m8’)-1(a’) are all separable 
over k’, we see that K is in fact the uniquely determined unramified extension 
of k such that K’ =k’(1/m-a’). 

We conclude this section by a remark on the reduction of principal 
homogeneous spaces. Let V be such a space over A, defined over k. Suppose 
that V’ has one component with multiplicity 1. Then V’ has a simple 
rational point in some separable extension of k’, and hence, by Proposition 6, 
’ has a point in, and is split by, an unramified extension of k. 


4. Cohomology and non-degenerate reduction. Let k& be a field com- 
plete with respect to a discrete valuation and let A be an abelian variety 
defined over k which has a non-degenerate reduction A’ modulo the prime 
in k, The only fields we consider are the algebraic extensions K of k and 
their residue class fields K’. From the preceding section we know the 
following facts: 

(R1) The reduction map 0c: Ax—A’,: is surjective for each K and 
its kernel Sx is uniquely divisible by an integer m prime to the residue 
class characteristic, p. 

(R2) If K’ is separably closed, then A’x- is divisible by m and contains 
A’, for m prime to p. 

The following cohomological analysis makes no reference to the details 
of the reduction process itself, nor even to abelian varieties. It applies to 
any pair of commutative functors A and A’ of the fields K and K’ (in the 
sense of $1) which are linked by a natural homomorphism 6: A— A’ so 
that conditions (R1) and (R2) are satisfied. Note that (R1) implies, 
trivially, 

(R1’) 6x induces a bijection for each K, and 


prime to p- 
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Let &, denote the maximal unramified extension of k. Then the residue 
class field of k, is the separable closure of the residue class field of k, or in 
symbols, (k,)’ = (k’)s. 

For the rest of this section, we let m be an integer prime to p. Our 


goal is now Theorem 1 below. 


Lemma 1. If K D ky, then Ax is divisible by m and contains Am. 


Proof. K’ is separably closed because K Dk, Hence, by (R2), we 
know the divisibility by m of the factor group Axc/Sx ~A’x. Since from 
(R1), we know Sx is also divisible by m, we conclude that Ax is. We also 
know from (R2) that A’, C A’x. This together with (R1’) implies that 
An Ax is independent of K for K D k,, and consequently, Am C Ax. 

The group Q,, of m-th roots of unity is contained in k,, and the group 
of units in k, is divisible by m. Therefore the maximal abelian extension 
of k, of exponent m is the field k,(7*/") obtained by adjoining the m-th root 
of any prime element z of k,. The Galois group of this extension is 
canonically isomorphic to Q,,.. Indeed, the map ¢— {6 = (2'/")7! is a homo- 
morphism of G;, onto Q,, whose kernel cuts out ky(2'/"), and this homo- 
morphism is independent of z and its chosen m-th root. 


Lemma 2. There ts a canonical isomorphism 
Hom(Q». Am) H* (hy. A) m 


which attaches to each homomorphism xy: Qn—Am the cohomology class of 
the cocycle (fo), o€ G(ks/ky). 

Proof. Since Ax, is divisible by m, the Kummer sequence at the end 
of §1 is applicable, and since A; is divisible by m, it yields an isomorphism 


Hom 4m) H" (ky, A) m- 


Since A» is commutative of exponent m, any homomorphism h: G,.,— An 
will have the property that h(o) depends only on the effect of o on an 
abelian extension of exponent m. Consequently, according to the discussion 


preceding this lemma, we can factor h through o— €o, i.e. we can write 
h(o) = for some x: An. 

The Galois group G;, of k,/k operates on H*(k,,A) as explained in §1. 
It also operates on Q,, and on A,, and consequently, on Hom(Q,», Am) in 


the usual manner, so that 


(x?) (2°) = (x(¢)) 
for Gy. 


LEMMA 3. The isomorphism of Lemma 2 is a G,-tsomorphism. 
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Proof. Let Hom(Q,,Am) and let da = x(€o) be the corresponding 
cocycle. Let ¢€ G,. Then for o€ Gy,, we have 


= = $x = x? = x? (Eo) 


because 
— (nm) — fo, 


Note that because of the way G;, is defined to operate on Hom(Qm, Am), 


we have 


Hom (Qn, Gk Home, (Qn, Aw) > 


in other words, a homomorphism is left fixed by the operation of G, if and 


only if it is a G,-isomorphism. 


LemMa 4. The sequence 


inf res 
H? (k,/k, A H*(k, A [ H* (ky, A 0 


is exact. 


Proof. Oi course, it is only necessary to prove that the restriction is 
surjective. By the preceding lemmas, an element %€ H*(ky,A)m which is in- 
variant under G; will be represented by a cocycle of the form au = x((a"/")%"*), 
o€ Gy,, Where y: QnA, is a G,-homomorphism. Here z is an arbitrary 


prime in k,. Choosing z in k, and choosing a definite m-th root, we see that 


that the expression for a¢ makes sense for all o€ G;, not only for o€ Gy,. 


Now 


is a coeyele in Q,, (it is a coboundary in Q), and since x: Qn—>Am is a 
(,-homomorphism, it follows that ao is still a cocycle. By construction, its 
class H'(k,A)m restricts to a. 

Since k,/k is unramified, its Galois group may be identified with the 
Galois group of its residue class extension. We shall make this identification 
from now on, and will designate both groups by the simpler symbol Gy’. 


Of course, 6: A;,— A’, is a G,-homomorphism. 


u 


LEMMA 5. 6 induces an isomorphism H*(ky/k, A) m= A’) 


Proof. Since A;, and A’;, are divisible by m, we can apply the Kummer 


sequence to the extensions I:,/k and k’,/k’, obtaining the exact horizontal 


rows in the diagram 


O— — H'(k,y/k, Am) H*(ky/k, A) 
6 


6 


6 


> A’m) H'(k’,A’)m 29 
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The left vertical arrow is surjective by (R1). The middle is bijective because 
Am is Gy-isomorphic to A’ (recall that G;,—=G(k,/k)). Consequently, the 
right vertical arrow is bijective as contended. 

Putting our results together, we see that we have proved a good part of 


THEOREM 1. Let k be a field complete with respect to a discrete 
valuation with residue class field k’ of characteristic p=0. Let A and A’ 
be two commutative functors as in §1, satisfying (R1) and (R2). Then for 
each natural number m not divisible by p, there exists a canonical exact 
sequence 

0— H'(k’, A’) H*(k, A) m—> Home,: (Om, A’m) > 0, 


where Qn, is the group of m-th roots of unity in the residue field. Further- 
more, tf K wis a finite extension of k with ramification index e, the following 
diagram is commutative: 


H*(k’, A’) m —> H*(k, A) m > Home, A’m) 


Tes Tres 


H*(K’, A’) m—> H*(K, A)m—> Homey A’m).- 


Proof. The indicated exact sequence results from the preceding two 
lemmas and the trivial replacement of 2,, and Am by the isomorphic 0’, 
and A’,. The commutativity of the left square is obvious. That of the right 
follows from the relationship 


for o € Gx,, where 7, is a prime in K, and r~7,? is a prime in ky. 

Naturally, we are interested here in the case where the functors are given 
by an abelian variety A defined over /, and a non-degenerate reduction A’. 
Theorem 1 gives especially precise information when H1(k’,A’)=0. This 
is the case, for example, if k’ is algebraically closed, or finite [7%]. Then 
we obtain simply an isomorphism 


From the commutative diagram of the theorem, we obtain the following 
corollaries. 

CoroLuaRy 1. Assume k’ is either finite or algebraically ciosed. Let A 
be an abelian variety defined over k, with a non-degenerate reduction A’. 
Then a finite extension K/k splits wn element a€ H1(k,A)m if and only if 
the ramification index e(K/k) ts divisible by the period of «. 


In terms of homogeneous spaces, this means that the homogeneous space 
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V corresponding to a has a rational point in K if and only if e(K/k) is 
divisible by its period. 


CoroLuary 2. Let A, A’ be as in Corollary 1. Let V be a principal 
homogeneous space of A defined over k, of period prime to p. Then the 
index of V 1s equal to its period. 


Proof. There exist ramified extensions, e.g. k(x'/¢), with preassigned 
ramification index, whose degree is equal to that index. 

To describe Hom(»,A’m) more concretely is, of course, easy. We 
choose a generator ¢ for Q’,. Then a homomorphism y is determined by the 
image x(¢) of ¢, and this may be any element of A’. In order that x be a 
(-homomorphism, it is necessary and sufficient that y(¢°) oy(¢) for each 
o€G,. Defining the integer ve(modm) by ¢°=—£', we see that the 
condition becomes vex(£) =ox(f). Thus, Home, (Q’m, A’m) is isomorphic 
to the group of solutions A’m of the equations or Gy. The 
isomorphism is not canonical, but depends on the choice of a primitive m-th 
root of unity ¢. 

In particular, suppose that k’ is a finite field with q elements. Then 
(, has a canonical generator, namely the Frobenius automorphism é-— é9%. 
Its effect on an element x of A’ is denoted by x. We may therefore express 


our result in this case as follows. 


THEOREM 2. Let A be an abelian variety defined over k with a non- 
degenerate reduction A’, and suppose k’ is a finite field with q elements. 
Then the group of elements of order prime to p in H*(k,A) ts isomorphic 
to the group of solutions of x —qz on A’, of order prime to p. 


We observe that «> 2 — gz is an endomorphism of A’. Furthermore, 
if + denotes the Frobenius endomorphism of A’, then its transpose ‘x on 
the Picard variety is easily seen to be given by the formula 


try = 


Consequently, the transpose of mw—é8 is given by the endomorphism 
y—> qy*/) —y on A’. Raising the kernel of this endomorphism to the q-th 
power, we see that the kernel is isomorphic to the subgroup of A’ satisfying 
y® ==qy. In particular, we see that the group of solutions of 7@—qz on 
A’, of order prime to p, is dual to the group of rational points of A’ in FP, 


of order prime to p. 

We close this section with an example of a homogeneous space whose 
index is not equal to its period. Suppose first of all that we could construct 
an abelian variety A over a field & such that A» C A; and such that Ax is 
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divisible by m for each algebraic extension K of k. Then the Kummer 
sequence gives isomorphisms 


Hom(G,, Am) H'(k,A)m 
and, moreover, for each K/k, a commutative diagram 
Hom(G;,Am) H*(k,A)m 
Tes res 


Hom (Gx, Am) H'(K,A)m 


where the left hand res means restriction of homomorphisms from G; to Gx. 
If f: Ge—A, is a homomorphism, we see that K splits the corresponding 
cohomology class if and only if Gx is in the kernel of f. Thus the index of 
the corresponding homogeneous space would be the order of the group f(G;), 
whereas its period would be the exponent of the group f(G;,). In particular, 
if k has an abelian extension whose group is isomorphic to A», i.e. to the 
direct product of 27 cyclic groups of order m (r=—dimA), then we can 
construct a homogeneous space with index m*" and period m. 

An actual example can be constructed easily enough. Let A be defined 
over an algebraically closed field Define (power series in 
one variable) for 1=i=2r. One proves by induction that A;, == mA,,, and 
a similar divisibility statement for finite extensions. Then we can construct 
our example with k —k., and the abelian extension k(t,1/",- - -, top!/™). 

One could also construct a similar example over a purely transcendental 
function field in 2r variables. Incidentally, we note that the Kummer 
sequence shows, for any A and k, that if A, CA, and per, V—m, then 
ind, V divides m**, Thus our example is as bad as possible under the 
conditions A,, C Ax. 


5. Global fields. Let & be a field with a fixed set of (inequivalent) 
discrete valuations p which we shall call primes. By a prime in a finite 
algebraic extension K of k, we mean, of course, a valuation of K which 
extends a prime of k. Let m be a natural number not divisible by the 
characteristic of k. We shall say that k& is an m-global field if each finite 
extension K of & has the following two properties. 

(G11) If A is an abelian variety defined over A, then A has a non- 
degenerate reduction at all but a finite set of primes p of K. 

(Gl2,m) The set of primes of K dividing m is finite, and if § is any 
finite set of primes of K, there is only a finite number of abelian extensions 
of K of exponent m which are unramified outside 8S. 
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By well known elementary properties of number fields, one sees imme- 
diately that an algebraic number field of finite degree is m-global for every 
mn. if we take as primes all the inequivalent discrete valuations. 

The same remark applies to a field of algebraic functions of one variable 
over a finite constant field, and shows that it is m-global for m prime to its 
characteristic. 

More generally, let & be an algebraic function field in nx variables (the 
case m==0 is not excluded) over a constant field ky such that ho*/(ko*)™ 
is finite, for instance, a p-adic field, or an algebraically closed field. Choose 
as set of primes of & those arising from the prime divisors rational over ky 
of a projective normal model of k. Then it is easy to see (using results of 
alyebraic geometry) that & is m-global. 

Finally, if & is a function field over an algebraic number field of finite 
degree, then k is m-global for every m. The set of primes is then to be the 
et of prime divisors on a “ mixed characteristic” model. This can easily be 
seen by reducing the proof to a geometric statement. As this, and the above 
fields are meant mostly to give concrete examples of m-global fields to the 
reader, we do not go in detail into the proofs that they are m-global, since 
they are essentially well known. 

For the convenience of the reader, we indicate very briefly a sketch of 
the manner in which the above fields can be proved to satisfy our two global 
axioms. 

(G11) actually depends on the fact that an element of the field / has 
only a finite number of zeros and poles. To check that a reduction is non- 
(egenerate, one checks that each property entering into the definition of 
an abelian variety has a non-degenerate reduction. For instance, we have: 
the absolute irreducibility (say of the Chow form if the variety is in projective 
space) ; the non-singularity (which depends on the non-vanishing of a deter- 
minant which is an element of /&); the fact that some mappings are every- 
where defined ; associativity ; etc. 

As for (G12), say for number fields, one may look at it either from the 
point of view that there is only a finite number of unramified extensions of 
(legree m (abelian or non-abelian), a fact already stated in Hilbert’s Zahl- 
bericht, or from the point of view of Kummer theory: After adjoining the 
m-th roots of unity, the extension can be obtained by extracting radicals, and 
one uses the finiteness of class number and unit theorem. In the geometric 
case, one uses the analogous facts, which involve the Jacobian for the case 
of curves, and the Picard variety as well as the torsion part of the Neron- 


Severl group in higher dimension. 
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We shall now reprove for global fields the weak part of the Mordell- 
Weil theorem, i.e. Theorem 3 below. 


Proposition 10. Let A be an abelian variety defined over a field k. 
Let m be prime to the characteristic of k and let K=k(1/m-A,x). Then 
(A;: mA,) is finite if and only if [K: k] is finite. 

Proof. It is trivial that if (A;,: mA,) is finite, then [K: k] is finite. 
Conversely, consider the exact sequence 

Let G=G(K/k). We have the cohomology sequence 

By assumption, mAx ™ A,—=A,, and thus we get the injection 


A;/mA;— H?(G, Am) 


which shows that A;,/mA, is finite. 


CoroLttary. Let A be an abelian variety defined over a field k, and 
let m be a natural number prime to the characteristic of k. Let L be a 
finite extension of k. If Ax/mAz 1s finite then so is also A;/mA,. 


Proof. By the proposition, L(1/m-A,) is finite over Z. This implies 
a fortiori that k(1/m-A,) is finite over k. Using the proposition once 
more, we get what we want. 


THEOREM 3. Let A be an abelian variety defined over an m-global 
field k. Then A;/mA, ts finite. 


Proof. By the corollary, we may assume that A», CA, Let K 
==k(1/m-A;). By Proposition 9, we know that K/k is unramified at every 
prime p not dividing m at which A has a non-degenerate reduction. From 
the definition of m-global, it follows that K is finite over k& because it is 
abelian of exponent m over k. We now apply Proposition 10, to conclude 
the proof. 

If K is a finite Galois extension of k, and if A is an abelian variety 
defined over & such that its group of rational points Ax in K is finitely 
generated (i.e. satisfies the strong Mordell-Weil theorem), then obviously 
H"(K/k,A) is finite for r>0. However, Theorem 8 will suffice to prove 
the analogous result for m-global fields. For use in the statement of our 
next theorem, we recall that the m-primary part of an abelian group consists 
of those elements whose period divides a power of m. 


THeorREM 4. Let A be an abeiian variety defined over an m-global 
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field k. If K/k is a finite Galois extension, then the m-primary part of the 
group H*(K/k, A) is finite for each r>0. 

Proof. This is an immediate consequence of the following general 
cohomological fact. 

Lemma. Let G be a finite group and X a G-module such that X/mX 
and Xm are finite. Then the m-primary part of H’(G,X) ts finite for each 
r> 0. 

Proof. Since H’(G,X) is a torsion group of bounded exponent (@: 1), 
it is enough to prove H’(G,X)m finite. The map m: X¥—¥JY can be written 
as a product m=goh of the maps g and h in the exact sequences 

h 


g 
mX — X/mX> 0. 


For the induced cohomology maps in dimension r, we have my = g hx. 
From the exact cohomology sequences derived from our two exact sequences, 
we see that the kernels of h, and g, are finite, being homomorphic images 
of H"(G,Xm) and H*1(G,X/mX) respectively. Consequently, the kernel 
of my is finite, which is what we wanted to prove. 

If A is an abelian variety defined over an m-global field k, we say that 
an element «€ H1(k,A) splits at a prime p of k if @ is in the kernel of the 
canonical map H*(k,4A)— H*(ky, A), where ky denotes the completion of 
at p. In other words, & splits at p if the corresponding homogeneous space 
has a rational point in hry. 

Selmer [11] has given examples of principal homogeneous spaces for 
abelian varieties of dimension 1 over the rational number field Q which 
split at all primes p but do not split in Q. The elliptic curve 3X* + 4Y* + 52° 
=( is such a space over its Jacobian. On the other hand, we can show that 
the number of such spaces with given period is finite. More precisely, let 
us denote by H'(k,A,S) the subgroup of H'(k, A) consisting of the elements 
which split at all primes outside a finite set S. We have’ 


THEOREM 5. Let A be an abelian variety defined over an m-global 


field k. Then H*(k,A,S8)m ts finite. 


Proof. Without loss of generality, we may assume A,, C Ay. Indeed, 
the restriction of H'(k,A) to H'(K,A), where K =k(A,,), has finite kernel 
by Theorem 4, and a fortiori that of A'(k,A,S)m to H'*(K,A,S8)m. 
Furthermore, we may enlarge S until it contains all primes p dividing m 
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and all primes p where A does not have a non-degenerate reduction. Now 
for p¢ 8, consider the commutative diagram 


0 — A;,/mA;— Hom(G;, Am) H'(k, A)m— 0 


| 


0 — Ay/mAy > Hom(Gy, Am) > H* (ky, A) m— 0. 


Here we have abbreviated by Ay the group A;, and by Gy the decomposition 
group G;, which we may view as a subgroup of G,, uniquely determined 
up to a conjugation. The horizontal arrows are the exact Kummer sequences 
and the vertical arrows are the canonical maps, the middle one therefore 
denoting simply the operation of restricting to Gy a homomorphism of (,. 
What we shall actually prove is that the inverse image of H*(k,A,S),, in 
Hom(G;,Am) is finite. To this effect, it will be enough to show that if 
x: G,—Am is a homomorphism whose cohomology class in H*(k,A) splits 
outside S, then the abelian extension K,x/k of exponent m which is cut out 
by the kernel of y is unramified outside S. By the commutativity of the right 
square of the above diagram we know that the restriction of x to Gp» is of the 
form x(a) = (¢—1)(1/m-a) for some a€ Ay. Thus we have Kx C ky(1/m-a), 
and, by Proposition 9, it follows that Kx is unramified at p. This completes 
the proof of Theorem 5. 

It is natural to raise the question whether, given an element of H’ (ky, A). 
there exists an element of H'(k,A) which restricts to it. We can prove 


this in a special case. 


THEOREM 6. Let k be any field with a discrete valuation p and let ky 
be its completion. Let m be prime to the characteristic of k and assume 
that the group of m-th roots of unity Qn lies in k. Let A be an abelian 
variety defined over k such that A, C Ay. Then given ap € H*(ky, 
there exists an element «€ H'(k,A)m whose canonical image in H*(ky, A) 


is Ap. 


Proof. We use the Kummer sequence again, and the exact commutative 
diagram 
Hom (G;, Am) > H?(k, A)m— 0 


Hom (Gp, Am) H* (ky, A) m— 0. 


We are trying to prove that the right hand vertical arrow is surjective. To 
do so, it is enough to prove the left hand vertical arrow is surjective. Since 


| | 

| 
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‘OW A, is isomorphic as an abstract group to the direct sum of 2r copies of Q,, 


(r= dim A), we have 


Hom(G,An) (Hom(G,Qn))*’; 


and, consequently, it is enough if we show the surjectivity of 


Hom Qn) > Hom (Gy, Q,). 


Recall now that [liom means here continuous homomorphisms, so that by the 


on 
a usual Kummer duality, we have Hom(G;,Q,) = k*/(k*)™, and similarly for 

" ky. Thus, we must simply show the surjectivity of k*/(k*)™— ky*/(ky*)™. 
a This is now obvious since (ky*)™ is an open subgroup of ky*, m being prime 
; to the characteristic. 

In Remark. Under the same hypotheses as in the theorem, one can deal 
if with a finite number of discrete valuations, and use the approximation 
ts theorem to show that there is an a@ restricting simultaneously to a finite 
it number of given @yp,. 

it 


In analogy with Grunwald’s theorem in class field theory, one may 
conjecture that if & is an algebraic number field and p a given prime, then 
given a € H*'(ky,A), there exists H*(k,A) restricting to 

Finally, we prove a result indicating that H*(é,A) is usually a large 


group when k is a global field. 


THEOREM 7. Let m be a natural number and let k be a field with an 
infinite number of abelian extensions of exponent exactly m. Let A be 
an abelian variety defined over k such that (1) A;/mA,, ts finite and (2) Ax 
contains at least one element a of exact period m. Then H'(k,A) contains 
an infinite number of elements of period m, and, in fact, an infinite number 
such that the corresponding homogeneous spaces have index m as well as 


period m. 


Since we have assumed A;/mA, finite, 


Proof. Let L=k(1/m-A,). 
L is a finite extension of k. Consequently, by our hypothesis about the 
existence of abelian extensions of exponent m, there exists a Galois extension 
K of & linearly disjoint from Z whose group G=G(K/k) is the direct 
product of an arbitrarily large number of cyclic groups of order m. For 
each homomorphism x of @ into the cyclic group <a> of order m generated 
by a, let ax € H'(K/k,A) C H*(k,A) denote the cohomology class of the 
|-cocyele o> x(c). We claim that the map y— 2 is an injection. Indeed, 
if y(o) = (o—1)b, DE Ax, o € G, then my(c) = (o—-1)mb=0 for all o; 
hence mb€ A,. Since K is disjoint from L, it follows that b € A; and y= 0. 
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Thus, H*(k,A) contains a subgroup isomorphic to Hom(G, <a>), that is, 
to the direct product of arbitrarily many cyclic groups of order m. More- 
over, for each element of this subgroup, the corresponding homogeneous 
space has index period. This follows from the Corollary of Proposition 5, 
§ 2 because, since <a> is cyclic, the index in @ of the kernel of the homo- 
morphism yx: G— <a) is equal to the period of x, and the subfield of K cut 
out by this kernel splits a. 


PaRIs. 
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EXTENSIONS OF VECTOR GROUPS BY ABELIAN VARIETIES.* ' 


By ROSENLICHT. 


This paper gives, among other things, the detailed proofs of a number 
of results previously announced by the author (cf. [10, §5] and [11]; also 
(7, §2] and [8]). The point of departure was the problem of finding a 
good geometric theory for the simple differentials of second kind on an 
algebraic variety. Such a theory, at least in the case of characteristic zero, 
is essentially contained (via the Albanese map) in the corresponding theory 
for abelian varieties, and it quickly became apparent that the proper object 
of study is the set of all algebraic group extensions of direct products of 
additive groups over a given abelian variety. The set of equivalence classes 
of extensions of the one-dimensional additive group by a given abelian variety 
A is naturally endowed with the structure of a vector space (over the universal 
domain), and the main results say that this vector space has the same 
dimension as A (Th. 3) and is naturally isomorphic to the cohomology space 


H'(A, @4), Oa being the sheaf of local rings on A (Th. 1). (A form of the 
first result that concerns the possible direct product decompositions of group 


extensions over A is misstated in our previous papers; this hinges on the fact 
that a product of additive groups may be susceptible of more than one vector 
space structure. The correct statement is in Prop. 11.) We leave aside the 
question of differentials of the second kind, concentrating on the matter of 
group extensions, but the relation between the two subjects can be gathered 
from the characteristic zero part of the proof of Prop. 11 (see Lemma 3 and 
the remark following the Prop.). This last mentioned part is the only place 
where our methods are not purely algebraic and where there is an essential 
difference between the case of characteristic zero and p<0. A purely algebraic 
proof of the point in question could have been given, but would have been 
long. (Such a proof of the dimensionality of the space of extensions can be 
found in [1], a paper which is mostly restricted to characteristic zero and is 
in large part an algebraization of [8]; Barsotti has also published a proof 
of the same fact for characteristic p40 that is based on the infinitesimal 


* Received January 21, 1958. 
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analysis of inseparable isogenies [2].) Some additional information on differ- 
entials of second kind can be found in an appendix where we prove some facts 
on the invariant differential forms on generalized jacobian varieties (stated 
without proof in [7] and [11]) which will have future utility. 

A correspondence with J-P. Serre resulted in the simplification of some 
of the author’s original ideas, as well as in a number of corrections. Serre 
will publish shortly some of his own contributions to the theory, notably the 
fact that the cohomology ring of an abelian variety (sheaf of local rings) 
is an exterior algebra. Part of a recent course of his ([16], to be published 
eventually in book form) was devoted to the present theory, and many sections 
here are very close to his notes (although there is a quite different proof of our 
Th. 1, whose full generality was discovered independently). We are especially 
indebted to Serre for certain of the useful trivialities on group extensions 


(beginning of our §2) and for the exact sequences of Propositions 6 and 7. 


1. Products of additive groups. The results of this section are prob- 
ably well-known in the correct circles, although mainly unpublished. We have 
added something in the way of rationality statements and simplified proofs. 
The basic reference to linear algebraic groups is [3]. 

By a vector group we mean a commutative algebraic group G together 
with a regular operation of the multiplicative group G,, on G with the property 
that there exists a biregular birational correspondence between G and the 
ordinary affine space of the same dimension which is such that the group 
structure on G and the operation of G,, on G@ are those induced by the usual 
vector space structure on the affine space. It is clear what is meant by a 
linear function on G, vector subgroup of G, linear homomorphism (from one 
vector group into another), ete. If *& is a field of definition for G as an 
algebraic group and for the operation of G,, on G, we say that k is a field of 
definition for the vector group G. Such being the case, any linear function 
on @ is a linear combination with constant coefficients of linear functions 
that are defined over k, and if n dim @ it follows that functions 2,,- - -,2, 
on can be found such that the map g— +,2n(g)) is a biregular 
birational correspondence, defined over k, between G and the n-dimensional 
affine space and the vector group structure on @ is given by the usual rules 
ti(gi +92) =2i(gi1) + 2i(g2), =cai(g); such functions ,a 
will be called linear coordinate functions on G. 

The additive group G, consists of the affine line with the composition 
law (v2) = (a,-+ 22). The additive parameter x on G, is characterized 
to within multiplication by nonzero constants as an everywhere finite rational 
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function on G, that vanishes to first order at the identity 0 and has no other 
zero. Thus G, can be considered, in a well-defined way, to be a vector group. 
The algebraic group (Ga)" (= Ga X Ga X Ga, n times) can be endowed 
with the structure of a vector group (namely that induced by the natural 
vector group structure of each direct factor), but if mn >1 the group (G,)" 
may possess various distinct vector group structures consistent with its under- 


lving algebraic group structure. Functions 2,,: - -,2, that are linear coordi- 
nate functions on (G,)" with respect to one of its admissible vector group 
structures will be called additive coordinate functions on (Gq)". 

Suppose we have a rational homomorphism G,— Gy. Fixing a coordinate 
function on G,, this homomorphism is given by «—f(x), where f(z) is a 
polynomial satisfying + =f(«,) + f(a). One deduces immediately 


that we can write 
f(r) =aor + + +: + 


where m is some positive integer, do,’ * *,@» are constants, and p is the field 
characteristic, if this differs from zero; in the case of characteristic zero, 
(2) = az, with a constant. In either case we call a function f(z) of this 
form a p-polynomial in 2 (a term originally due to O. Ore), and we note that, 
conversely, any p-polynomial in x produces a rational endomorphism G,—> Gy. 
As a consequence, if +: (Ga)"—> (Ga)™ is a rational homomorphism and 
ave additive coordinate functions on the two 


groups, we have 


= fis (%1) fin (Tn); 
where each fj; is a p-polynomial in one variable. Such a function fi,(@1) +: -- 
fin(2n) we call a p-polynomial im +, and we note that, conversely, 
any m such p-polynomials in 2;,° *-,2%, give a rational homomorphism 
7: (Gq)"— (G,)”. In characteristic zero, a p-polynomial is a homogeneous 
linear function. All this implies that if 2,,- - -,2, are additive coordinate 
functions on (G,)”" and are rational functions on the same group, 
then this latter set is also a set of additive coordinate functions on (G,)" if 
and only if each of the y’s is a p-polynomial in the various 2’s, and conversely, 
each of the z’s is a p-polynomial in the various y’s. This enables us to find 
all possible admissible vector group structures on (G@,)", and it is clear that 
if the characteristic is p40 and n> 1, an infinite number of such vector 
vroup structures is possible, whereas in the case of characteristic zero the 


vector group structure is unique. 
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Proposition 1. Let H be a connected algebraic subgroup of (Gq)", k 
a field of definition for the solvability of H (cf. [12, §4]). Then (G,)" 
possesses an admissible vector group structure, also defined over k, with respect 


to which H is a vector subgroup. 


This is trivial if dim H —0, so suppose dimH >0. Then there exists 
an algebraic subgroup [ of H which is biregularly isomorphic to G over k. 
Letting be an additive parameter on and be additive 
coordinates on ((G,)", each of the n functions a(x) is a p-polynomial in x 
with coefficients in k, and not all z;(x) are zero. Consider coordinate changes on 
(G,)" which interchange the coordinates -,2,, or which replace -, 2, 
by Where each z/ (t—2,---,n) is the sum of and a 
p-polynomial in k[2z,]. By interchanging 2,,- - -,%,, we can guarantee that 
the minimal degree of the nonzero z;(x)’s is attained for 11, then by a 
coordinate change of the second type we can arrange that each nonzero 2;(~). 
tor 1 > 1, has degree less than that of z,(x). Hence, by repeated changes of 
this sort, we can insure that 2;(z) =0 for i= - -,n, which completes the 
proof if dimH—1. If dimH>1, we continue the same reasoning on 
(G,)*/T, ete. 

The following proposition shows, among other things, that any algebraic 
group that is isogenous to a direct products of G’s is also of this type, as 
is any homomorphic image of such a group. If such a group has & as a field 
of definition for its solvability, then it is biregularly isomorphic to a direct 
product of G,’s over k. Note that by [14, Prop. 5, Cor. 2], a perfect field 
of definition of such a group is always a field of definition for its solvability. 


Proposition 2. Let the commutative algebraic group H be defined 
over k. If the characteristic is p40, suppose that p-h =0 for each he H, 
while if the characteristic is zero, suppose merely that H 1s linear and each 
of its elements is unipotent. Then there exists a biregular isomorphism, 
defined over k, from H into a direct product of Gy’s. 


In the case of characteristic p40, the condition p-h =O shows that 
no homomorphic image of H, is an abelian variety, so that here too H is linear 
and each of its elements is unipotent. Thus, in any case, we can suppose 
that H is a group of square matrices, each of which is of the form I +4, 
where J denotes the identity matrix, » a nilpotent matrix (of order p if the 
characteristic is p40), and “-+” ordinary addition of matrices, and where 
any two such matrices » commute. Denoting by M the linear space spanned 
by all matrices » such that 7+ y€ H, we get that M is defined over k and 
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is a commutative algebra under matrix multiplication each of whose elements 
is nilpotent (of order p if the characteristic is p40). The set G@ consisting 
of all matrices J + m, with m € M, is a commutative algebraic group, defined 
over & and containing H. We prove that G is biregularly isomorphic over k 
to (Gq)", where n—dim For this, note that M*?D ., all 
these inclusions being proper until 0 is reached. Choose a basis my 
of M, each m; being rational over k, such that for each i=1,- - -,m—1 the 
elements Mj.1,° °°,» span a subspace of M that is an M-submodule con- 
taining For any quantities x,,---,2,, consider the expression (exp 

-+(exp2,m,) (where in characteristic p40, exp denotes the first p terms 
of the exponential series) ; this clearly gives us a rational homomorphism 
defined over k from (G,)" into G. It is easy to verify that 


k((expz,m,)~ - (exp == Zn), 


which completes the proof. 


The remainder of this section is devoted to finding canonical forms for 


homomorphisms of products of G,’s. 


Lemma. Let k be a field, x,,- + -,t, quantities that are algebraically 
independent over k, let be integers >0, and let be 
elements of k[x] such that y;—2x,”* is an element of k[x] of total degree less 
than wy, t==1,---,n. Then k(x) ts an algebraic extension of k(y) of 


degree ° Vn. 


We shall in fact prove more, namely that k[a] is a free module over k[y] 
having as generators the various quantities 7,%7,%- - -a,%, where 0S a; < vj, 
i=1,---,n. Let M be the k[y]-module generated by these quantities. Any 
power product of can be written in the form 
with +,Bn integers 20 and - -,@, as above, and this monomial 
differs from - - -a,% by an element of k[z] of total degree 
< Si-r"(Bii + %) ; thus each element of k[a] can be written as an element 
of M plus another element of k[x] of smaller total degree, and we deduce 
that k[e] = M. Finally, we must show that an expression 


(where each cg, € & and not all are zero) cannot vanish. If I is the subset 
of {(8,«)} consisting of those 2n-tuples (8,a) for which cgqg>40 and 


By, »Bn=0 
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(Bis + is maximal, then the above expression is congruent modulo 
terms of lower total degree to 


(B,a) €T 


But the various terms in this last sum are distinct, so our original sum is +0. 


ProposiTIon 3. Let H bea vector group of dimension n, r: H > (G,)" 
a surjective rational homomorphism (of the additive structure of H only), 
all defined over the perfect field k of characteristic p00. Then there exist 
linear coordinate functions 2,,: - -,x, on H and additive coordinate functions 
on (Ga)™, all defined over k, such that + is given by 


Yi = + (a p-polynomial in k[x] of degree <p”), 


Furthermore, if 7 is an tsogeny, its degree is p™- - - p¥, 


First pick any linear coordinate functions 2,,- - -,2%, on H and additive 
coordinate functions ¥,,° - *,%m on (G,)”, all defined over k, and write 


yi = + (a p-polynomial in of degree < p”*), 


where are each nonzero linear combinations of 2,,° °,2, with 
coefficients in k. Keep 2,,:--,2, fixed and alter the additive coordinate 
functions on (G_)™ so that is minimal in the 
lexicographical ordering, i.e€., ¥1,° are so chosen that is minimal, 
ve is minimal for this fixed »,, etc. Then 0y,---Svm. If for some 
t==2,---,m we had wu; linearly dependent on then by sub- 
tracting from y; a suitable p-polynomial in y;,: - °,yi1, we could get new 
additive coordinate functions on (G,)™ giving rise to the same 
and a strictly smaller thus are linearly independent. Hence 
we may alter our 2’s so that 7; all is now proved, except 
for the last statement, which comes from the lemma. 


ProposiTION 4. Let +: (Ga)"—> (Ga)™ be a surjective rational homo- 
morphism, defined over the infinite perfect field k of characteristic p¥0. 
Then there exist additive coordinate functions on (G,)" and 
Ym on (G,)™, all defined over k, such that + is given by 


s>0 


where 00,5: + are integers and 


Using Prop. 1, additive coordinate functions for (@,)", all defined over /', 
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can be found such that the component of the identity of the kernel of + is 
got by setting certain of these coordinate functions equal to zero. It follows 
that we can assume that + is an isogeny, i.e., that its kernel is finite. (This 
implies, in particular, that nm, but we shall maintain use of the two 
letters to distinguish the two groups involved.) The result is clear if n=1, 
so assume n > 1 and use induction. Take any additive coordinate functions 
on the two groups, say and respectively, all defined 
over k. Let a, be the greatest integer ~ such that k[y] C (k[a])#*; since 
k[x] is the ring of all everywhere finite rational functions on (G,)” that are 
defined over &, and similarly for k[y], the integer a, is independent of the 
choice of the z’s and y’s. When we express the y’s as p-polynomials in the 
v's, all powers are at least to the p™-th, and this power actually occurs. 
Choose elements a,,- - °,@,€ k, not all zero, so that the one-parameter sub- 
group of (G,)” given by x, meets the kernel of only 
at the identity and so that the degree of the map 7: [> (G,)™ is p™ (and 
no higher). By a linear change of the coordinates x,,- - -.%, we can assume 
that a; = =0, and by a suitable change of y,,° -, Ym, we 
can suppose that is the subgroup of (G,)™. Then 
Yo" are independent of 2, and y, is a linear combination of and 
powers of -,2, at least as high. Thus y, = (2,’)°, where 2,’ differs 
from a nonzero constant multiple of 2, by a p-polynomial in 22,° - -, 2p. 
Altering 2, to 2,’ we get = 2," and +, Ym€ +. 2,], so that 
our induction assumption is applicable to the homomorphism (G,)""*— (@q)""! 
given by (2%2,° -,2n)—> We remark that a standard argu- 
ment (considering [k(y, k(x”) ];, for various v) shows the unicity of 
%1,° * *,%m, and that we can dispense with the condition that & be infinite 


if the kernel of + is connected. 


2. Algebraic group extensions. Let G,, G2, G; be algebraic groups. 
A sequence of homomorphisms 


1 2 
G,— G.— Gs 


will be called exact if, as usual, Im ¢, = Ker, and, in addition, ¢, and ¢» 
are separable rational homomorphisms; similarly for longer sequences. If the 
above sequence is exact, then the corresponding sequence of Lie algebra 
homomorphisms 

— G2 Gs 


is also exact (e.g., cf. [13]). Conversely, if we are given a sequence of 


_] 
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rational homomorphisms of algebraic groups that is exact in the purely group- 
theoretic sense (i.e. we drop the condition that the various homomorphisms 
be separable) then we get a corresponding sequence of Lie algebra homo- 
morphisms, and if the latter sequence is exact, so is the sequence of algebraic 
groups. (This amounts to showing that if y: GG’ is a purely inseparable 
isogeny of algebraic groups such that the corresponding Lie algebra map is 
an isomorphism, then y itself is a biregular isomorphism. This follows from 
the fact that we have an induced isomorphism between the spaces of local 
differentials at the identities of G and G’ respectively, so y is separable. ) 

Let H and A be algebraic groups. By an extension of H by A (or over 
A) is meant an algebraic group G@ together with an exact sequence 


A-> 0, 


0 being the group with one element. Here H can be identified with a normal 
algebraic subgroup of G and A with G/H; when no confusion is possible, we 
shall often call G itself an extension of H by A. If the various groups and 
homomorphisms are defined over a field k, we say that the extension is 
defined over k. Another extension G’ of H by A is called equivalent to the 
above extension if there exists a commutative diagram 


H—- G — 0 


where y is a rational homomorphism and each of the two outside vertical 
maps is the identity; in this case, y is automatically a biregular isomorphism 
(for it is bijective, hence a purely inseparable isogeny, and the Lie algebra 
diagram associated with the above is commutative, so that y induces a Lie 
algebra isomorphism, hence is separable). The extension G of H by A is 
called inessential if, + being the natural homomorphism from G@ to A, there 
exists a rational homomorphism ¢: A—>G such that = identity. In this 
case, @ must be birational, so that A may be identified with an algebraic 
subgroup of G. This being done, we conclude from G=HA, HN A= 0, 
the separability of the homomorphism A— G/H and [12, Prop. 2] that the 
map H X A—G defined by h K a—ha is biregular. 

If H and A are commutative algebraic groups, we shall denote by 
Ext(A,H) the set of equivalence classes of commutative extensions of H 
by A. (Much of what follows will go through under more general circum- 
stances, namely that H be commutative and the restrictions of the inner 
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automorphisms of the extension group to H be given by a specific operation 
of A as a group of rational automorphisms of H. In any case, we are mainly 
interested in what happens when H is connected and commutative and A is 
an abelian variety, and here an extension group is always commutative [12, 
Th. 18, Cor. 2]; thus all algebraic groups in the remainder of §2 will be 
assumed commutative.) We proceed to outline the functorial properties of 
Ext(A, H), leaving most of the details of proof to the reader. These details 
are all easy, except for the occasional question of separability, which is always 
to be handled by [12, Prop. 1]; at any rate, the next proposition is almost 
trivial from the point of view of factor systems (see below), which will be 
applicable in all special cases we later consider. 

If ¢: A is a rational homomorphism and G€ Ext(A,H), let G@ be 
the subgroup of A’ x G consisting of all a’ X g such that a’ and g have the 
same image in A. If we map H into G by h-0Xh, we get that G’ is an 
extension of H by A’. Hence we have a map ¢*: Ext(A, H) > Ext(A’,H). 
If ¢ = identity, then 6* = identity, and if ¢’: A” > A’, then (o¢’)* = ¢’*¢*. 

If y: HH’ is a rational homomorphism and G€ Ext(A,H), let 
i’ = G & H’/A, where A is the kernel of the homomorphism H X H’— H’ 
defined by h X h’>yh-+h’. If we map H’ into G’ by first mapping h’ € H’ 
into 0 X h’€ GX H’, G’ becomes an extension of H’ by A. Hence we have 
a map y,: Ext(A,H1)— Ext(A,H’). If is the identity, so is y,, and if 
H’ > H”, then In addition, if is as in the preceding 
paragraph, the two maps Ext(A, H) — Ext(A’, H’) are equal. 

The method of Baer can now be used to put a composition law on 
Ext(A,H): If G,@’€ Ext(A, clearly G & G’€ Ext(A X A,H XH). Let 
8: AA XA be the diagonal map and y: H X HH be the group com- 
position and set @ + G’ = 8*y, (GX G’). This gives a map 


Kxt(A,H) X Ext(A, H) Ext(A, 77) 


which is clearly commutative and admits the trivial extension A X H as an 
identity. Associativity is established by reference to the map 


Ext(A,H) X Ext(A,H) Ext(A,H) > Ext(A X AX 4,H XHXH), 


the diagonal map A— AX A XA, and the group composition H X H K H 
~ H, while the inverse of an element of Ext(A,#H) is obtained through the 
automorphism of H that sends h into —h. Thus Ext(A,H) is a commu- 
tative group. It is easy to verify that the maps $*,y, of the two preceding 


paragraphs are homomorphisms, and equally straightforward, if slightly com- 
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plicated, to verify that if ¢:,¢.: A’ >A then + = -++ and 
if HH’ then + Wo) = All this can be summarized 
as follows. 


Proposition 5. If A,H are commutative algebraic groups, then the set 
Ext(A,H), together with the composition law given above, is a commutative 
group whose zero element is the trivial extension AX H. With respect to 
this and the other operations given above, Ext(A,H) 1s a functor that ts 
contravariant in A, covariant in H, and additive in both A and H. 


Corotuary. Ext(A A’,H) = Ext(A,H) X Ext(A’,H), 
Ext(A, H H’) = Ext(A,H) X Ext(A, H’). 


We denote by Hom(A,H) the group of rational homomorphisms from A 
into H. This clearly satisfies all the functorial properties in Prop. 5. 

Now let 0— A’ > A— A”-—> 0 be an exact sequence of algebraic groups. 
For any 7€ Hom(A’,H), consider A to be an element of Ext(A”, A’), and 
hence get 7,A € Ext(A”,H). The map r—7,A thus produces a canonical 


map 


Hom(A’, H) Ext(A”,H). 


By Prop. 5, this map is a homomorphism, and is natural in the sense that a 
rational homomorphism y: H — H’ produces the usual commutative. diagram. 


Proposition 6. Let 0 A’>A—A”->0 be an exact sequence of com- 
mutative algebraic groups and let H be another commutative algebraic group. 
Then the sequence of canonical homomorphisms 


0— Hom(A”, H) Hom(A, H) Hom(A’, H) 
— Ext(A”, H) Ext(A, H) Ext(A’, H) 
is exact. 


The proof of this is a long but largely mechanical recourse to the various 
definitions, hence will be omtited. Note that if we have a rational homo- 
morphism ~: HH’ and write the corresponding exact sequence for H’, 
we get the usual commutative diagram. Each of the groups in the above 
exact sequence being a module with respect to the ring of rational endomor- 
phisms of H, we see that the various homomorphisms are actually module 
homomorphisms. Later, we shall be concerned with the case H = G,, and 
here the homomorphisms are vector space homomorphisms, the scalar field 
being the universal domain. 

Analogously, consider an exact sequence of algebraic groups 0 > H’ > H 


a 
\ 
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>H”—-0. For any 7€ Hom(A,H”), consider H to be an element of 
Ext(H”, H’) and hence produce 7*H € Ext(A,H’). This map r—r*H gives 
a canonical map 

Hom (A, H”) Ext(A, H’). 


Again by Prop. 5, this map is a homomorphism, natural in the sense that a 
S 


rational homomorphism A’—>A produces the usual commutative diagram. 
Although it will not be used in this paper, the following analogue of Prop. 6 
is included for completeness. The proof (omitted) is straightforward. 


Proposition 7. Let 0—H’->~H—->H”->0 be an exact sequence of 
commutatwe algebraic groups and let A be another commutative algebraic 
group. Then the sequence of canonical homomorphisms 


0— Hom(A, H’) Hom(A, H) Hom(A, H”’) 
— Ext(A, H’) > Ext(A, H) > Ext(A, H”) 


is exact. 


Before proceeding, we indicate one consequence of Prop. 6: In most of 
what follows, we shall be concerned mainly with Ext(A,H), where A is an 
abelian variety and H is a connected commutative algebraic group of uni- 
potent matrices. Suppose, more generally, we consider Ext(G,H), where G 
is an extension of a torus by an abelian variety, and H is as above. Then we 
have an exact sequence 0 T—> G—A-> 0, with T a torus and 4 an abelian 
variety, so Prop. 6 gives the exact sequence 


Hom (7, H) > Ext(A, H) > Ext(G, H) > Ext(T, H). 


llere the extreme groups are zero, so Ext(@,H) is isomorphic to Ext(A, H). 

We now consider briefiy the matter of factor systems. If Ge Ext(A, H) 
we call a rational map o: AG a cross section if ro = identity, + being the 
canonical homomorphism G—>A. (By a rational map from one algebraic 
set, not necessarily irreducible, into another, we mean a law assigning to each 
component of the first set a rational map from that component into some 
component of the second algebraic set.) Ifo: A—G is a cross section, then 
the map A X HG sending a X h into oa-+-h is birational (in the obvious 
sense) and we can define a rational map fo: A X AA by 


fo(@,, = 00, + + a). 


fo is a factor system, a factor system being a rational map f: AX A>H 
satisfying the equation 


f(a: + 42, a3) + f (a1, a2) =f +f (a2, a3), 
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and is symmetric (fo(@1,@2) =fo(d2,a:)). Conversely, if f: AK is 
a factor system, we can define a “normal law of composition” on A x H 
(obvious extension to reducible sets of the definition of [21]; associativity 


will correspond to the above equation) by 
(a; (2 K he) = (Qi + +he+f(ai,a2)), 


and thus use [21] (with a slight additional argument if A and H are not 
both connected) to get an algebraic group G that is birationally equivalent 
to A X H and has the above composition as group law. If we map H into 
( by associating to any h, € H the point of G which has the effect on A x H 
of moving aXh into aX (h+Ah,), it is clear that G becomes a central 
extension of H by A. Commutativity of G will correspond to symmetry of 
the factor system f, and the factor system f itself can be recovered from the 
cross section 0: AG defined by o(a X h) =a X 0 (a legitimate definition, 
since the map from A X H to G is biregular at almost all aX h, and we can 
use the regular operation of H on both A X H and G to translate by —h). 
Thus there is a one-one correspondence between cross sections of elements of 
Ext (A,H) and symmetric factor systems f: AK AH. 

If Ge Ext(A,H) admits the cross section o: A—G, then for any 
rational map u: A—H we have a cross section o’ defined by o’'a=oa+ wa; 
conversely, any cross section o’: A—G is of this form. We get fo-(a:, a2) 
= fo(di,d2) + ua, + uag—u(a,+a,). The factor systems from A X A to 
H form a group and those of the form (a1, a2) > wa; + uad,z—u(a, + ae), for 
some rational map u: A— 4H, form a subgroup, the group of trivial factor 
systems; the quotient group is the group of classes of factor systems. 
+€ Ext(A,H) corresponds to the trivial class if and only if there exists a 
cross section o: such that fo—0; thus o(a,+ a2.) =oa, + 0a, and 
we get G=AXH. 

Let Ext(A,H) admit the cross section A— G and let 7: G— A be 
the canonical homomorphism. Then for any g€ G, the map a—o(a-+ 7g) —g 
is another cross section, which proves, in particular, that a cross section can 
be found that is defined at any given point of A. Let ¢: A’-A be a 
rational homomorphism such that o is defined along each component of $4’. 
If G’ = ¢*G is taken to be a subgroup of A’ X G in the standard way, the 
map o’: a’— a’ X o¢a’ is a cross section o’: A’—>G and the corresponding 
factor systems fo: A X A—H and fo: A’ X A’ > H are related by a2’) 
= fo(da,’, da,’). Similarly, if we have a rational homomorphism y: H — H’ 
and G’” —y,G@ is taken to be a quotient of GX H’ in the standard way, the 
map o”: A-—>G’ obtained by first mapping a into oa X 0 is a cross section 
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and the factor system fo: A X A—H’ is given by fo (a1, d2) =Yfo(di, a2). 
It follows that if G,,@G.,€ Ext(4,H) correspond to factor systems f;, fo: 
4X A—H, then G,-+ G, corresponds to the factor system f; + fo. 


Proposition 8. If A,H are commutative algebraic groups, then the 
subset of Ext(A,H) consisting of those extensions which admit cross sections 
isa subgroup, naturally isomorphic to the group of classes of symmetric factor 
systems from AXA into H. If H is connected and linear, this subgroup 
is all of Ext(A,#). 

Only the last statement remains to be proved, and this follows from the 
cross section theorem [12, Th. 10]. Note that if A is an abelian variety and 
H is any connected commutative algebraic group, then all factor systems from 
41 A to H are symmetric: this comes from the fact that all extensions of H 
by A are commutative [12, Th. 13, Cor. 2]. 


3. Principal fiber spaces. For the convenience of the reader, as well 
as to fix terminology, we recall some concepts familiar in topology. Let H 
be an algebraic group that operates regularly on an algebraic set B, the 
operation being indicated by (h,b)—>bh*. B is called a principal space 
with respect to H [22] if the subset of B X B consisting of all points b X bh 


is closed and if there is an everywhere defined rational map 6 from this 
subset into G such that 6(b xX bh) =h. If, in addition, we have another 
algebraic set V and an everywhere defined surjective rational map 7: B> V, 
then B (more properly the triplet {B,V,7}) is called a principal fiber space 
over V with group H if, for any b€ B, w1(xb) is precisely the orbit bH 
and if, for any v€ V, there exists a rational map o,: V — B, defined in some 
neighborhood of v, such that ro, identity. It is clear what is meant by 
isomorphic principal fiber spaces. If the local cross section o: V—>B is 
defined on the nonempty open subset U of V, the map vXh— (ov)h is 
clearly a biregular birational map between U & H and w'U. In particular, 
if V is irreducible, then it is the variety of H-orbits on B, in the sense of 
[12, Th. 2]. If {Ui},,, is a finite open covering of V and oi: V>B is a 
cross section that is everywhere defined on U; then, for v€ U;N U;, we have 
(ov )hi = (o;v)h; if and only if hi = (s;jv)h;, where s;;: V > H is the rational 
map, regular on U;U;, defined by = O(oiv, 0;v), and == si for all 
i.j,k€ TI. Conversely, such an open covering {U;};<7 of V and regular 
rational maps H satisfying == si. for all 1,7,k € I give rise 
to a principal fiber space B= UJ ,<17 Ui & H, with the points 4, Xhi€ Ui X H 
and 1; Xh;€U;X H identified if and only if and hy= (sijti)h;, 


10 
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H operating on B by the rule (h, vj X hi) XK and hi) =; 
(this is the definition of Weil [19]). As usual, two sets of transition func- 
tions {s;;} and {s’;;} with respect to the same open covering {U;},., of V give 
rise to isomorphic principal fiber spaces if and only if there exist everywhere 
regular rational maps t;: U;— H such that sj; = ¢;-*s,jt;, and the isomorphism 
class of the fiber space got from {Uj;, s;;} is not altered by passing to a refine- 
ment of the covering {U;} and using the same {s;;}. Thus (cf. [5, pp. 40 ff.]) 
the classes of principal fiber spaces over V with group H can be identified 
with the elements of the cohomology set H'(V,#), where & is the sheaf 
of germs of locally regular maps from V into H. If H is commutative, we 
have the usual commutative group structure on H1(V,%) [15]. 

The simplest example of the preceding is the case of an algebraic group 
G and a connected solvable algebraic subgroup H, H operating on G by the 
rule (h,g)—>gh"*. If x is the natural map from G to the left coset space 
G/H, then by [12, Th. 10] there exists a rational cross section o: G/H > G. 
If o is regular on the nonempty open subset U of G/H and g€ G, then the 
map v—g-'o(gv) is a regular cross section on g?*U. The various sets g'U 
cover G/H, so G is indeed a principal fiber space. 

Let A,H be commutative algebraic groups with H linear and connected. 
Any extension of H by A is a principal fiber space over A with group H, 
hence we have a well-defined map Ext(A,H)—>H'(A,H), &# being the 


sheaf of germs of locally regular maps from A into H. If A’ is another 
commutative algebraic group and ¢: A’—>A a rational homomorphism, we 
have induced homomorphisms ¢*: Ext(A,H) — Ext(A’,H), H'(A,#) 
— H(A’, #), and it is clear from the definition of ¢* that the diagram 


Ext(A, H) > H*(A, ) 


Ext(A’, H) > H'(A’, 


is commutative. (Cf. the cross section arguments immediately preceding 
Prop. 8.) Similarly, if 27’ is another connected commutative linear algebraic 
group and y: HH’ a rational homomorphism, we have induced homomor- 
phisms y,: Ext(A,H) Ext(A,H’), y,’: H*(A, #) H'(A, #’), and it 
follows directly from the definition of the former that the diagram 


Ext(A,H H'(A,#) 


Ext(A, H’) H*(A, &’) 


is 
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is commutative. Referring to the definition of addition in Ext(A,H), we 
conclude that the map Ext(A,H)— H*(A, #) is a homomorphism. 


Proposition 9. Let A,H be commutative algebraic groups with H linear 
and connected and let & be the sheaf of germs of locally regular maps from 
A into H. Then the canonical map 


xt(A,H) > 


is a homomorphism. If A is an abelian variety, the map is injective. 


All but the last statement is known. So suppose A abelian and that 
(¢€ Ext(A,H) gives rise to the zero cocycle. Then there is an everywhere 
regular cross section o: AG, and we may assume that o:0—0. The 
complete subvariety oA of G generates an abelian variety, so o must be a 


homomorphism. Hence @ is trivial. 

The homomorphism of Prop. 9 is natural in the sense that the com- 
mutative diagrams in the paragraph preceding it hold. In particular, if H 
is a vector group, the homomorphism is a vector space homomorphism. Note 
that if H =G,, then 9 is the sheaf of local rings @.. 


Lemma. Let A be an abelian variety, H a connected commutative linear 
algebraic group each of whose elements is unipotent, and & the sheaf of 
germs of locally regular maps from A into H. Then each translation on A 
leaves fixed each element of H*(A, 9). 


The meaning of this is the following: Any €€ H'(A,&) is determined 
by an open covering {U;},,-; of A and rational maps {s;;},,,;.; from A to H, 
each s;; being regular on U; Uj, such that sj + sy, six. For any a€ A and 
any rational function f on A, define the translated function Agf by Agf(a) 
=f(a—a). The open covering {aU;} of A and rational maps {A,sij} deter- 
mine another element of H'(A,9#) which depends only on € and which we 
denote We have to show that A,é=— é. 

The lemma is trivial if dimH—0O. Let dimH—1;* then H—4G, 
and H1(A,&#) —H?1(A,@.4), a finite dimensional vector space over the 
universal domain (using, for example, [15, §66, Th. 1] and the projective 
embeddibility of A [20]). For each a€ A, A, is a linear transformation on 
H*(A, @4) ; let A, be the matrix of A, corresponding to a fixed basis &,- - -, é, 
of H'(A,@.4). The map «— Ag is a homomorphism (not a priori rational) 
from A to G(r). Take an open covering {U;} of A, sufficiently fine so that 
can be represented by sections {sj},- - -, regular on the 
respective U; © U;’s, and let k be a field of definition for A and each s;;) such 
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that each U; is k-open. Then each Agé, is represented by a covering of 4 
by k(a)-open subsets and sections defined over k(a). By the unicity of the 
matrix A, and the algebraic nature of the cohomology, A, must be invariant 
under all &(«)-automorphisms of the universal domain, hence must be purely 
inseparable over k(a). Take a generic for A over & and let q be a sufficiently 
high power of the field characteristic (gy—1 if the latter is 0). Then the 
matrix A, (whose terms are the g-th powers of those of Aq) is rational 
over k(a) and a—A,™ defines a rational map from A to GL(r); by 
[12, Th. 3] this is a homomorphism, hence trivial. Thus Agé = € for all z, é, 
completing the proof for dimH—1. Note that the same argument shows 
that each translation on A leaves fixed each element of H”(A,@a) for any 
m= 0. 

Now take dim H >1 and use induction. Let H, be a connected one- 
dimensional algebraic subgroup of H. The sheaf 9, of germs of locally 
regular maps of A into H, is a subsheaf of 9 and, since H is a fiber space 
over H/H,, the quotient sheaf #%/#, can be identified with the sheaf of 
germs of locally regular maps of A into H/H,. The exact sequence 


gives rise [15, § 24, Prop. 6, Cor. 1] to the exact cohomology sequence 
Q Oo. q 


H°(A, 9%) —> > H*(A, > H1(A, 9) > H(A, 


Note that translation by an «€ A induces an endomorphism A, of each of 
the above cohomology groups, these endomorphisms being allowed with respect 
to the above exact sequence, i.e. producing the usual commutative diagram. 
Now H°(A, &) consists of all everywhere regular maps from A to H. All 
such maps being constant, H°(A,%#) is isomorphic to H, and similarly 
H°(A, is isomorphic to H/H,. Thus H°(A, H°(A, #/H,) is 


surjective and we have the exact sequence 
H'(A, > H'(A, > H(A, 


Let & be a fixed element of H'(A,&). Letting + be the last homomorphism 
above, for any a#€ A, our induction assumption gives Agré = ré, 80 7(AgE— SE) 
= (0), i.e., —E€ H'(A, H,). For any BE A, = 6S, sO the 
map “«—>A gé—é is a (purely group-theoretic) homomorphism from A to 
H*(A,#,). Since #, is isomorphic to @4, H'(A,#,) is a vector space 
with a basis é,,- - -,€, Choose an open covering {U;} of A so fine that 
&,° can be represented by sections {s,},- - -, {sj}, {sy} regular 
on the respective U; U;’s (into H,,: - -.H,,H respectively), and let k be 
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a field of definition for everything here. Writing Agé—éf—=c,(«)&+°°- 
+ ¢,(«)&,, for suitable (unique) constants c,(«),- we see as before 
that c,(@),- °,¢-(a) are invariant under all k(a)-automorphisms of the 
universal domain, hence are purely inseparable over k(a). Again taking « 
to be generic for A over & and q to be a sufficiently high power of the field 
characteristic (or 1 if the characteristic is 0), we have (c¢(«))¢€k(a) for 
i=1,---.r. Again by [12, Th. 3] «— (¢;(@))4 is a rational homomorphism 
from A into G,, hence trivial. Thus each c;(«) 0, completing the proof 


that Agé = é. 


THEOREM 1. Let A be an abelian variety, H a connected commutative 
linear algebraic group each of whose elements is unipotent, and & the sheaf 
of germs of locally regular maps from A into H. Then the canonical homo- 


morphism 
Ext(A,H) > H(A, 
is bijective. 

Injectiveness has been proved in Prop. 9, so it remains only to show 
that any principal fiber space over A with group H can be endowed with 
the structure of an element of Ext(A,H) in a manner consistent with the 
fibre space structure. Let V be such a principal fiber space, 7: V—> A the pro- 
jection. Define a translation on V to be a biregular map 7: V-—V such 
that (7'v)h = T(vh) for all ve V,h€ H and such that is constant 
(i.e. J is a bundle map lifting to V a translation on A). The translations 
on V form a group, the set of maps of the form v—vho, for fixed ho € H, 
asubgroup. The lemma says merely that any translation on A can be lifted 
to one on V; thus the group of translations on V is transitive. Now suppose 
that 7’ is a translation on V possessing a fixed point. Then r7v—-v for 
all v€ V, so if 6 is the map of the locus of v X vh on V XV such that 
i(v X vh) =h, we have 6 defined at Tv X v. But 0(T(vh) X vh) = 0(Tv X »v), 
so there exist a rational map ¢: A—H such that 6(Tv X v) = ¢av. Since 
V is locally a direct product and the map v—> 6(Tv X v) is everywhere defined, 
so is the map ¢; hence ¢ is a constant, which can only be zero, so Tv =v. 
Thus there exists one and only one translation on V carrying any one given 
point into another. Fix a point e€ V such that we—0. For any ve V, 
denote by 7’, the translation on V satisfying T,e—v. The one-one corres- 
pondence v—>T7', puts a group structure on V having e as identity element, 
and we have to show that this group structure is algebraic. Let k& be an 
algebraically closed field of definition for V, H, A, the operation of H on V, 
and + such that e is rational over k. Let w be a generic point of V over k 
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and k(x) the smallest overfield of & which is a field of definition for 7’,,?: 
then k(z) is a regular extension of k& containing k(w) and (since T,, is 
unaltered by any &(w)-automorphism of the universal domain) purely insepar- 
able over k(w). Hence we have a variety X and generically surjective rational 
maps r: ¢:X¥ XK all defined over and the former purely 
inseparable, such that if x X v is generic for X¥ & V over k then k(x) is the 
smallest overfield of & that is a field of definition for T,, and ¢(z & v) = T,,”. 
We have k(z,T;.v) =k(az,v), and if y is generic for XY over k(z,v), then 
T,2(Tryv) =T;.v for some generic point z of X over k, z depending only on 
xz and y (conditions TG1 and TG2’ of [21]). By Prop. 2 of [21], X isa 
pregroup with respect to the composition law zX y—z and V a pretrans- 
formation space for XY with composition law «x KX v—T;,v. Without loss of 
generality, we may suppose that Y is already an algebraic group. Now for 
any «€ X, the map v>¢(z Xv) is a translation on V, since this is so 
whenever z is generic for X over /, and similarly, any translation on V comes 
in this manner from an element of XY. But there exists a nonempty open 
subset of V which is biregularly equivalent to an open subset of a birational 
model of V on which Y operates regularly and the translates of this open 
subset of V cover V. Hence XY operates regularly on V. For 2 X v generic 
for X X V over k, we have Xv) hence $(2 X e) = = 72. 
Thus +r is everywhere defined and the equation ¢(z X v) = T;,v holds for all 
xr€ X, v€ V;7 is thus a homomorphism, one-one since it is purely inseparable. 
The rational homomorphism rr: XY — A has as kernel all x€ XY for which T,, 
is a translation by an element of H; the kernel being commutative and 4 
abelian, Y is commutative. Let x,y be independent generic points of Y 
over k. Then +(zy) =T;,(7y) is rational over k(z,ry). Since ry = yz, 
we get k(r(zy)) Ck(az,ry) Nk(ra,y) =k(ra,7y). (For the last step, let 
{&}, {nj} be bases for k(x) /k(rx) and k(y)/k(ry) respectively, with 
= 1, and use the fact that {é;} is a basis for Thus T;, 
is defined over k(rx), so k(rx) k(x) and is birational, hence also biregular. 
Map # into the group V by the rule h—eh. The group law on V agrees 
with the operation of H on V and = is now a separable rational homomorphism 


with kernel H, completing the proof. 


? The main point of the rest of the proof is to show that k(az) is actually k(w). 
A proof different from the one that follows can be constructed by sharpening the lemma 
to bring in fields of rationality: we would need a result stating that a bounding cocycle 
that is rational over a certain field is the boundary of a cochain rational over the same 
field. But this would involve a lengthy re-working of parts of [15] and would take us 


too far afield. 
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The main point in the above proof, to the effect that any principal fiber 
space over the abelian variety A with group H is a group extension of H 
by A, is well known to be false if H is the multiplicative group Gn, and 
counterexamples can also be given if H is connected and unipotent, but not 


commutative. 


4, Extensions of Ga. by an abelian variety. If A is an abelian variety, 
the group Ext(A,G,) has the structure of a vector space (over the universal 
domain), isomorphic to H!(A,@4). The following proposition will settle at 
the beginning all rationality questions. 


Proposition 10. Let A be an abelian variety that ts defined over k. 
Then the elements of Ext(A,G@) arising from extensions of Ga by A that 
are defined over k span Ext(A,G,). Furthermore, any number of such 
elements are linearly dependent only if they are linearly dependent over k. 


Let U= {U;} ,., be a finite open covering of A by affine subsets that are 
defined over k. Then H*(A,@4) and H'(U,@a) are isomorphic [15, § 47. 
Th. 4], so any element of H'(A,@4.4) can be defined by a cocycle for the 
covering U, i.e. by a set {fi}; ;<7. Where fi; is an everywhere regular function 
on U,AU; and fi, = fj, tor all 7. Kach fi; has all its poles on 
a k-closed subset of A, hence [17, Th. 10, p. 239] is a linear combination 
with constant coefficients of elements of #(4A). Choose constants -, ay 
that are linearly independent over and functions f;;€k(A) 

.N) such that fi; for all 7. Then is 
everywhere regular on and for each {fi}, 18 a 
vocyele for the covering MU of A. Thus H'(A,@4) is spanned by those of its 
elements that come from principal fiber spaces over A with group G, that are 
defined over ’. For any such fiber space V, we may choose a point e€ V 
lving over 0€ A that is rational over k and get an algebraic group structure 
on V having e as identity element and consistent with the fiber space structure ; 
hy the proof of Th. 1, this group structure is unique, hence invariant under 
all k-automorphisms of the universal domain, hence defined over a purely 
inseparable extension of *. (Actually, this group structure can be shown to 
he defined over &; cf. footnote 2). This proves the first statement of the 


proposition if & is algebraically closed. For any &, any extension of G, by A 
that is defined over k possesses a cross section that is defined over k (Gq 
having & as a field of definition for its solvability), hence is describable by a 
factor system f: A XK 4G, that is defined over /. We have proved that 


"xt(d.(7,) is spanned by elements associated with factor systems f: 4 & A 
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— (@, that are defined over the algebraic closure of /. But for such an f, 
we can write f=)» 4,f,, where {%,} is a finite set of quantities that are 
linearly independent over & and where each f, is a function on A X A that 
is defined over k. Writing down the equation f satisfies as a factor system 
and using linear disjointness, we get that each f, is a factor system, which 
completes the proof of the first statement. It remains to show that if 
f,,: : °,f, are factor systems from A x A to G, that are defined over k and 
if there exist constants ¢,,- - *,¢c,, not all zero, such that >j-1" cf; is a trivial 
factor system, then such constants c,,- - -.c, may be found in k. For this, 
suppose Si-1" = U(d,) + —u(a; +42), where wu is a rational 
function on A. Each f; being defined over k, hence having poles that are 
algebraic over k, we get that all the poles of w are algebraic over &. Hence 
there exist constants d,,- --,d,; and functions wu,,--:-:,u, on A that are 
defined over & such that Let - -,ay be a basis for the 
vector space over spanned by -,¢;, >, ds and write = 42; 
for i=1,---,r and dja; for - -,s, with each and dj, 


in k. Linear disjointness gives 
Dier” = dij(ui(a.) + ui(az) —ui(a, + a2) ) 
for each 7, completing the proof. 


Lemma 1. Let H, N be connected algebraic subgroups of the algebraic 
group G, with N normal in G, G=HN, and HON finite. Then the 
restriction to H of the natural homomorphism G—> G/N is an tsogeny whose 


degree is the Kronecker index I(H-N). 


By [12, Prop. 2] we have an isogeny, the inseparable part q of whose 
degree is given by H-N=q(H(O WN). To get the lemma, note that the 
separable part of the degree of this isogeny is the number of points in H MN. 


LemMA 2. Let the algebraic group G be an extension of (Ga)” by the 
abelian variety A and let the field characteristic be p40. Then G= (G,)"B, 
where B is the maximal abelian subvariety of G, and (G.)"QB is finite. 
Furthermore, there exists an tsogeny A®) —> B (A®) being the abelian variety 
got from A by taking p-th powers of coordinates) which composes with the 
natural isogeny B—> A (restriction to B of GA) to give the map a®) — pa. 


Let +: G—A be the natural homomorphism, ¢: AG a rational cross 
section, k a field of definition for everything, and a a generic point of A 
over k. The map a— poa is clearly independent of the choice of the cross 
section o; since there exists such a o that is regular over any given point of 
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4, we have an everywhere regular map A— B, B being the image of G under 
the homomorphism g—> pg. B is clearly the maximal abelian subvariety of 
G, (Ga)"B is finite (being both complete and linear), and G=(G,)"B 
(by dimensions). But according to the theory of symmetric functions [18, 
Lemma 4, p. 13], the point poa is rational over k(a®)), hence we have a 
homomorphism y: and rya®) = rpoa = pa. 

Note that the homomorphism ¢: A®—> A defined by ¢a® = pa induces 
a homomorphism Ext(A, G,) Ext(A®,G,), and Lemma 2 is prac- 
tically equivalent to the statement that ¢*—0. Note also that nothing like 
the lemma is true in characteristic zero, for in that case, any finite subgroup 
of (Ga)" consists of 0 alone and the lemma can apply only to the trivial 
extension. 

Let G be an extension of the vector group H by the abelian variety A. 
We call G decomposable if we can write G=G, X H’, where G, is an exten- 
sion of a vector subgroup H, of H by A and H’ is a vector subgroup of H of 
dimension > 0; otherwise G is indecomposable. 


Lemma 3. Let A be an abelian variety, H a vector group of dimension 
greater than A, and G an extension of H by A. Then G is decomposable. 


Let dimH—n, dimA=v<n, and first suppose that everything is 
defined over a perfect field & of characteristic p40. If a is generic for A 
over k, then [k(a): k(pa)] = p* and [k(a): k(a™)] = p’, so [k(a®): k(pa) | 
=p”. By Lemma 2, GHB, B being the maximal abelian subvariety of G, 
and the isogeny B— A has degree dividing p”. Using the symmetry in Lemma 
|. we obtain that the isogeny H — G/B also has degree dividing p’. Now use 
Prop. 3 to find linear coordinate functions 2,,- --,2, on H and additive 
coordinate functions y,,° on G/B such that H->G/B is given by 


Yi == +- (a p-polynomial in of degree < p”'), i=1,° 


The degree of the isogeny H— G/B is p%- - -p’*S p” < p”, so at least one of 


the 14’s, say 44, is 0. Then y,=2,. Let H’ be the vector subgroup of H deter- 


mined by H, the vector subgroup determined by x7, —0, 
and G, = H,B. Then G=G,H’ and the homomorphism G/G, (which 
can be decomposed into H’—> G/B-— (G/B)/(G,/B)) is given by 117 24. 
i.e. is a biregular isomorphism, so G=G, X H’. 

It remains to consider the case of characteristic zero. For simplicity. 
and also to illustrate the connection of the present theory with that of dif- 
ferentials of the second kind, we assume, as we may, that the universal 
domain is the field of complex numbers and give an easy transcendental 
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proof. Let w be an invariant differential (of degree one) on G ando: A> (i 
a rational cross section. The induced differential o*w on A is closed, since 
» is. If o’: A—@ is another cross section then o’a—oa-+ fa, where 
f: A—H is a rational map, and conversely, any such f defines such a o’. 
We know that o’*» —o*w + f*w (e.g. see the last paragraph of [13]; here 
(f*w) (a) —w(fa)), that f*o is exact (coming as it does from an invariant 
differential on H), and for any P€ A, such a o’ exists that is finite at P; 
thus o* differs by an exact differential from a differential that is regular 
at P, i.e. o*w is of the second kind. The dimension of the space of 
invariant differentials on G exceeds the first Betti number of A (dim@ 
=n-+yv>2dimA), so there exists an invariant »+0 on G such that o*o 
has zero periods. o*w is thus exact. Also, the differential induced on H 
by » is not zero (for then » would come from an invariant differential on A, 
which would have to be zero), so we can modify o to obtain o*»—0. Taking 
a suitable translate of oA, we get a subvariety W of G that passes through 0. 
maps into A in a generically surjective fashion, and has the differential zero 
induced on it by ». ‘These same facts are then true of the algebraic group 
G, generated by W (again use last paragraph of [13]). In particular, 
G,  G, and if we set H, = G, H, H’ a vector subgroup of H complementary 
to H,, we gett G=G, X H’. 


PRoposiITION 11. Let A be an abelian variety. Then there exists a 
vector group H of dimension =dimA and an indecomposable extension V 
of H by A such that any indecomposable extension of a vector group by A is 
isomorphic to the quotient of T by a vector subgroup of H. Furthermore, if we 
associate to each linear functional py: H > G, the extension w,0 € Ext(A, G,), 
we obtain a vector space isomorphism between the dual space of H and 
Ext(A, Ga). 


Suppose fj: AK A—G,, t=1,:--+,n, are factor systems. Then we 


get a factor system f: 4 KX A— (G,)” by setting 
f (a1, a2) (f(a, lo), Ge) 


und this can be considered as a factor system from A X A to a vector grou) 
of dimension n with a fixed linear coordinate system. Hence f,,- - -, fn give 
rise to a well-defined extension G of an n-dimensional vector group by 4, 
and clearly any such extension G can be so obtained. We do not alter G by 
adding to any f; a trivial factor system, nor are the isomorphism class of ( 
and the vector group structure of its maximal connected linear algebraic sub- 


group changed by juggling f,,- - -,f, by a nonsingular linear transformation 
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with constant coefficients. If f,—0, then G is the product of the extension 


of an (rn —1)-dimensional vector group by A determined by f,: - -, fn. and 
the vector group G,, i.e. G is decomposable, and conversely, if @ is decom- 
posable, then some nontrivial linear combination of f:,: - -,f, must be a 


trivial factor system; thus G is indecomposable if and only if the elements 
of Ext(A, G,) determined by f,,- - -,fn (ef. Prop. 8) are linearly independent. 
The previous Lemma 3 now gives dim Ext(A,G,) [dimA. If we construct 
an extension of a vector group by A by means of a set of factor systems 
corresponding to a basis of Ext(A,G.), we get an indecomposable extension 
r of maximal dimension. It is now trivial to verify the various contentions 
of the proposition for this I. 


Remark. It will be shown shortly (Th. 3) that equality holds above, i.e. 
dim H=dimA. Reference to the proof of the previous Lemma 3 shows 
that this equality, in the case of characteristic zero, implies that the dimen- 
sion of the vector space of simple differentials of second kind on A modulo 
exact differentials is 2dim A. In the case of characteristic p 0, on the other 
hand, if we write [=//B, B being the maximal abelian subvariety of T 
we deduce that the isogeny A®-—>B of Lemma 2 is actually a biregular 
isomorphism and that the covering B—A is exactly hke A®)—4A, with 
a?) —» pa; furthermore, each of the »; in Lemma 3 must equal 1, so that there 
exist linear coordinate functions (n=dim4A) on H and additive 
coordinate functions y;,---,Yyn on T/B so that the isogeny H-T/B is 


given by 
Yi = TP + t=1,---,n, all constant. 


Finally, we note that in certain problems, we may not be interested in any 
specific vector group structure of a subgroup but merely in what we may 
call the splittability of an element G€ Ext(A, (G.)”), i.e. in whether or not 
(r possesses a direct factor Gq, i.e. in whether or not @ is indecomposable for 
all admissible vector group structures on (G,)”’. Splittability can thus differ 
from decomposability only if vy > 1 and we have characteristic p40. In this 
case, if we write G=(G,)”’B (with B abelian) and apply Prop. 4 (instead 
of 3) to the homomorphism (G,)”’— G/B, we get G splittable if and only 
if the a, of Prop. 4 is zero, i.e. if and only if the Lie algebra map corres- 
ponding to (G,)”’—> G/B is not trivial; thus G unsplittable for vy > 1 means 
that the Lie algebra of (G@,)” is contained in that of B. In particular, if 
dim A >1 then the © of Prop. 11 is splittable except when all the above cj; 
are zero, a very special case since it implies BN H =09, and hence that A 


possesses only one point of order p. 
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Let C be a complete nonsingular curve. For the convenience of the 
reader, we give a brief account of the cohomology group H*(C,@c). Any 
element of this group is determined by an open covering {Ui}. of C anda 
subset {fij};,;¢7 of 2(C) (Q being the universal domain) such that each f;, 
is everywhere finite on U; and fj,.— fix + fiz for all 1,7,hE€7. Thus 
we can find such that fi;—f;—fi, and conversely, any set {U;, fi}; 
where {U;} is an open covering of C, {fi} C Q(C), and each f;—f; is without 
poles on U;N U;, will produce an element of H1(C,@c). To such a set 
{Ui, fi} associate a repartition {tp} peg of A(C) (ef. [4]) such that f;—-p 
is finite at P whenever P€ U;. Denoting by Q(C)* the vector space of 
repartitions of C and, for any divisor Y% of C, by @*(M) the subspace con- 
sisting of repartitions that are everywhere locally multiples of —%M, we map 
{rp} canonically into Q(C)*/¥¢*(0) + Q(C). One verifies directly that the 
resulting map H'(C,@c) ~Q(C)*/¥¢*(0) + Q(C) is well-defined and an 
Q-linear bijection. If the genus of C is g, we deduce that dim H1(C, @c) =g. 
Furthermore, if +, P, are distinct points of C such that the divisor 
P,+-:+-++P, is nonspecial (such points can always be found), then 
Q2(C)* = 2*(P,+---+P,) +(C), so that a basis of H'(C,@c) can be 
obtained from g repartitions the i-th of which (1=1,-: - -,g) is everywhere 


finite except for a simple pole at Pj. 


THEOREM 2. Let C be a complete nonsingular curve and ¢: CJ the 
canonical map of C into its jacobian variety. Then the associated cohomology 
map 

¢*: H'(J,6,) H'(C, 6c) 


is bijective. 


By Th. 1, the canonical map Ext(/,G,) ~ H'(J, @,) is bijective, so we 
need to prove bijectivity for the composed map Ext(J,G,) > H'(C, Oc). 
But if g is the genus of C, then dim H*(C, @c) =g and dim Ext(J,G,.) S49 
(Prop. 11), so only surjectivity need be proved. We shall do this by showing 
that for any P€ C, there exists a J’€ Ext(J,G,) which produces an element 
of H*(C,@c) corresponding to a repartition of C that is everywhere finite 
except for a simple pole at P. Assume, as we may, that g >0, let k& be a 
field of definition for C, J, and ¢ over which P is rational, and let o be the 
local subring of &(C) consisting of all functions of the form 


(element of k) + (element of &(C) of order =2 at P). 


Let J’ be the generalized jacobian variety of C corresponding to 0, r: J’ J 
the natural homomorphism, and let ¢’: C—> J’ be the canonical map, all defined 
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over &k and with ¢’ normalized so that 7¢’=—¢@ (cf. [9]). Fix an element 
tek(C) of order 1 at P; then ¢ is a basis for 5/o (o being the integral 
closure of o in k(C)) and the map a—>@’((1+at)) (a constant) is a 
biregular isomorphism between G, and the kernel of + [9, Th. 11]. Thus we 
can consider J’ € Ext(J,@,). The element of H'(C,@c) determined by J’ 
is given by the G,-principal fiber space W=771(¢C). The map ¢’: CJ’ 
gives a cross section of W that is regular except at P. To obtain a local 
cross section valid in a neighborhood of P, first note that if z is a quantity 
that is transcendental over k, then the divisor (t¢), of C is rational over k(x) 
and any k-specialization «—>c admits a unique extension to a k-specialization 
(x, (t)2) > (c, (t)-). Hence if p is generic for C over k, the positive divisor 
(t)t(p) —p specializes uniquely to (¢))>—P over the k-specialization p— P. 
Now define a rational map y: CJ’, defined over k, by the rule 


yp == (p— (t—t(p))) (=9'(p— + (t)«)). 
Since the divisors (t),, and (t),—P are both independent of P, we deduce 
that the k-specialization p—P can be extended to a specialization of yp 
into some point of J’. Thus y, which is clearly a rational cross section of W, 
is regular on an open neighborhood U, of P. The fiber space W is thus 
determined by the open covering of C by U) —=C—P and JU, and the single 


transition function fo. = y—¢’. But 

yp— (— (t—t(p))) =— =1/4(p) € Ga. 
This cohomology class is represented by the repartition of C that is 1/é at 
P and 0 elsewhere, which completes the proof. 

Note that the above cohomology map ¢* remains unchanged if ¢ is altered 
by a constant translation on J; this is clear from the proof, and also follows 
from the Lemma to Th. 1. 


Lemma 1. Any abelian variety is the image of a direct product of 
Jacobian varieties under a separable rational homomorphism. 


For any variety V of dimension > 0, simple point P€ V, and tangent 
vector r to V at P, one can find a curve C C V that has a simple point at P 
and is tangent to 7: it suffices to take V to be a variety in affine space and 
then intersect it with a suitably general linear subspace of the correct 
(limension passing through P and +. Given the abelian variety A, find 
curves Cy,- --,C, on A that have simple points at 0 and whose tangent 
spaces there span the tangent space to A at 0. Consider the canonical map 
(;—>J; of each C; into its jacobian variety. The injection (;— A factors 
into C; > J;— A, each map J; A being a rational homomorphism. Hence 
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we have a rational homomorphism from J; X° + - Xd» into A whose corre- 
sponding Lie algebra map is surjective. This last homomorphism is thus 


both surjective and separable. 


Lemma 2. If H 1s a finite commutative group, then the vector spaces 
Hom(H,G,) and Ext(H,G,) have a common dimension, this being zero in 
the case of characteristic zero and the number of generators of H/pH if the 
characteristic is 

We may assume H to be cyclic of order g", where q is prime and n > 0. 
If qg is not the field characteristic, then Hom(H,G,) =0 since Gq has no 
element of order g”, and Ext(H,G,) =0 since G, is divisible by gq”. So let 
q equal the field characteristic p40 and let ¢ be a fixed generator of H. 
Each element of Hom(H,G,) is determined by the image of ¢ in G4, so 
dim Hom(H,G,) =1. On the other hand, if Ge Ext(H,G,) and ?’€ G is 
in the inverse image of t, we have p"t’€ G,, and p"t’ does not depend on the 
choice of ¢’. One verifies directly that the map Ext(H,G,)— G, defined by 
(+—> p"t’ is a vector space isomorphism, so dim Ext(H, G,) =1. 


THEOREM 3. For any abelian variety A, dim Ext(A, G,) = dim A. 


We already know that dim Ext(A,G,) =dimA (Prop. 11) with equality 
holding in the case of jacobian varieties (Th. 2), hence also for direct products 
of jacobians (Prop. 5, Cor.). Using Lemma 1, we are reduced to showing 
that if A is an abelian variety for which the theorem holds and B an algebraic 
subgroup of A, then the theorem also holds for 4/B. Such being the case. 
Prop. 6 gives the exact sequence 


Hom (A, G,) Hom(B, G,) Ext(A/B, G,) Ext(A, Ga.) Ext(B, G,). 
But Hom(A, G,) =0, so 


dim Ext(B, G,) — dim Ext(A, G,) + dim Ext(A/B, Gz) 
— dim Hom(B, G,) = 0. 


Now the component of the identity B, of B is an abelian variety, hence divisible, 
so we can write B = B, X H, where H isa finite group. Since dim Ext(B, G,) 
= dim Ext(Bo, + dim Ext(H, G,) and dim Hom(B, G,) = dim Hom(Bo, 
+ dim Hom(H,G,) = dim Hom(H,G,), Lemma 2 implies 


dim Ext (By, Ga) — dim Ext(A, G,) + dim Ext(4/B, G,) = 0. 


But dim Ext(Bo, G.) = dim Bo, dim Ext(A/B, G,) =dim A/B, and we have 
assumed that dim Ext(A,@,)=—dimA. The fact that dim A—dimA/B 
+ dim B, implies that all inequality signs above are actually equalities. 
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CoroLtuaRy. Jf B is an algebraic subgroup of the abelian variety A, 
we have a natural exact sequence 


0— Hom(B, G,) — Ext(A/B, G,) > Ext(A, G,) — Ext(B, G,) > 0. 


Appendix. 


We shall use freely the conventions of [6] and [9], together with certain 
results in [4]. 


Lemma. Let K be an algebraic function field of one variable that ts 
separably generated over its constant field k, 0 a semilocal subring of K, and 
w a differential of K. Then w ts an o-differential of first kind tf, whenever 
2€ 9 is a separating variable for K/k, we have Spx/x(2)o = 0. 

Letting , z be as above, for any repartition + of k(z) (hence also of 
K), we have (tr) =o(7) = Spresprw, P ranging over all prime 
divisors of K/k. Thus Spresp r»=0O for all repartitions + of k(z). In 
particular, for any prime divisor p of k(z)/k we have > p.,tesp 20 = 0. 
Suppose first that w has a pole at a prime divisor Q that is prime to the 
places of o. Then there exists an element ¢€ K such that ve(t) 20 and 
resgtw540. Fix an element a€k that is distinct from Q(t), a separating 
variable 2, of K/k, and an integer n greater than the order of any pole of w 
and so large that any element of K of order =n at each place of o is in o. 
(‘hoose z€ K so that 


(1) ve(t—z) =n. 

(2) vp(z—a) =n if P is a prime divisor of ov. 

(3) vp(z) =n if P is a pole of w distinct from Q and prime to the 
places of o. 


(4) vp,(z—z) >1 for some place P, of K that is not a zero of dz. 


By (4), dz—dz, has a zero at Po, so dz 40 implies dz0, i.e. z is a 
separating variable for K/k. By (2), z€o. If q is the prime divisor of k(z) 
lying under Q and PQ a prime divisor of K lying over q, then (using 
the same letters P, Q, q to represent places) P(z) =Q(z) =Q(t) ~a,o; 
by (2), we get P prime to the places of o and by (3), vp(zw) 20. 
Thus > zw = TeSg Zw == Tresg tw>40, a contradiction; hence we can 
have poles only at the places of 0. Thus for any z€ 0 that is a separating 
variable for K/k, we have Sprespz»—=0, P now ranging over the prime 
divisors of o. But if we add to any nonseparating variable a separating 
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variable, we get a separating variable, so the last equation holds for all z€ 9, 
precisely the condition that w be an o-differential [6, Th. 8]. 


Remark. Even if K is not separably generated over k, a sufficient 
condition that be an o-differential of first kind is that Spx/x(z)0 = 0 for 
all z€ 0 (the trace being understood to be zero if z€ k); this is shown by 
eliminating all mention of separating variables in the above proof. Con- 
versely, if w is an o-differential of first kind and z€ 0 then we always have 
Spxx(z)o = 0: this is part of the Lemma to Th. 1 of [9]. 

In the case where the universal domain is the field of complex numbers, 
the following result has been proved transcendentally in [9, §1]. 


Proposition 12. Let C be a complete nonsingular curve, 0 a semilocal 
subring of functions on C, ¢: C—>ZJ the corresponding canonical map of C 
into its generalized jacobian variety. Then the associated map w— ¢*w of 
differentials on J into differentials on C 1s an tsomorphism between the space 
of invariant differentials of degree one on J and the space of o-differentials 
of first kind on C. 


We may assume that the o-genus z of C is >0, for otherwise this is 
trivial. Let w be an invariant differential on J and let k& be an algebraically 
closed field of definition for C, the equivalence relation on C, J, ¢, and o. 
Let z€ 0 k(C) be a separating variable for k(C)/k and write k(C) = k(z, u), 
where u€ k(C) is separably algebraic over k(z). Let x be a quantity that 
is transcendental over & and write the divisor (z—-7) irredundantly as 
Prt: °—Qn. 2(Pi) =2, each P,; is 
generic for C over k; also each Q; is a pole of z, hence rational over k. Since 
is a unit in o we have +: By the 
last result of [13], for any point p that is rational over k(P,,: - -,Pn), we 
have a differential w(p) of k(P,,: --,P,)/k, and our last equation gives 
+: + =0(¢9:) +: But for any i=1, 

we have w(¢P;) = (¢*w) (Pi) and o(¢Q;) =0, so (¢*w) +: 
+ (¢*w)(P,) =0. For each t=—1,---,n, k( Pi) =k(2(P;), u(Pi)) 
=k(z,u(Pi)), so each P;, hence also k(P;,: - -,Pn) is separably algebraic 
over k(x) ; furthermore, P,,- - -, P, is a complete set of conjugates over k(z). 
Write =~ ydz, where y€ k(C) =k(z,u). Then for i—1,- - -,n we have 
(p*w) (Pi) =y (Pi) dz(Pi) =y (Pi) dz, so ie. 
Spx Py In other words, Spx oy = 0, proving that 
¢*w is an o-differential of first kind. Now consider the sequence of rational 
maps OT > ((™—>J (C™ and (™ being the direct and symmetric products, 
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respectively) given by pi X 
For Px independent generic points of C over k, we have 


Since the map C™-—>/ is generically surjective and separable, »40 implies 
¢*» 0. We are through, since both vector spaces in the proposition have 


dimension 


Proposition 13. Let C be a complete nonsingular curve, 0 a semilocal 
subring of functions on C, J the corresponding generalized jacobian variety. 
Then the maximal connected linear algebraic subgroup of J is a direct 
product of Gq’s if and only if each o-differential of first kind on C ts a 
differential of second kind. 


The maximal connected linear algebraic subgroup H of J is the kernel 
of the natural homomorphism from J to the ordinary jacobian variety of C, 
hence is isomorphic to the multiplicative group of units of 0 modulo units 
of 0, 0 being the integral closure of 0. By Prop. 2, H is a product of G,’s 
if and only if all its elements are of order p if the characteristic is p+0, 
while no element +0 is of finite order if the characteristic is zero. If 
001,102, where 0, and 0, are semilocal subrings of functions on C with 
no common place, then 60; 0. and H decomposes into a direct product 
in the obvious way. Furthermore, the o-differentials of first kind are pre- 
cisely the sums of o,-differentials of first kind and o,-differentials of first kind 
[6, Th. 8, Cor. 3], so it suffices to prove the proposition for 0, and 02 instead of o. 
Hence we may assume that o is a local ring. If P, Q are distinct places of 0, 
then any function on C that is very near 1 at P and very near some root 
of unity distinct from 1 at Q will be a unit in 6 some power of which is in 0, 
so H will not be a product of G,’s. In this case, a differential of third kind 
with simple poles at P and Q and no poles elsewhere will be an o-differential 
of first kind and not of second kind. Thus we may assume that o has a 
single place P. In characteristic zero, any o-differential of first kind will 
have zero residue at P and no poles elsewhere, hence be of second kind, while 
I will be a product of G,’s [9, Th. 11, Cor.]. In characteristic p40, the 
condition that H be a product of G,’s is that f?€ o for each f € 6, a condition 
equivalent to having resp f?»—0 for each f€ 6 and each o-differential w of 
lirst kind [6, Th. 8, Cor. 1]. But this is (trivially, cf. [%, Lemma 7]) equiva- 
lent to each such » being of second kind. 
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QUELQUES PROPRIETES DES VARIETES ABELIENNES EN 
CARACTERISTIQUE p.* 


par JEAN-PIERRE SERRE. 
a Emil Artin. 


Introduction. Soit A une variété abélienne de dimension g, définie sur 
un corps algébriquement clos &. Lorsque k=—C, la variété A est un tore 
complexe, ce qui montre que Valgébre de cohomologie H*(A,C) est une 
algébre extérieure engendrée par 2g éléments de degré 1, et que Von a 


hrs(A) = (2) (2). On peut se demander si ces résultats cohomologiques 


restent valables en caractéristique p> 0; ils gardent un sens, 4 cause de 
leur transcription en termes de faisceaux cohérents, cf. [20]. La premiére 
question qui se posait était la détermination de h%1(A) = dim. 6.) ; 
elle vient d’étre résolue par Rosenlicht [19]. Rosenlicht montre d’abord 
(loc. cit., Th. 1) que H*'(A,@.4) est isomorphe au groupe Ext(A,G,) des 
classes d’extensions de A par le groupe additif Ga, et il prouve ensuite (ibid., 
Th. 3) que Ext(A,@,) est un k-espace vectoriel de dimension g; ce dernier 
résultat a été également obtenu par Barsotti [3]. 

De 1a, on passe facilement a la détermination compléte de H*(A, @.), 
et on montre qu’une variété abélienne n’a pas de torsion homologique (au 
sens de [22]) ; c’est ce qui est fait au $1. Ce § contient également un exemple 
de variété abélienne A dont le second groupe de cohomologie 4 valeurs dans les 
vecteurs de Witt (le groupe H?(A,W%)) n’est pas un module de type fini, 
contrairement { ce que j’avais imprudemment conjecturé dans [22]. Cet 
exemple n’est guére encourageant du point de vue “ définition homologique 
des nombres de Betti”! 

Le § 2 est consacré a la classification des tsogénies radicielles de hauteur 1. 
On sait que les isogénies séparables A — A’ correspondent aux sous-groupes 
finis de A; une correspondance analogue vaut pour les isogénies radicielles 
de hauteur 1, 4 condition de remplacer les sous-groupes finis de A par certaines 
sous-algébres de Valgébre de Lie de A (ef. n°. 5, Th. 3). Ce résultat n’est 
Vailleurs pas nouveau: il est contenu (au moins dans le cas commutatif) 
dans le mémoire de Barsotti cité plus haut. Barsotti considére méme des 


* Received January 30, 1958. 
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isogénies de hauteur quelconque, et les classifie au moyen de la théorie de 
Dieudonné; ses énoncés, plus complets, sont peut-étre moins maniables; c’est 
pourquoi j’ai cru utile de reprendre le cas de la hauteur 1, en m’appuyant 
uniquement sur la “théorie de Galois” de Jacobson [14]. D/ailleurs, beaucoup 
de questions sur les isogénies radicielles se laissent facilement ramener au cas 
de la hauteur 1 (cf. §3, Lemme 9). Le §2 se termine par une application 
a un théoréme d’Igusa [12]. 

Nous rappelons au début du §3 les principales propriétés élémentaires 
des groupes Ext(A,B) (cf. aussi [19]), et nous indiquons le comportement 
de ces groupes lorsque l’on effectue sur A une isogénie radicielle de hauteur 1. 
On en déduit une nouvelle démonstration du théoréme de Barsotti [3] 
suivant lequel une variété abélienne n’a pas de torsion (dans le groupe de 
Néron-Severi). Le reste du $3 est consacré 4 montrer que la représentation 
des endomorphismes de A dans H1(A,W), augmentée de celle dans les points 
d’ordre p” de la variété duale, est l’analogue p-adique des représentations 
l-adiques de Weil (voir Th. 6 et Th. 7).* 


§1. Cohomologie des variétés abéliennes. 


1. Structure de l’algébre H*(A). Soit A une variété abélienne de 
dimension g, définie sur un corps algébriquement clos k, et soit Oa le 
faisceau de ses anneaux locaux. Posons H*(A) = >)” H(A, Ga); l’opération 
de cup-produit munit l’espace vectoriel H*(A) d’une structure d’algébre 
graduée; du fait que la multiplication dans @4 est associative et commu- 
tative, celle de H*(A) est associative et anticommutative (pour toutes les 
propriétés du cup-produit, nous renvoyons 4 l’ouvrage de Godement sur les 
faisceaux, [8], Chap. IT, §6). 

Ce qui précéde n’utilise que la structure de variété algébrique de A: 
utilisons maintenant sa loi de composition s: A X A—>A. Par passage 4 la 
cohomologie, elle définit un homomorphisme s*: H*(A)—- H*(A XA). 

Mais la formule de Kiinneth s’applique au faisceau des anneaux locaux 
(et plus généralement a des faisceaux cohérents quelconques) : cela se voit. 
par exemple, en appliquant le théoréme d’Eilenberg-Zilber ([8], Chap. I. 
Th. 3.10.1) aux complexes obtenus 4 partir de recouvrements affines. On a 
done H*(A XK A) = H*(A) @H*(A). De plus, le fait que A ait un élément 


neutre pour s montre, comme dans le cas classique, que, si deg(x) > 0, on a 

‘Pp. Cartier a également obtenu ume telle représentation (non publié) ; sa méthode 
est différente: il utilise le “ module de Dieudonné ” de la variété duale de A & la place de 
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Dy avec deg(yi:) > 0, deg(z%) >0. Cela sig- 
nifie que H*(A) est une algébre de Hopf au sens de Borel [4], §6. Or ona: 


LEMME 1. Soit H=>,* H" une algébre de Hopf sur k, associative, 
anticommutative, et connexe (i.e. H°=k). Soit g un entier tel que H"=0 
pourn>g. Ona alors dim.H* Sg, et, si Végalité est vérifiée, Valgebre H 
videntifie a Valgébre extérieure du k-espace vectoriel H?. 


D’aprés le théoréme de structure de Borel (loc. cit., Th. 6.1), Palgébre H 
est produit tensoriel sur d’algébres monogénes k[a;]. Posons nj = deg (2). 
Le produit de tous les x; est un élément non nul de H, de degré égal 4 S ni, 
dot Sug. En particulier, le nombre des 2; de degré 1 est Sg; comme 
ce nombre est visiblement égal 4 dim. H*, ceci démontre l’inégalité dim. H? S g. 
Sil y a égalité, tous les x sont nécessairement de degré 1; de plus leurs 
carrés sont nuls, car, si lon avait 2.7540, le produit - -@a, 
serait un élément non nul de H, de degré g+ 1, ce qui est impossible. 
lvalgebre H sidentifie done bien a Valgébre extérieure sur 

Les hypothéses du lemme précédent sont vérifiées par V’algébre de Hopf 
H = H*(A): on a H°(A) =k puisque A est connexe et complete, et = 0 
pour n >g puisque A est de dimension g ([21], Th. 2, ou méme [20], 
n°, 66, Th. 1 si Von tient compte du fait qu’une variété abélienne admet 
un plongement projectif). On a donc Vinégalité dim. H(A, @4) Sg; on 
notera que Rosenlicht, dans sa démonstration de l’égalité dim. H1(A, 64) =g9 
({19], Th. 3) a d’abord besoin d’établir Vinégalité précédente (loc. cit., 
Lemme 3). Si l’on fait maintenant usage de l’égalité en question, on obtient: 


THEOREME 1. Soient A wne variété abélienne de dimension g, et Oa 
le faisceau de ses anneaux locaur. L’algébre de cohomologie 


H*(A) =D 61) 


sidentifie a Valgébre extérieure de Vespace vectoriel H1(A,@.4), qui est de 
dimension g. 


Soit Q” le faisceau des formes différentielles réguliéres de degré r sur A, 
et posons h”* = dim. H*(A,Q"). Du fait que le fibré tangent 4 une variété 
de groupe est trivial, le faisceau 97 est isomorphe a la somme directe de 


(2) copies du faisceau Ou, et l’on en déduit h”* = (2) (9). 


On voit en particulier que la formule de symétrie = h** est valable 
pour les variétés abéliennes. 
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2. Absence de torsion homologique sur les variétés abéliennes. Sup- 
posons que la caractéristique p du corps de base soit >0. On sait ([22], 
n°. 3) que l’on peut associer 4 toute variété algébrique XY des opérations de 
Bockstein, opérant sur H*(X,@x); on dit que X n’a pas de torsion homo- 


logique si ces opérations sont identiquement nulles. 
THEOREME 2. Une varieté abélienne n’a pas de torsion homologique. 


Soit A une variété abélienne, et soient - les opérations de 
Bockstein associées 4 A. Supposons démontre que £;=0 pour i<n, et 
montrons que B,=0. Comme £, opére sur l’algébre de cohomologie de £,,, 
(loc. cit.), on voit que, dans le cas présent, B, opére sur H*(A). De plus 
B, vérifie la formule de dérivation suivante (loc. cit., formule (8)): 

= F(y) + (— ) dea(x) (2) rye H*(A), 
ou F désigne l’opération définie par la puissance p-eme sur 64. 

Puisque, en vertu du Th. 1, 1*(A) est engendrée par ses éléments de 
degré 1, il nous suffira donc de montrer que B,(@) =0 si r€ H'(A). Dans 
ce cas, on a évidemment =r@®1+1@a, autrement dit élément 


est un élément primitif de Valgébre de Hopf H*(A). Si Von pose y= B,(z), 
on a y€ H?(A); de plus, en vertu du caractére fonctoriel de By, on a: 


s*(y) =s*B, (©) = (x) = —¥O1410y. 


L’élément y est donc un élément primitif de H*(A), de degré 2. Pour 


prouver que y= 0, il suffit alors d’établir le lemme suivant: 
jue 


LEMME 2. Les seuls éléments primitifs non nuls de H*(A) sont de 


degré 1. 


Soit V = H'(A); d’aprés le Théoréme 1, on a H*¥(A) =A V. L’homo- 
morphisme s*: H*(A) > H*(A) @H*(A) s’identifie done a lapplication 
“diagonale” 8: 


On est alors ramené 4 démontrer qu’aucun élément non nul yé€ AJ, 
de degré = 2, ne vérifie Videntité 6(y) =y®1+1@y. C'est la un simple 
exercice d’algébre extérieure; on peut, par exemple, considérer la composante 
A(y) de &(y) dans AV @YV, et la “contracter” avec un élément v’ du dual 
V’ de V; on obtient ainsi un élément de AV qui n’est autre que le produit 
intérieur de y par v’; par hypothése, on a A(y) 0, ce qui montre le produit 
intérieur de y par tout élément de V’ est nul, d’ot y=0, comme on sait. 
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3. Un contre-exemple. Soit Y une variété projective, et soit W, le 
faisceaux des vecteurs de Witt de longueur n a coefficients dans le faisceau 6 x 
des anneaux locaux de X (cf. [22], §1). Si q est un entier = 0, le groupe 
H1(X,W,) est muni de facgon naturelle d’une structure de A-module, A 
désignant Vanneau W(k) des vecteurs de Witt de longueur infinie sur le 
corps de base k. Lorsque n varie, les H4(X,W%,) forment un systéme pro- 
jectif, dont la limite est notée H7(X,W); cest un A-module. Si ¢=—0, 
ou, si g=1 et si X est normale, on sait (loc. cit., Prop. 4) que H2(X,W) 
est un A-module de type fini; nous allons montrer que ce résultat nest 
plus valable pour = 2, méme si on suppose X non singulvere. 

Nous prendrons pour X une variété abélienne de dimension 2, telle que 
l'endomorphisme F': H'(X, Ox) H'(X, Ox) soit nul, par exemple le pro- 
duit de deux courbes elliptiques dont l’invariant de Hasse est nul (cf. [9] 
ainsi que [22], § 2). 


LemMeE 3. Pour tout n= 0, l’homomorphisme 


Fs H?(X,W,) > H?(X,Mn) 


est nul. 


Posons, pour simplifier les notations, H,’= H4(X, W,) ; on a en parti- 
culier H,?—=H4(X,@x). Du fait que XY n’a pas de torsion homologique 
(Théoreme 2), on a une suite exacte: 


ott le premier homomorphisme est le “ décalage” V, et le second l’opération 
de “restriction” itérée R"-'; pour la définition précise et les propriétés des 
opérations F’, V, R, nous renvoyons a [22], §1. 

Nous raisonnerons par récurrence sur n, le cas n=O étant trivial. 
Puisque # et V commutent, il s’ensuit que F est nul sur V(H,_,”) ; de plus, 
en vertu du Th. 1, H,? est un espace de dimension 1, ayant pour base le 
cup-produit de deux éléments 2,2’€ H,*. Choisissons alors des éléments 
€ H,? tels que Ry’ le cup-produit y:y’€ H,? a un 
sens, puisque 9, est un faisceau d’anneaux, et image de y-y’ par R" 
est r-a”; le A-module H,,? est done engendré par V(H,_.*) et par y-y’, et 
il nous suffira de montrer que F'(y-y’) =0. 

Vu V’hypothése faite sur V, on a Fx = Fx’ =0 dans H,'; la suite exacte 
écrite ei-dessus montre alors qu’il existe z, 2’ @ avec Py = Vz, Fy’ = V2’; 


comme y’) = Fy: Fy’, on en déduit F(y: y’) = Vz-V2’. En appliquant 
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Videntité Va-b=V(a-FRb), on voit que Vz: V2’ —=V(z-FRV2’); mais 
FRV =p, et on obtient finalement: 


F(y-y’) = Vz- Ve —V(p-2-2). 


Le produit appartient 4 H*,.; d’aprés Vhypothése de récurrence 


il est annulé par F, et a fortiori par p=RVF; on trouve donc bien 


F(y-y’) =0, ce qui achéve la démonstration. 


CoroLiaiRE. Le A-module H?(X,W) =lim. H?(X,W,) est annulé par 
p. et ce n’est pas un module de type fini sur A. 


Puisque / est nul sur chaque H?(X,%,), il est nul sur leur limite 
projective H?(X,W); comme p=FV sur H?(X,W), on voit bien que ; 
annule H?(X,); du fait que W(k)/p- W(k) =k, cela signifie que H?(X, ) 
est un k-espace vectoriel. Le méme raisonnement vaut pour chacun des 
H?(X,W,) ; de plus, la suite exacte écrite ci-dessus montre que la dimension 
de H?(X,W,) est n; la dimension de leur limite projective est done infinie. 
eqfd. 


§2. Isogénies radicielles de hauteur 1. 


4. Résultats préliminaires. Soit G un groupe algébrique connexe, 
de dimension r, et soit t(G) son algébre de Lie, identifiée 4 l’espace vectoriel 
des champs de vecteurs tangents sur G, invariants 4 gauche. Soit K le corps 
des fonctions rationnelles sur G, et soit A(K) le K-espace vectoriel formé 
par les dérivations de K, ou, ce qui revient au méme, par les champs de 
vecteurs tangents sur G; on démontre, comme dans la théorie classique des 
groupes de Lie (cf. [2], $5 et [18], par exemple) que A(K) =—t(G@) ©, XK; 
de plus, t(G@) est stable par l’opération de crochet (X,Y)—[X,Y] et 


Vopération de puissance p-eme c’est une p-algébre de Lie restreinte 


au sens de Jacobson (cf. [10], [13]). On notera que G@ opére aussi par 
translations 4 droite sur A(K) ; ces opérations laissent stable le sous-espace 
t(G@) de A(K), définissant ainsi la représentation adjointe de G. 


LEMME 4. Soit N wun K-sous-espace vectoriel de A(K), et soil 
n=NOt(G); c’est un k-sous-espace vectoriel de t(@). 

a) Pour que N soit stable par les translations a gauche de G, il faut 
et il suffit que N=n®@,K. 

b) Supposons a) vérifié. Pour que N soit stable par les translations 
a drotte de G, i faut et il suffit que n soit stable par la représentation 
adjointe de G. 
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c) Supposons a) vérifié. Pour que N soit stable pour le crochet et la 


nuissance p-eme, i faut et il suffit que n le soit. 


a). Si N=n®,K, il est clair que N est stable par les translations 4 
vauche (nous dirons aussi “invariant a gauche”). Supposons réciproque- 
ment que cette condition soit vérifiée, et soit e, (1 Str) une base de t(@) 
sur &, done aussi de A(K) sur K. Soit E le sous-corps de K attaché 4 NV 
relativement a la base e; (cf. Bourbaki, Alg. II, $5, déf. 2); d’aprés le 
Corollaire 4 la Prop. 10, loc. cit., le corps H est contenu dans le sous-corps 
de K formé des fonctions invariantes par translation 4 gauche, sous-corps 
qui n’est autre que *. En appliquant alors le Th. 2, loc. ctt., on en déduit 


bien que NV est engendré par n, dot N=n®@,K. 
b). est évident par transport de structure. 
c). On sait que t(@) est stable pour le crochet et la puissance p-eme; 


sil en est de méme pour XN, il en est donc aussi de méme pour VN Nt(G) =n. 
Inversement, supposons n stable pour le crochet; la formule évidente: 


[aY,bY] abe K, X,YEA(K), 
montre que N est stable pour le crochet. Supposons en outre que n soit 


stable pour la puissance p-éme, et utilisons la formule de Hochschild (cf. 


par exemple [7], Lemme 4): 
(aX)? == aXe + acK, X€A(K). 


En appliquant cette formule avec X € n, on voit que (aX )?€ N. Pour montrer 
que N est stable pour la puissance p-éme, il suffira donc de montrer que, si 
Yen, on a aussi Pour cela on 
utilise la formule de Jacobson (cf. [13]): 


Ve4s(X,V), X¥,Y€a(K), 


ol s(¥,¥) est un “alternant,” c’est-a-dire un polynéme (explicitement 
déterminé par Jacobson) par rapport a l’opération de crochet. Dans le cas 
qui nous occupe, on sait que l’on a s(X,¥Y)€ N, puisque N est stable pour 
le crochet, et il en résulte bien que (XY +Y)?€N, ce qui achéve la 
démonstration. 

temarque. Si G est commutatif, la représentation adjointe est triviale, 


et le crochet est nul dans t(G@). On voit donc que les sous-espaces NV de A(K) 
invariants par translation et stables pour le crochet et la puissance p-éme 
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correspondent bijectivement aux sous-espaces vectoriels n de t(@) stables pour 


la puissance p-éme. 


5. Classification des isogénies radicielles de hauteur 1. Conservons 
les notations du n°. précédent, et soit ¢: G—> G’ un homomorphisme surjectif 
de G dans un autre groupe algébrique G’. Identifions les algébres de Lie 
de G et de G’, soient t(G@) et t(G’), avec les espaces tangents a 1’élément 
neutre. L’application admet une application tangente t(¢): t(G) > 
dont nous désignerons le noyau par n(¢). 

D’autre part, puisque ¢ est surjectif, le corps K’ des fonctions rationnelles 
sur G’ se plonge dans le corps K; nous désignerons par NV (¢) le sous-espace 
de A(K) formé des dérivations qui s’annulent sur K’. 


Lemme 5. Ona N(¢) =n (¢) K, et est stable pour le crochet, 
la puissance p-eme, et la représentation adjointe de G. 


(Nous dirons que n(¢) est une p-sous-algébre de Lie de t(G@), stable 
pour la représentation adjointe). 

I] est clair que V(¢@) est stable pour les translations a droite et a gauche. 
ainsi que pour le crochet et l’opération de puissance p-eme. D’aprés le Lemme 4. 
a), on a donc V(¢) =n @, K, avec Si XE n, le vecteur 
tangent 4 l’origine XY, déterminé par le champ de vecteurs Y est évidemment 
dans le noyau de t(¢). Réciproquement, soit Y un champ de vecteurs 
invariant a gauche, et tel que Y.€ n(¢); par translation, on voit que 1 
appartient en tout point de G au noyau de l’application tangente a ¢, ce qui 
signifie que X appartient 4 NV(¢); on a done n—n(¢). En appliquant le 
Lemme 4,b),c), on voit alors que n(¢) est une p-sous-algébre de Lie stable 
pour la représentation adjointe. 

(Noter que le fait que n(¢@) est stable pour la représentation adjointe 
implique que u(¢) est un idéal de t(@), sans qw’il y ait équivalence entre 
ces propriétés). 

Nous dirons que ¢: G— G’ est une isogénie radicielle si l’extension K/h’ 
est radicielle, c’est-a-dire si K’ contient K?” pour n assez grand. II revient 
au méme de dire que ¢ est bijective, vu les propriétés connues des revétements. 
L’isogénie sera dite de hauteur 1 si l’on a K’D K?. Le corps K? correspond 


i Visogénie “ de Frobenius” G— G?, ot G? désigne la variété déduite de @ par 


Vautomorphisme «— x? du domaine universel (au point de vue de la théorie 
des faisceaux, la varicté G? peut étre définie comme ayant les mémes points 


et la méme topologie de Zariski que G, et comme faisceau d’anneaux le 
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faisceau des puissances p-emes de Og). Si ¢: G—>G’ est une isogénie de 


hauteur 1, on a done une factorisation G—> G’ > G?, et G’ est la normalisée 
de G? dans lextension K’/K»” (pour les propriétés de la normalisation des 
variétés, voir par exemple [15], Chap. V, §§ 3,4). La connaissance du corps 
kK’ détermine done de maniére unique l’isogénie ¢, 4 un isomorphisme prés, 
et tout revient 4 caractériser les corps K’, avec K D K’D K?®, qui corres- 


pondent a des isogénies. On a tout d’abord: 


LEMME 6. Pour qwun sous-corps K’ de K, contenant K?, corres- 
ponde a une isogenie, tl faut et il suffit qu’tl soit stable par les translations 
i gauche et a droite par les éléments de G. 


La nécessité est triviale, démontrons la suffisance. Soit @’ la normalisée 
de G? dans K’/K?; tout revient montrer que l’application (2, y) 
de GX G@ dans G@ définit par passage au quotient une application réguliére 
(’ X G’— G’, car on en déduira la loi de groupe de G’. Il suffit méme de 
démontrer que G’ K G’—G’ est une application rationnelle, en vertu des 
propriétés de la normalisation (cf. [15], Chap. V, $3). 

Nous noterons Ko K le corps des fonctions rationnelles de GX G; c'est 
le corps des fractions de V’anneau d’intégrité K®@,K; méme chose pour 
k’ok’. Tl nous faut démontrer que, si f€ K’, la fonction rationnelle 
g(z,y) =f appartient K’o Kk’. On aen tout cas g€ KOK, dou: 


g(2,y) = [ avee ce KOK. 


Quitte 4 remplacer c par sa puissance p-éme, on peut supposer 
c€ K’@® K’; de plus, si l’on prend n minimum, les a; et les 6; sont linéaire- 
ment indépendants sur k. Soit U un ouvert non vide de @ tel que les 
fonctions b; soient réguliéres sur U, et que c(2,y) soit une fonction ration- 
relle de x (non identique 4 o) pour tout y€U. Les fonctions 6; sont 
linéairement indépendantes sur U, et il existe done des points y,,---,yn€ U 
tels que la matrice c;;—=0;(y;) soit inversible. Le systeme linéaire 


c(x, y;) (xyz?) => eyai(z), j 
i=1 


montre alors que les a;(x) sont combinaisons linéaires des fonctions 
¢(x,y;)-f(xyj") ; puisque K’ est invariant 4 droite, ces derniéres fonctions 
appartiennent 4 K’. On a done a;€ K’ pour tout 7, et de méme 0,€ K’ pour 


tout 2, eqfd. 
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Nous pouvons maintenant appliquer la théorte de Jacobson pour les 
extensions radicielles de hauteur 1 (cf. [14] ainsi que [11], §1): d’apres 
cette théorie, les corps K’ tels que K D K’ D K? correspondent bijectivement 
aux K-sous-espaces vectoriels N de A(K) qui sont stables pour le crochet et 
la puissance p-eme. (De facon plus précise, K’ et N sont annulateurs ]’un 
de l’autre pour l’application canonique de K X A(K) dans K.) Le corps K’ 
est done invariant 4 droite et 4 gauche si et seulement si N lest, c’est-a-dire 
(Lemme 4) si NW est de la forme n®, K, ot n est une p-sous-algébre de Lie 
de t(G@) stable pour la représentation adjointe. On obtient donc finalement: 


THtorEME 3. Les classes d’isogénies radicielles G—>G’ de hauteur 1 
correspondent bijectivement aux p-sous-algébres de Lie de t(G) qui sont 
stables pour la représentation adjointe. 


De plus, le Lemme 5 montre que la sous-algébre n(¢) qui correspond 
&4 une isogénie ¢ n’est autre que le noyau de l’application tangente a ¢ a 
Porigine. 

Si n est une p-sous-algébre de Lie de t(G@) stable pour la représentation 
adjointe, nous désignerons par G/n le groupe G’ qui lui est associé; au point 
de vue ensembliste, on a G’—G, mais les fonctions rationnelles (resp. 
réguliéres) sur G’ sont les fonctions rationnelles (resp. réguliéres) sur @ qui 
sont annulées par les dérivations invariantes appartenant 4 n. D’aprés la 
théorie de Jacobson, le degré v(¢)—=|K: K’] de Visogénie est égal 4 po™". 

Si on prend n=0, on trouve G/n—G; si lon prend n—t(G), on 
trouve G/nu= G?; ce sont les deux cas extrémes. Il peut se faire que i((7) 
n’admette pas d’autre p-sous-algébre de Lie, stable pour la représentation 
adjointe ; c’est par exemple le cas si t(@) est une algébre de Lie simple. 

Si 6: G—dH est un homomorphisme, et si le noyau de l’application 
tangente 4 @ contient n, on peut factoriser 6 en G>G/n— ZH: cela résulte 
du Lemme 5d et de la caractérisation des fonctions rationnelles sur G/n. 


Remarques. 1) Soit n une p-sous-algébre de Lie de t(G), non néces- 
sairement stable pour la représentation adjointe; on peut encore définir (7/1! 
et montrer que la loi de composition de G@ définit par passage au quotient une 
application régulitre GX G/n— G/n, une structure d’espace homogene 


sur G/n. 


2) Comme on I’a dit dans l’introduction, le Théoréme 3 est essentiel- 
lement di a Barsotti ([3], §2), 4 cela prés qu’il se bornait au cas des groupes 
commutatifs (mais il considérait des isogénies radicielles de hauteur quel- 


724 
n 
d 
tl 
C0 
ha 
tr 
ql 
Q) 
ad 
en 
Ai 
pt 
tl 
CO 
{01 
le 
is 
dle 
Yel 
tou 


VARIETES ABELIENNES. 


conque). Les résultats de Barsotti ont été généralisés par Cartier; voir sé 
note [6], dont il faut toutefois corriger légérement les énoncés (sauf celui 
du Th. 3). 


6. Application a la variété d’Albanese. Soit f: V-—-G une applica- 
tio rationnelle d’une variété irréductible V dans un groupe algébrique 
commutatif G, également irréductible. 


THEOREME 4. Les deux propriétés suivantes sont équivalentes: 


(i) Il est impossible de factoriser f en V>G,—>G, ot VG, est 
une application rationnelle, et ou G,—>G est une isogéenie radicielle de 
hauteur 1 non triviale (1.e. de degré #1). 


(ii) Pour toute forme différentielle w de degré 1 sur G, invariante par 
translation, et non nulle, on a f*(w) 40. 


Soit Q(G) V’espace vectoriel des formes différentielles de degré 1 sur G 
qui sont invariantes par translation; c’est le dual de Valgébre de Lie t(G). 
Qn observera que, puisque G est supposé commutatif, la représentation 
adjointe de G dans t(G@) est triviale, de méme que le crochet; vu la dualité 
entre crochet et différentielle extérieure, on a dw=0 pour tout »€ 2(G). 
Ainsi, Vopération de Cartier C est définie pour tout »€ 2(G), et Von a 
((w)€Q(G), ef. [5]; cette opération est transposée de Vopération de 
puissance p-eme dans t((@), loc. cit., formule (6). 

Montrons maintenant que (ii) > (i), et soit V--G,—G une factorisa- 
tion de f, o1 6: G — G est une isogénie radicielle de hauteur 1 avec v(¢) -1. 
‘application t(@): t(G,) > t(G@) a un noyau non nul, donc n’est pas sur- 
jective, et il existe une forme linéaire non nulle w sur t(G@) qui s’annule sur 
l'image de ¢(G,); on a $*(w) dou a fortiori f*(w) =0 et cette 
contradiction montre bien que (ii) > (i). 

Inversement, supposons (i) vérifié, et soit n* le sous-espace de Q(@) 
formé des différentielles w telles que f*(w) 0. La formule Cf* =f*C 
montre que n* est stable par Vopération de Cartier C, done que orthogonal n 
de n* dans t((@) est stable par l’opération de puissance p-cme. Soit G,—=G/n, 
et soit g application composée G,; si w’ € O(G,) image réciproque 


le w par s’annule sur n, done appartient i n*, dod g*(o’) =0. 


Comme Q(G,) engendre en chaque point de G, V’espace des covecteurs tan- 
gents, on en conclut que l’application linéaire tangente a g est triviale en 


tout point de V ot elle est définie, i.e. sur tout ouvert U de V formé de 
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points simples et sur lequel g est réguliére. Soient alors r€ U, y=g(z), 
et soit O,(G.) ; du fait que g* (dé) —0, la fonction 6° est une puissance 
p-eme dans @,(V). Munissons alors G, du faisceau d’anneaux formé par 
les puissances des éléments de @(G.); on obtient ainsi (G.)?" (ef. 
n°, 5), et ce qui précéde montre que g: V-—> Gz, est en fait une application 
réguliére de V dans (@.)?". Mais l’isogénie G,— G? donne naissance 4 une 
isogénie (G.)?"— G, et l’on a ainsi obtenu une factorisation de f “a travers” 
(G.)?". Vu (i), cette isogénie doit étre triviale, i.e. on doit avoir (G.)?" = G, 
ou G, = G?, cest-a-dire n = t(@) ou encore n* = 0, et (ii) est bien vérifié, eqfd. 


Exemple. Soit A la variété d’Albanese de V; Vapplication canonique 
f: V-A vérifie évidemment (i), et le Théoréme 4 redonne un résultat 
Vigusa [12].* 

Supposons en particulier que V soit complete et normale, et désignons 
par H°(V,Q") Vespace vectoriel des formes différentielles de degré 1 sur V 
qui n’ont pas de diviseur polaire; Vapplication w—f*(w) est un homo- 
morphisme de 0(A) dans H°(V,*) et est injectif d’aprés ce que lon vient 
de voir; on obtient ainsi l’inégalité h?:° = dim. A. 


Remarques. 1) En fait, le Théoréme 4 peut servir 4 démontrer l’existence 
de la variété d’Albanese de V. Indiquons rapidement comment: 

Soit g: V—B une application rationnelle de V dans une variété abélienne 
B; on peut chercher a factoriser g en V>A—B, ot AB est une isogénie. 
Si l’on suppose que V engendre B, on voit aisément qu’il existe une factorisa- 
tion mazimale V>A—>B; Vapplication V—-A vérifie alors (i), et le 
Th. 4 montre que dim.A=h*°. On obtient ainsi une majoration de 
dim. B=dim.A qui remplace la majoration par le genre de la courbe 
générique ({16], Chap. II, §3). L’existence de la variété d’Albanese en 


résulte immédiatement (loc. cit.). 


2) On observera que la condition (ii) ne signifie nullement que f soit 
une application séparable, c’est-\-dire correspondant a une extension de corps 
qui soit séparable: on sait que c’est inexact méme pour l’application canonique 
de V dans sa variété d’Albanese. En voici un exemple simple: partons d’une 
variété abélienne A, de dimension 2, de corps des fonctions K, et soient 
x,y € K deux fonctions qui soient des paramétres uniformisants 4 |’élément 
neutre de A. Soit K’ le sous-corps de K engendré par K? et par ]’élément 
z= ay; soit V la normalisée de A? dans l’extension K’/K®. On a des applica- 


* Cette démonstration ne vaut qu’en caractéristique p ~ 0. En caractéristique zéro 
le théoréme d’Igusa résulte simplement de ce que ¢(V) engendre A. 
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tious canoniques A> V—A?, et [K: K’] =[K’: K?| =p; il s’ensuit que 
la variété d’Albanese de V est ou bien V ou bien A”; mais on voit facilement 
que V a un point singulier 4 Vorigine, done V ne peut pas étre une variété 
abélienne, et sa variété d’Albanese est A?, ce qui fournit l’exemple cherché. 


§ 3. Représentations p-adiques. 


7. Les groupes Ext(A,B). Dans ce n°. H, nous allons résumer un 
certain nombre de définitions et de résultats élémentaires sur les extensions 


de groupes algébriques (commutatifs). Pour plus de détails, le lecteur 
pourra se reporter A [19], $2 (et aussi 4 [2], dont le point de vue est 


toutefois assez différent). 

Soient A, B,C trois groupes algébriques commutatifs, non nécessairement 
connexes. Une suite exacte d’homomorphismes (rationnels, ou réguliers, c’est 
la méme chose) : 


(1) 05> 0 


est dite strictement exacte si B s’identifie 4 un sous-groupe de C (muni de la 
structure algébrique induite), et si A s’identifie au groupe quotient C/B 
(muni de la structure algébrique quotient). II revient au méme de dire 


que B> C et C— A sont séparables, ou encore que la suite d’algébres de Lie: 
(3) 0—>t(B) > t(C) > t(A) 0 


est une suite exacte (d’espaces vectoriels). 

Une suite strictement exacte (1) est appelée une extension de A par B; 
la notion d’isomorphisme de deux extensions a un sens clair; l’ensemble 
des classes d’extensions de A par B est noté Ext(A,B). On munit Ext(A, B) 
(une loi de composition par le procédé classique de Baer [1]: si C et C’ sont 
(deux extensions, on désigne par D le sous-groupe de C X C’ image réciproque 
de la diagonale de A & A, et par Q le sous-groupe de D formé des couples 
(b.—b), bE B; on constate alors que le quotient D/Q forme de facon 
naturelle une extension de A par B, qui est dite somme des deux extensions 
données. Les raisonnements de Baer s’appliquent presque sans changement, 
et montrent que Ext(A,B) est un groupe abélien (la seule difficulté supplé- 
mentaire est qu’il faut montrer que l’on a bien des suites strictement exactes, 
mais @’est chaque fois évident sur les applications tangentes). 

Si f:A’— A est un homomorphisme, et si C est une extension de A 
par B, on définit f*(C) € Ext(A’,B) comme le sous-groupe de A’ & C formé 
des couples (a’,c) tels que a’ et c aient méme image dans A. On vérifie 
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que f*: Ext(A,B)— Ext(A’,B) est un homomorphisme, et que I’on a les 
formules 1*~1, (fg)*=—g*f*, (f+f)*=f*+/f*; ainsi, Ext(A,B) est 
un foncteur contravariant additif en A. 

De méme, tout homomorphisme s: BB’ définit un homomorphisme 
Sy: Ext(A, B) — Ext(A, B’), et ’'on montre que Ext(A,B) est un foncteur 
covariant additif en B. Si f: A’—> A est un homomorphisme, on a f*s, = s,,f*, 
ce qui montre que Ext(A,B) est biadditif. 

Si A et B sont deux groupes algébriques commutatifs, on note Hom (4A, B) 
le groupe des homomorphismes (réguliers) de A dans B. 

Soit maintenant 0 A’>A—>4A”-—>0 une suite strictement exacte, et 
soit ¢€ Hom(A’,B); on a ¢,(A) € Ext(A”,B), et Von obtient ainsi un 
homomorphisme d: Hom(A’,B)— Ext(A”,B). Cet homomorphisme de 
“bord,” combiné avec les homomorphismes fonctoriels associés 4 A’—> A et 


A—A”, fournit une suite ezacte: 
d 
(3) O0—Hom(A”, B) Hom(A, B) > Hom(A’, B) Ext(A”, B) 


— Ext(A, B) > Ext(A’, B). 


De méme, on associe 4 toute suite strictement exacte 0 > B’ > B-> B” >() 


une suite exacte: 
d 
(4)  O—Hom(A, B’) Hom(A, B) Hom(A, —> Ext(A, B’) 


Ext(A, B) > Ext(A, B”). 


8. Comportement de Ext(A, B) par isogénie radicielle de hauteur 1. 
Soient A et B deux groupes algébriques commutatifs connexes, et soit n une 
p-sous-algébre de Lie de t(A), c’est-d-dire un sous-espace vectoriel de t(A) 
stable pour la puissance p-eme. On a défini au n°. 5 Visogénie radicielle 


A—A/n; a cette isogénie nous allons associer une suite exacte (analogue a 


la suite (3) du n° 7): 


d 
(5) O—Hom(A/n, B) ~ Hom(A, B) Hom(n, t(B)) —> Ext(A/n, B) 


—> Ext(A, B) > Ext(n,t(B)). 


I] faut d’abord préciser que Hom(n,t(B)) et Ext(n,t(B)) sont pris au 
sens de la catégorie des espaces vectoriels munis d’une opération de puissance 
p-éme (i.e. des p-algébres de Lie abéliennes) ; par exemple, un élément de 
Hom(n,t(B)) est une application linéaire de n dans t(B) qui commute 
avec la puissence p-eme. Tout homomorphisme de A dans B définit un 
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homomorphisme de t(4) dans t(B), d’ou, par restriction, un homomorphisme 
de n dans t(B). Les homomorphismes Hom(A,B)— Hom(n,t(B)) et 
Ext(A, B) > Ext(n,t(B)) sont définis de fagon évidente. Quant 4 l’homo- 
norphisme “bord” d: Hom(n,t(B)) — Ext(A/n, B) il est défini ainsi: soit 
6€ Hom(n, t(B) ), et soit ng le sous-espace de t(A) X t(B) =t(A X B) formé 
par les couples (X, p(X )), o& XY parcourt n. I] est clair que ng est une p-sous- 
alg¢bre de Lie de t(A X B), ce qui permet de définir Cy— (A X B)/ng; 
les homomorphismes canoniques B—> AX B et AX B—>A/n définissent des 
homomorphismes Cy» et Co—A/n, et Von vérifie immédiatement que 
la suite 
B> Ce A/n> 0 


est strictement exacte. On a ainsi obtenu l’application 
d: Hom(n,t(B)) Ext(A/n, B) 
cherchée; on vérifie que c’est un homomorphisme. 


Il reste maintenant A démontrer l’exactitude de la suite (5); jusqu’a 
llom(n,t(B)) elle est triviale. Pour Hom(n,t(B)), on doit montrer que les , 
conditions “Cg est isomorphe 4 A/n X B” et “¢ est la restriction 4 n d’un 
hoomorphisme de A dans B” sont équivalentes. Tout d’abord, si ¢ se 
prolonge en g: A—>B, l’application a— (a,g(a)) de A dans A X B applique 
n dans ng, donc définit par passage au quotient un homomorphisme A/n—> C9 
qui est une section; on a done bien Co —=A/n X B. Inversement, si ]’exten- 
sion Cg est triviale, il y a une “rétraction” r: C—>B qui est Videntité sur 
B, et, en composant r avec l’application naturelle de A dans (4, on trouve 
in homomorphisme g: A—B qui prolonge —¢. 

Soit ¢€ Hom(n,t(B)); par construction, il existe un homomorphisme 
4+C relevant la projection A—A/n; done Cy appartient au noyau de 
Nxt(A/n, B) > Ext(A,B). Inversement, si C est un élément de ce noyau. 
il existe un homomorphisme k: A—>C relevant A—A/n; la restriction de 
—k an est un homomorphisme ¢ de n dans t(@) ; soit Cg extension de A/n 
par B associée ¢. L/’application (a,b) —>k(a) +6 est un homomorphisme 
de A & B dans C dont la restriction 4 ng est nulle; par passage au quotient, 
elle définit un homomorphisme s: Cg—>C qui est Videntité sur B et définit 
par passage au quotient Videntité sur A/n; les deux extensions C et Cy» sont 
done isomorphes, ce qui démontre l’exactitude de (5) en Ext(A/n, B). 

Soit C€ Ext(A/n, B), et soit H € Ext(A,B) Vimage réciproque de C par 
1—+A/n; par définition, est le noyau de ’homomorphisme A K C—> A/n 
lifférence des homomorphismes A—>A/n et C—A/n.  L’application 
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t(A C)—t(A/n) étant surjective, la suite XK C>A/n-> 0 est 
strictement exacte, et t(/) s’identifie au noyau de t(A) X t(C) >t(A/n); il 
s’ensuit que t(#) contient n X {0}, et que l’élément de Ext(n,t(B)) défini 
par £ est trivial. Inversement, soit H une extension de A par B jouissant 
de cette propriété, et soit 6: n—t(H) une “section” (compatible avec la 
puisance p-eme); si l’on pose C—=EH/6(n), on vérifie tout de suite que 
Ext(A/n, B) et que image de C dans Ext(A,B) n’est autre que ce 
qui achéve de démontrer l’exactitude de la suite (5). 


9. Comparaison de Ext(A, B) avec la cohomologie de A. Nous allons 
maintenant reprendre, en les complétant sur quelques points, les résultats de 
[19], §3. Dans tout ce qui suit, A désigne une variété abélienne, et B wn 
groupe linéaire commutatif et connexe. Les deux cas que nous avons princi- 


palement en vue sont les suivants: 
a) B=G,. groupe multiplicatif. 


b) B=W,, groupe additif des vecteurs de Witt de longueur n (pour 


n==1, cest le groupe additif G,). 


Soit @ le faisceau des germes d’applications réguliéres de A dans B; 


le groupe H1(A,@) n’est autre que le groupe des classes d’espaces fibrés 
principaux (localement triviaux) de base A et de groupe structural B. Toute 
extension C de A par B définit un tel espace fibré: on sait en effet ([2]. 
Lemme 3.2 ainsi que [17], Th. 10) qu’il existe une section rationnelle A > (, 


d’ot par translation l’existence d’une section réguliére en un point donné 
de A, ce qui montre bien que C est localement trivial. On obtient ainsi une 
application canonique Ext(A,B)—- #H'(A,@) dont on vérifie tout de 


suite que c’est un homomorphisme. 
LEMME 7%. L’application @ est wmjective. 


Soit C une extension de A par B qui soit triviale en tant qu’espace fibre. 
c’est--dire qui posséde une section réguliére s: A—C. Quitte a effectuer 
une translation, on peut supposer que s(0) 0. Soit A’ le sous-groupe de ( 
engendré par s(A); comme A est compléte et s réguliére, s(A) est complete 
et il en est de méme de A’, donc aussi de AMB; comme B est une 
variété affine, on a done dim. (A’ MN B) = 0, d’ot dim. A’ = dim. A = dim. s(A) 
et A’==s(A). Ainsi s est un homomorphisme, cqfd. 


Remarque. Le raisonnement précédent (di a Rosenlicht, [19], Prop. 9) 
démontre en fait ceci: soit V une variété compléte et non singuliére, et soit 
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tion composée Ext(A,B)—> est alors injective (le 
second homomorphisme étant ¢*). C’est 14 un résultat analogue 4 celui 
VIgusa (cf. n°. 6), et qui fournit l’inégalité dim.A Sh? (et méme 
dim. A = dim. Z,', avec les notations de [22], n°. 7). 

Soient maintenant p, et p. les deux projections de A X A sur A, et soit 
pit po. 


LeMME 8 Pour qu’un élément «€ H'(A,@) appartienne a Vimage de 
6. il faut et il suffit qu’il soit “ primitif,” c’est-d-dire qu'il vérifie la relation: 


s*(2) (2) + dans H*(A X A, B). 


La nécessité résulte de ce que Ext(A,B) est un foncteur additif de A. 
Supposons inversement que / soit un espace fibré principal, de base A et de 


groupe structural B, correspondant 4 un élément primitif de H*(A,@). 
(‘ette derniére hypothése revient 4 dire qu’il existe une application réguliére 
EX vérifiant la formule 


g(e+d,e 


et définissant par passage au quotient l’application s: AK A—A. Quitte 
i effectuer une translation, on peut en outre supposer que, pour un point 
0€ EF se projetant au point 0 de A, on a g(0,0) 0. Tout revient alors 
i montrer que la loi de composition g fait de # un groupe commutatif qui 
est une extension de A par B. Vérifions par exemple la commutativité de g: 
sie,e’€ BH, g(e,e’) et g(e’,e) ont méme image dans A, et l’on peut écrire: 
g(e,e’) =g(e’,e) +k(e,e’), est une application de HX EF dans B; 
on voit facilement que & est réguliére, et que k(e+),e’+b’) =k(e,e’), 
b,b°€ B; done & définit par passage au quotient une application réguliére 
AX A—B qui ne peut étre que constante, puisque A X A est compléte et 
B affine; comme de plus (0,0) =0, on voit done que k(e, e’) 0 pour tout 
couple (e.e’), ce qui démontre bien la commutativité de g. Les autres 
verifications se font de maniére analogue. 

Les deux lemmes précédents nous permettent identifier Ext(A,B) au 
sous-groupe de H1(A,@) formé des éléments primitifs. Nous allons main- 
tenant déterminer ce sous-groupe dans les deux cas particuliers indiqués 
plus haut: 


Cas a). Ona B= Gp, et le groupe H1(A,@) n’est autre que le groupe 
D(A) des classes de diviseurs de la variété A, pour l’équivalence linéaire. 
Dire que la classe d’un diviseur X est un élément primitif de D(A) signifie 
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que l’on a ~ py + pot(X) =X KA+AXX suraA X A, autre. 
ment dit que X =0 au sens de Weil [23], p. 107 (cf. aussi [16], Chap. IV). 
Nous désignerons par P(A) le sous-groupe de D(A) formé par les classses 
de tels diviseurs; d’aprés les Lemmes 7 et 8, on a P(A) = Ext(A,G,). 
résultat dfii A Weil [24]. 

On sait (cf. par exemple [16]) que P(A) contient le sous-groupe 4* 
de D(A) formé des classes de diviseurs algébriquement équivalents a zéro, 
le quotient P(A) /A* étant le groupe de torsion de A. En fait, Barsotti [3] 
a démontre que ce groupe est toujours nul, i.e. que P(A) —A*; now 
donnerons au n°. 10 une autre démonstration de ce fait. 


Cas b). On a B=W,, et le faisceau @ n’est autre que le faisceau BY, 
considéré au n°. 3. Tout élément de H*(A,W,) est primitif. En effet, 
il suffit de montrer que H1(A X A,W,,) est égal 8 H*(A,W,) X H*(A,%,); 
pour n = 1, cela résulte de la formule de Kiinneth (n°. 1), et on va raisonner 
par récurrence sur n, en utilisant la suite exacte 0—> Wn. >W,— 60. 
Les deux injections canoniques de A dans A XA définissent un homomor- 
phisme 


i*: H*(A ALW,) H*(A,Wn) X ) ; 


les deux projections canoniques de A XA sur A définissent un homomor- 


phisme 


p*: H*(A,W,) X Wn) X 


On a t*0o p* 1, et tout revient 4 montrer que 1* est injectif. Or on a wm 
diagramme commutatif : 


0 > H(A XA,Wn1) XA,W,) H*(AXA,6) 


1) > H(A, Wn) X H(A, > H(A, 6) X H(A. 6 


Vu Vhypothése de récurrence les deux fléches verticales extrémes sont 
bijectives; la fléche verticale médiane est done injective, ce qui achéve la 
démonstration. 

On obtient finalement Ext(A, W,) = H*(A,W,,), cf. [19], Th. 1. 


10. Effet d’une isogénie sur la cohomologie. Non-existence de torsion. 
Nous nous proposons de déterminer l’effet d’une isogénie ¢:A—> A’ (A et A’ 
¢tant des variétés abéliennes) sur les groupes H1(A,W,) = Ext(A, W,,) et 
P(A) = Ext(A,Gm). Tl est commode d’introduire quatre type “élémer- 


taires”” (isogénies : 
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type S, (resp. S2): isogénie séparable A > A/N, ot N est un sous-groupe 


fini de A d’ordre premier 4 p (resp. d’ordre p). 

type % (resp. t2): isogénie radicielle A—A/n, de hauteur 1, ov n est 
un sous-espace vectoriel de t(A) ayant une base formée d’un élément 
X tel que X¥?=0 (resp. tel que X7=Y). 

LEMME 9. Toute isogénte est un produit d’isogénies appartenant a l'un 
des types précédents. 

Soit ¢: A— A’ une isogénie quelconque, et soit v(@) son degré; rai- 
sonnons par récurrence sur v(@), le cas —1 étant trivial. Si @ est 
| separable, on a A’ = A/Q, ot Q est un sous-groupe fini de A; si l’ordre de Q 
est premier a p, @ est du type s,; sinon Q contient un sous-groupe N d’ordre 
p, et on peut factoriser ¢ en A A/N—A/Q; comme le degré de l’isogénie 
4/N—A/Q est égal 4 v(¢)/p, on peut lui appliquer V’hypothése de récur- 
rence. Supposons maintenant que ¢ soit inséparable, et soit q le noyau de 
| t(4) > t(A’) ; on sait (Lemme 5) que q est stable pour la puissance p-éme, 
et ’on a g340 (sinon ¢ serait séparable). La structure des p-algébres de Lie 
abéliennes (c’est-a-dire la “ réduction de Jordan” des applications p-linéaires ) 
montre alors que q contient un sous-espace n ayant une base formée d’un 
‘lément Y tel que =X ou X?=—0 (cf. par exemple [7], 10, 11). 
(Qn peut alors factoriser ¢ en A—A/n— A’, et appliquer Vhypothése de 
recurrence 4 A/n— A’, eqfd. 

En particulier, toute isogénie de degré p est de l’un des types so, 1;, OU te. 

Si ¢: A—A’ est une isogénie, nous noterons ¢,* lapplication de 
dans H1(A,W,) définie par ¢; c’est un A-homomorphisme, 
\ désignant Vanneau W(k), ef. n°. 3. 

LEMME 10. Si ¢ est de type s, ou de type ts, gn* est bijectif. Si @ est 
de type s. ow de type i,, dn®* a pour noyau et pour conoyau des A-modules 
de longueur 1. 

D’aprés les Théorémes 1 et 2, H*(A,W,) est un A-module de longueur 
ndim.(A), et de méme pour H*(A’,W%,). Comme ¢,* est un A-homo- 
morphisme, son noyau et son conoyau ont méme longueur, et il suffira de 
considérer le noyau. 

Supposons d’abord @ séparable, donc de la forme A—A/N. Tenant 
compte de ce que H1(A, W,) = Ext(A, W,), on peut appliquer la suite exacte 
' des Ext (cf. n°. 7, suite (3)), et Yon obtient la suite exacte:* 


(6) 0 —> Hom(N, W,) > H*(A/N, Wn) > H*(A, 


* Cette suite exacte peut aussi se déduire de la suite spectrale de Cartan-Leray du 
revétement galoisien A > A/N. 
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On est alors ramené a vérifier que Hom(N, W,) est un A-module de longueur () 
(resp. 1) dans le cas s, (resp. s2), ce qui est évident. 

Supposons ensuite ¢ inséparable, donc de la forme A— A/n, avec n de 
dimension 1. On peut alors appliquer la suite exacte (5) du n°. 8, et l’on 
obtient la suite exacte: * 


(7) 0— Hom(u,t(W,)) H'(A/n,W,) > H'(A,W,). 


La structure de la p-algébre de Lie t(W,) est bien connue (cf. par exemple 
| 7], n°. 16): elle a une base formée de n éléments avec = 
XP = -,X,?=0. On en déduit bien que Hom(n,t(W,)) est de 
dimension 0 ou 1 (sur /) suivant que ¢ est de type 1, ou de type 7. eqtd. 

Si ¢: est une isogénie, nous noterons lhomomorphisme de 
P(A’) dans P(A) défini par ¢ (cette notation est en accord avec celle | 
utilisée dans la théorie de la variété de Picard, cf. [16], Chap. V, §1). 

LEMME 11. Si ¢ est de type s. ow de type ix, le noyau de th est nul; 
st @ est de type ts, ce noyau est d’ordre p; si est de type s,, il est fini et 
Wordre premier a p. Dans tous les cas, tp est surjectif. 

On raisonne comme dans le Lemme 10, en utilisant lisomorphisme 
P(A) = Ext(A,G») et les suites exactes (3) et (5). On obtient ainsi, 
dans le cas séparabie, la suite exacte: 


(8) 0— Hom(N,G,,) ~ P(A/N) P(A) Ext (N,G,,). 


Comme G,, est un groupe divisible, Ext(N, Gm) est nul, et ‘d est surjectif: 
quant au noyau de ‘¢, il est isomorphe 4 Hom(N, G,,), c’est-a-dire a la com- 


posante d’ordre premier 4 p du groupe des caractéres de V; d’ot le lemme 


dans le cas séparable. 
Dans le cas inséparable, on a de méme une suite exacte: 


(9) 0— Hom(n,t(Gn)) P(A/n) P(A) Ext (n, t(G,) )- 


La p-algébre de Lie t(G,) a comme base l’élément Y = td/dt, et l'on a 
Ye —Y; on en déduit que Hom(n,t(@,)) est nul (resp. cyclique d’ordre p) 
si l’on est dans le cas 1, (resp. 72), et que, dans tous les cas, Ext(n, t(Gm)) =9. 
eqfd. 

THEOREME 5. Une variété abélienne n’a pas de torsion. 

*De méme que ci-dessus, cette suite exacte peut se déduire d’une swite spectrale 


analogue 4 celle de Cartan-Leray, oi: la cohomologie de la p-algébre de Lie n (au sens 
de Hochschild [10]) remplace la cohomologie des groupes. 
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(Autrement dit, on a P(A) =A*, ou encore, si XY est un diviseur, 
les relations “Y=0” et “X est algébriquement équivalent 4 zéro” sont 


equivalentes ). 

Le groupe A* des classes de diviseurs algébriquement équivalents 4 0 
est un sous-groupe de P(A), et Von sait (ef. [16], Chap. IV, par exemple) 
qvil existe un entier n= 1 tel que n-P(A) C A*. Soit ¢: AA Pisogénie 


iéfinie par la multiplication par n; en combinant les Lemmes 9 et 11 on voit 
que *p: P(A) > P(A) est surjectif. Mais P(A) = Ext(A, Gm) et les fonc- 
teurs Ext(A,B) sont additifs; il s’ensuit que *@ n’est autre que la multiplica- 
tion par n (voir aussi [23], Prop. 31), dot P(A) =n: P(A) C A*, eqfd. 


Remarque. Comme on la indiqué dans Vintroduction, le Théoréme 5 
est di a Barsotti [3]; la démonstration de Barsotti, assez différente de celle 
lonnée ci-dessus,® est basée sur une caractérisation des différentielles “ logarith- 


miques ” (voir aussi [5]). 


11. Représentations p-adiques. Soit A une variété abélienne; on sait 
(|22], Prop. 4) que H'(A,W) =lim. H*(A,W,,) est un A-module libre de 
type fini; soit r(A4) son rang. ‘Tout homomorphisme ¢: A—B définit un 
homomorphisme transposé ¢*: H*(B,W) H*(A,W), limite des con- 
‘idérés au ne, précédent. On notera que ¢* commute aux opérations V et F. 

Soit d’autre part A4*— P(A) le groupe des classes de diviseurs sur A 
ilgeébriquement Cquivalents 4 zéro (la “variété de Picard” de A); nous 
uoterons 7',(A*) le “groupe de Tate” de A* relatif au nombre premier p. 
tappelons ([16], Chap. VII, $1) que Von a 7',(A*) = Hom(Q,/Zp, A*) ; 
in élément de 7,,(*) n’est done pas autre chose qu’une suite (%1,°°*,Zny° °°); 
wee 7,€ A*, px, = 0, Pls etc. Si p*4) est le nombre de 
joints @ordre p de A* (ou de A, c’est la méme chose, puisque A et A* sont 
sogenes), 7,(A*) est un module libre de rang s(A) sur Vanneau Z, des 
vutiers p-adiques (loc. cit.). Tout homomorphisme ¢: A—B définit un 
lomomorphisme transposé > T,(A*). 

On sait que ’anneau Z, peut étre identifié 4 Vanneau W(F,) des vecteurs 
le Witt de longueur infinie sur le corps F, 4 p éléments, done 4 un sous-anneau 
le \== W(k): Vensemble des éléments de A invariants par F. Par extension 
le Vanneau d’opérateurs, le Z)-module T,(A*) définit un A-module T’,(A*) 
le méme rang s(A). 

Enfin, nous désignerons par L,(A) la somme directe de H1(A,W) et 
le T”,(A*) ; e’est un A-module libre de rang r(A) + s(A), et, comme chacun 


* Cette démonstration a également été obtenue par Cartier (non publié). 
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de ses facteurs, c’est un foncteur contravariant additif en A. Si ¢: A+B 
est un homomorphisme, nous noterons ¢’ ’homomorphisme de L,(B) dans 


L,(A) qui lui est associé. 


THEOREME 6. Soit ¢: une tsogénie de degré v(¢), et soit 
la plus haute puissance de p divisant v(p). L’application ¢$’: Ly(B) > L,(A) 
est alors injective, et son conoyau est un A-module de longueur fine égale a k. 

Vu le Lemme 9, il suffit de démontrer le théoréme dans le cas d’une 
isogénie “ élémentaire.” Examinons successivement les quatre cas: 


type s,. Les Lemmes 10 et 11 montrent que ¢*: H?(B,W) > H*(A,H) 
ainsi que ‘¢: T,(B*) > T,(A*) sont bijectifs, et il en est donc de méme 
de ¢’; comme k= 0 dans ce cas, le théoréme est bien vérifié. 


type s.. D’aprés le Lemme 10, pour tout n= 1, le noyau et le conoyau 
de d,* sont de longueur 1; par passage a la limite projective, on en déduit 
que le noyau de ¢* est de longueur 0 on 1 (donc 0 puisque Ly(B) est uw 
module libre), et que le conoyau de ¢* est de longueur 1 (les conoyaux 
s’appliquant les uns sur les autres quand n—>-+ 0). D/’autre part, le Lemme 
11 montre que ‘¢ est bijectif, d’ot le théoréme, puisqu’ici k = 1. 


type 14. Méme raisonnement que pour le type 8». 


type i» Le Lemme 10 montre que ¢* est bijectif. D’autre part le 
Lemme 11 montre que le noyau de ‘¢: B*— A* est cyclique d’ordre p; on 
en déduit par le raisonnement usuel ([23], p. 50 ou [16], loc. cit.) que 
‘bh: T,(B*) > T,(A*) est injectif et que son conoyau est de longueur 1, d’ot 


le théoréme, puisqu’ici encore on a k=1. 


CorRoLLAIRE 1. Le rang r(A) +s(A) du A-module L,(A) est égal 
2.dim(A). 

On applique le Théoréme 6 4 Visogénie ¢: A—A définie par la multi- 
plication par p. On a 4m) ([23], p. 127), et d’autre part le 
conoyau de q¢’ est L,(A)/p:L,(A), qui est un A-module de longueur 
r(A)+s8(A). 

COROLLAIRE 2. Soient A et B deux variétés abéliennes de mém 


dimension, et sott @ un homomorphisme de A dans B. Si ¢ nest pas une 
isogénie, le conoyau de ¢’ n'est pas de longueur finie. 


Soit C image de A dans B. a dim. C < dim. A = dim. B. L’applica- 
tion se factorise en D/’aprés le Cor. 1, le rang 
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du A-module Z,(C) est strictement inférieur 4 celui de L,(A), et le conoyau 
de ¢’ n’est done pas de longueur finie. 

(On pourrait facilement démontrer que L,(B)—>L,(C) est surjectit, 
mais nous n’aurons pas besoin de ce résultat). 

Nous allons maintenant prendre B= A, autrement dit considérer des 
éléments @ de ’anneau (A) des endomorphismes de A. A un tel élément 
est attaché ’endomorphisme ¢’ de Z,(A); on a les formules 


(di $:)’ = + et (hids)’ = do’ dy ; 


ves formules signifient que ¢—> ¢’ est une anti-représentation de @(A) dans 
L,(A). Si Von choisit une base dans L,(A), on obtient ainsi une représen- 
tation de @(A) par des matrices de degré 2.dim(A) A coefficients dans A; 
nous allons voir que cette représentation est l’analogue p-adique des représen- 


tations l-adiques de Weil: 


THEOREME 7. Si d est un élément de A(A), le polynéme caractéristique 
le @ (au sens de Weil, [23], p. 181) est égal a celui de Vendomorphisme ¢’ 
le Lp(A) qut lui est associé. On a en particulier 


v(p) =det($’) et o(p) = Tr(¢’). 


Soit D(¢) = det(¢’); cest a priori un élément de A, et nous allons 
'abord montrer que c’est un élément de Vu la décomposition de L,(A) 
en somme directe, on a D(¢) = det(¢*) det (‘d), et il est clair que det(‘¢) 
uppartient & Zp); reste a voir qu’il en est de méme de det(¢*). Soit ¢, 
i-=1,---.r(A), une base de H1(A,W); si 6*(e:) = Saije;, avec A, 
on a, par définition, det(¢*) = det(aij). Puisque VF = p, Vapplication F 
le H1?(A,W) dans lui-méme est une injection, et les Fe; sont linéairement 
indépendants sur A. Du fait que ¢* commute avec F, on a $*(Fe@;) 
= ¥ F(a) Fe; et Von a det(¢*) = det (F(ay)) = F (det(ai;)) = F (det($*)), 
ce qui signifie bien que det(#*) est un élément de Z,, et démontre notre 
assertion. 

A partir de la, la démonstration est la méme que celle du Th. 36, p. 136, 
(le [23]: le Th. 6 et son Cor. 2 montrent que les relations v(¢) =0 et 
D(¢) =0 sont équivalentes et que D(¢) et v(¢), lorsqu’ils sont non nuls, 
ont méme valuation p-adique; en appliquant le Lemme 12, p. 134, de [23], 
on en déduit que D(¢) —v(¢), dou le théoréme. 
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Remarques. 

1). Ala différence des représentations J-adiques (J ~ p), la représentation 
p-adique que nous venons d’obtenir est 4 coefficients dans A= W(k), et non 
dans Z,; l’exemple des courbes elliptiques d’invariant de Hasse nul montre 
(ailleurs qu’il est impossible d’obtenir une représentation 4 coefficients dans 
Z, ayant la trace voulue. 


2). Nous avons construit la représentation précédente comme somme 
directe de deux représentations. En fait on peut la décomposer de facon 
canonique en somme directe de trois facteurs: chacun des H*(A, W,,) est 
somme directe d’un sous-espace H1(A,W,); ou F est bijectif, et d’un sous- 
espace H1(A,W,), ot F est nilpotent (décomposition “de Fitting”). Par 
passage a la limite, on obtient une décomposition I*(A,W), + H1(A,W), 
de H1(A,W) qui est évidemment “fonctorielle”; le A-module H1!(A,), 
est isomorphe 4 Hom(7’,(A),A), comme on peut le voir en utilisant les 
résultats de [22], §3. Cette décomposition de L,(A) en trois facteurs, outre 
quelle fait jouer un réle plus symétrique a A et A*, a Vavantage de “ 
les isogénies des types s. et 71,: celles du premier type sont bijectives sur le 


facteur H1(A,W),, celles du second type sur le facteur H(A, W).. 


séparer ” 


COLLEGE DE FRANCE, 
PARIS. 


BIBLIOGRAPHIE. 


R. Baer, “ Erweiterungen von Gruppen und ihren Isomorphismen,” Mathematische 
Zeitschrift, vol. 38 (1934), pp. 375-416. 

I. Barsotti, “Structure theorems for group varieties,” Annali di Matematica, 
vol. 38 (1955), pp. 77-119. 

——, “Abelian varieties over fields of positive characteristic,” Rendiconti del 
Circolo Matematico di Palermo, vol. 5 (1956), pp. 1-25. 

A. Borel, “ Sur la cohomologie des espaces fibrés principaux et des espaces homo- 
genes de groupes de Lie compacts,” Annals of Mathematics, vol. 57 (1953), 
pp. 115-207. 

P. Cartier, “Une nouvelle opération sur les formes différentielles, 
Rendus, vol, 244 (1957), pp. 426-428. 
, “Caleul différentiel sur les variétés algébriques en caractéristique non 
nulle,” ibid., vol. 245 (1957), pp. 1109-1111. 

J. Dieudonné, “Lie groups and Lie hyperalgebras over a field of characteristic 
p> 0, II,” American Journal of Mathematics, vol. 77 (1955), pp. 218-244. 


Comptes 


[1] 
[2] 
[3] 
[4] 
[5] 
[6] 
[7] 


VARIETES ABELIENNES. 739 


R. Godement, 7'opologie algébrique et théorie des faisceaux, Paris, Hermann, 1958, 

H. Hasse, “ Existenz separabler zyklischer unverzweigter Erweiterungskérper vom 
Primzahlgrade p iiber elliptischen Funktionenkérpern der Charakteristik 
p,” Journal Crelle, vol. 172 (1934), pp. 77-85. 

G. Hochschild, “ Cohomology of restricted Lie algebras,” American Journal of 
Mathematics, vol. 76 (1954), pp. 555-580. 

———,, “Simple algebras with purely inseparable splitting fields of exponent 1,” 
Transactions of the American Mathematical Society, vol. 79 (1955), pp. 
477-489. 

J. Igusa, “A fundamental inequality in the theory of Picard varieties,” Pro- 
ceedings of the National Academy of Sciences, U.S.A., vol. 41 (1955), 
pp. 317-320. 

N. Jacobson, “Abstract derivation and Lie algebras,” Transactions of the American 
Mathematical Society, vol. 42 (1937), pp. 206-224. 

, “Galois theory of purely inseparable fields of exponent 1,” American Jour- 
nal of Mathematics, vol. 66 (1944), pp. 645-648. 

S. Lang, Introduction to algebraic geometry, Interscience Tracts n° 5, New York, 
1958. 

, Abelian varieties, Interscience Tracts, New York, 1958. 

M. Rosenlicht, “ Some basic theorems on algebraic groups,” American Journal of 
Mathematics, vol. 78 (1956), pp .401-443. 

———, “A note on derivations and differentials on algebraic varieties,” Portu- 
galiae Mathematica, vol. 16 (1957), pp. 43-55. 

———-, “ Extensions of vector groups by abelian varieties,” American Journal of 
Mathematics, vol. 80 (1958), pp. 685-713. 

J-P. Serre, ‘ Faisceaux algébriques cohérents,” Annals of Mathematics, vol. 61 
(1955), pp. 197-278. 

—, “Sur la cohomologie des variétés algébriques,” Journal de Mathématiques, 
vol. 36 (1957), pp. 1-16. 

——., “Sur la topologie des variétés algébriques en caractéristique p,” Sym- 
posium de topologie algébrique, Mexico, 1956. 

A. Weil, Variétés abéliennes et courbes algébriques, Paris, Hermann, 1948. 

, “ Variétés abéliennes,” Colloque d’algébre et théorie des nombres, Paris, 
1949, pp. 125-128. 


[8] 
[9] 
0 
[10] 
(11] 
[12] 
[13] 
[14] 
[15] 
[16] 
[17] 
[18] 
[19] 
[20] 
[21] 
[22] 
[23] 
[24] 
( 


LIE GROUPS AND LIE HYPERALGEBRAS OVER A FIELD 
OF CHARACTERISTIC p> 0 (VIII).* ¢ 


By JEAN DIEUDONNE. 


To E. Artin on his sixtieth birthday. 


1. Introduction. In the last two papers of this series,' we obtained 


some precise information on what one may call the “building blocks” in 
the theory of formal Lie groups (over an algebraically closed field), namely 


the simple ones: Lhanks to the fundamental work of Chevalley [3], the simple 
noncommutative Lie groups are now known up to isomorphism, and the simp 
abelian groups have been determined in [10] up to isogeny. The main task 
ahead is now to see how these blocks are assembled in the most general groups, 
in other words, to study the problem of extensions of formal Lie groups. 
This paper is a small beginning in that direction: we have concentrated our 
efforts on the question of the position of the simple “ divisible” abelian sub- 
groups (i.e. the simple groups other than the additive group J.) in an 
arbitrary group; it is known that (with the exception of the tori) they lie 
in the center of the group, and the natural conjecture is that those which 
are in the center are quasi-direct factors of the whole group. I am able in 


e 


this paper to prove that conjecture for solvable groups; the general theorem 
(if true) is linked with what seems to me the biggest open question remaining 
in the theory, the generalization of Levi’s theorem. 

Group extensions nowadays means cohomology, and we have followed the 
obvious method of attack, which consists in developing and using in our case 


* Received March 4, 1958. 

+ Work done under contract AF 49(638)-106 with the U. S. Air Force. 

TI use the terminology and results of these papers ([4] to [10]), and take this 
opportunity of correcting a few inaccuracies in [9] and [10]. In [9], p. 348, line 6, 
there should be a bar on the first y. On p. 352, the proof of (v) is not explicit enough: it 
should be observed that [gr4. 9 9, t,] is contained in t,, for we have 9, 9 9! 
C8, and NI Ct, by (ii); hence [Y+7+0,U’] €t,, and similarly 
[U,X’+T7’]€t,. On p. 371, line 13, read x* instead of x*. On p. 376, section 19, the 
field K has to be algebraically closed throughout, On p. 381, line 10 from bottom, 
read H* instead of H. On p. 382, line 10, read “equal to C.” In [10], p. 114, line 2. 
read [4] instead of [3]; in footnote 3, line 3, read Gam, instead of Gan, . On p. 130, 
line 5, read ms — j7 instead of ms + j. 
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the well-established cohomological notions which have proved their value in 
so many other theories. In our peculiar set-up, everything, of course, has 
first to be “formalized,” in order to be able to do without set-theoretical con- 
cepts; but if this is done in the most trivial way for cross-sections (whose 
existence constitutes such a thorny problem in the case of algebraic groups), 
various technical difficulties arise in the extension of other basic concepts; 
| only mention here the absence of any sensible definition of 0-cochains 


(which is particularly troublesome for the low dimensional cohomology groups, 
in which we are especially interested), and the apparent necessity of intro- 
ducing infinite-dimensional Lie groups as auxiliary tools, with all the extra 
care which is required when handling these somewhat elusive objects. Unfor- 
tunately, the so-called foundational books and papers on cohomology are, as 
usual, inadequate to cope with this new situation: they constitute at best a 
blueprint which one has to follow through endless tedious verifications, but 
do not provide any ready-made axiomatics which would dispense altogether 
with this unpleasant work ; it is to be hoped that the more abstract homological 
algebra now in gestation in several quarters will fare better in this respect. 
As a by-product of our investigation, it is, in particular, possible to 
give a complete description of all two-dimensional Lie groups over an alge- 
braically closed field; apart from a satisfaction of mere curiosity, they provide 
unexpected counter-examples for several pleasant and plausible conjectures: 
for instance, an extension of the additive group by itself may very well be a 
non representable Lie group. This “ pathology” seems to put strong limita- 
tions to the use of the theory of algebraic groups (as exemplified in [9]) to 
derive properties of formal Lie groups, and the unduly optimistic outlook 
expressed at the end of the introduction of [9] is no longer tenable. 


2. Infinite dimensional formal Lie groups. It will be necessary for 
our purpose, to extend first the notion of formal Lie group to groups of 
“infinite dimension” in a manner which differs from the previous extensions 
of that type made in [6] and (by implication) in [8, no. 2]. Let J be an 
arbitrary set, and x = (a;),,, a set of indeterminates. When in the following 
we speak of a power series in the x; with coefficients in a field K, we will not 
mean the most general power series in these indeterminates (as defined in 
[6, no. 2]), but only those series in which, for every integer m = 0, there are 
only a finite number of terms of total degree =m; these series obviously 
form a subalgebra of the algebra of all power series in the 2;, and it is that 
subalgebra which, by abuse of notation, we will write K[[x]] or K[[zi]]j, «7. 
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A fundamental consequence of that definition is that, if (ui) ;,.; 1s a family 
of elements of K[[y]] (where y= (Yi) ;¢7)» Which are power series without 
constant terms, then it is possible to substitute the u; to the x; in any power 
series v€ K[[x]], and the resulting power series still belongs to K[[y]]. 

We can then define a formal Lie group of dimension Card(I) exactly 
as a formal Lie group of finite dimension, as well as the notion of homo- 
morphism of a formal Lie group into another one (both of arbitrary dimen- 
sion), by replacing power series in two sets of n indeterminates by power series 
(in the sense defined above) in two sets of indeterminates indexed by J, in 
the definitions given in [4, no. 2 and no. 3]. The existence of the “inverse” 
x'==(6;(x)) in such a group G@ follows as in the finite dimensional case, 
the terms of total degree m in the power series 6; being determined by 
induction on m. A similar argument proves the following 


Lemma 1. Let (J,L) be an arbitrary partition of I. There exist 
two uniquely determined systems of power series without constant terms 
u(x) = and v(x) = (vi(x)),; such that u,(x) =0 for L, 
v;(x) =0 for j€ J, and 


(1) u(x)v(x) =x. 
Indeed, these conditions amount to the system of equations 
uj+y;(u,v) for 
Up (u,v) =a, for ke L, 


where the y; are power series all of whose terms have a total degree = 2, and 
these have obviously a unique solution. 

We observe that there is in general no hyperalgebra (in the usual sense. 
see for instance [8, no. 2]) corresponding to a formal Lie group of arbitrary 
dimension; this is due to the fact that if we write as usual (¢(x,¥))” 
= > dagyxty®, when a and B are given, there may well be an infinity of 

a.B 


indices y for which dygy~0, hence the product of two left-invariant semi- 
derivations Z,, Zg on G will not in general be a finite linear combination of 
the 

However, the main results which we shall need can be proved directly 
without the use of the hyperalgebras. If J is a subset of I, we say that / 
corresponds to a typical subgroup of G@ if the following condition is satisfied: 
for any system (y;);.;—=y of indeterminates, define j(y) = (ji(y)) as the 
system of power series j;(y) =y; for 1€ J, 7;(y) =0 otherwise; then we 


‘ 
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must have $i(j(y),j(#)) = 0 for all indices i¢ J. If we write 
| =oi(j(y),j(%)) for 1€ J, the system of power series ¢’; defines a group 
law, and if we denote by H that formal Lie group, j is a homomorphism, which 
is called the natural injection of H into G. We say that H is a normal sub- 
roup if the components of xj(y)x* of index &¢J are ail 0; we can then 
write xj(y)x*—=j(u(x,y)), where u(x,y) =u;(x,y));<7 is a system of 
power series without constant terms. When H is a normal typical subgroup 
of (, we now proceed to define the quotient group G/H. Using Lemma 1, 
there exist two well determined systems of power series r(x) = (1;(%));¢) 
and h(x) = (hi(x)),,, such that hi(x) =0 fori€ J and x =j(r(x))h(x). 
If y= (yi) is a second “generic point” of G, we can therefore write 


ay* = j(r(x))h(x)j(r(y*) )h(y*), 
and using the fact that H is normal, this can also be written 
xy j(u (x,y) )h(x)h(y*) 
== j(u (x,y) )h(h(x)h(y*)). 
where uw) and w® are systems of power series; hence, replacing x by xy in 
that identity, we get 
x j(u® (xy, y) )h(h(xy)h(y*)), 


and from the uniqueness property of Lemma 1 (applied when K is replaced 


bv a field containing K[[y]]), we deduce 


h(x) =h(h(xy)h(y*)) ; 


| finally, substituting y* to y in that identity, and then xy to x, we obtain 


(2) h(xy) =h(h(x)h(y)). 
For a system % = (%;,),,,, of indeterminates, let now o(X) be the system 
(o\(%));<, of power series such that o;(%)=0 for 1€J, for 
i€ 1—J; we claim that the system of power series &(%, ¥) = (@:(%,¥)), 
such that 
o(@(%,¥)) =h(o(%)o(¥)) 
lefines a group law. Indeed, it is immediate that &(é,%) @(%,é@) 
and from the definitions and from (2), we deduce that 
= h(o(%)o(¥)o(%)), 
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and a similar computation for o(@(%,®(¥,%))) proves the associativity 
condition. We will denote by G/H that formal Lie group and we will say 
that o is the “typical” cross section of G/H ; the system h(x) = (hi(x) few. 
is then a homomorphism of G into G/H (called the natural homomorphism), 
and it is clear that hoj=0, h(o(%)) =%, and o(h(x)) =h(x). 

We may now define what we mean by an ezact sequence of formal Lie 
groups and homomorphisms of the type 


u v 
G’ — G— > 0. 


By definition, this means that there exist a formal Lie group G,, a typical 
normal subgroup H, of G,, and three isomorphisms G’—>H,, G->(,, 
G,/H,, such that the diagram 


u 
G —G— -0 


| 


H, — G, — G/H,-> 0 
j 

is commutative. 

To go further, we should need the homomorphism theorem for formal 
Lie groups of arbitrary dimension; I do not know if such a theorem is valid 
in general. However, it will be enough, for our purposes, to consider 
homomorphisms u: G— G’ of a group G of finite dimension into an arbitrary 
formal Lie group G@’. The proof of the homomorphism theorem given in 
[4, pp. 107-114] can then be transcribed verbatim, for all the “changes of 
variables” which intervene in that proof are defined by power series in the 
restricted sense which we have adopted at the beginning of this section. 
There exists therefore (when K is perfect) an isomorphism G’— G,’, and 
an isogeny G— H, of G onto a typical subgroup of G,’, such that the diagram 


u 
G —@’ 


is commutative. 


{ 
{ 
( 
W 
a 
By 
0] 
| | 8; 
H, > 
J 
° 


LIE GROUPS OVER A FIELD OF CHARACTERISTIC p > 0 (VII). 745 


3. Cohomology of formal Lie groups. We consider, on one hand, a 
formal Lie group G@ of finite dimension n over a perfect field K, and on 
the other hand, an abelian formal Lie group A over K, of arbitrary 
dimension ; let J be the finite, J the arbitrary set of indices through which 
run the indices of the indcterminates defining the group laws of G and A 
sani A structure of formal G-module on A is defined by a system 
f(s.%) = (f;(s.%)),., of formal power series without constant terms and 


with coefficients in A’, in the indeterminates s; and x; (with s = (s;), x = (2;), 
ie J); we write f(s,x) and we assume the following axioms: 


(3) 
(x.y independent “generic points” of A, the group A being written addi- 
tively; if x -+- y= (¥;(x,y)) is the group law of A, (3), written in full, is 


the system of identities 
(Ye (*,¥))) =W(F(s,%), )) 
(+) 


(e=(0,-- -,0), “neutral element” of G; this means of course that when 
the s; are replaced by 0 in each f;, the resulting series reduces to 2;) ; 


(5) (&- x) == (st) -x 
(s,f independent “‘ generic points” of G; this means here 
(si), (fn %))) =F; ( (bi (8, ), (re) ) 


if st == ($;(s,#)) is the group law of @). The usual properties of modules 
with coefficients in a group are “formalized” by following the same reasoning 
as in the classical case: for instance, if ZL is a field containing K[[s]], 
condition (3) means that f(s,x) is an endomorphism of the group A 
and it follows from (4) and (5) that in fact it is an automorphism of that 
lormal Lie group. 

For each integer m = 1, we now define a (non homogeneous) m-cochain 
om with values in A as a system g(81,°° -,8m) = (9j(81,° of 
power series without constant terms and with coefficients in A, in m systems 
ni);cy OL nm indeterminates (1S=h=m). We define the “sum” 
&+h of two m-cochains g= (g;), h= (hj) as the system of power series 
in the s,; obtained by substituting each g; (resp. h;) to x; (resp. y;) in each 
of the power series y;(«,y) defining the group law of A. It is then clear 


= (8s 


that for that “sum.” the m-cochains on @ with values in A form a (non 
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formal) abelian group C™(G,A). We next define the cc »undary operator 
C"™(G,A) > C™(G,A) by the usual formula 


m 


i=1 


(the sum in the right hand side being taken according to the group law of 1; 
and similarly, the minus signs denote inverses in A); the relation dm,.od,., 
=0, being purely formal, holds as in the classical case; the subgroup 
Z"(G,A) C C"(G,A) of the m-cocycles is defined in the usual way for m = 1, 
and the subgroup B"(G,A) C Z™(G,A) of the m-coboundaries for m= 2; 
hence the definition of the m-th cohomology group 


H™(G, A ) == Z"(G, A ) /B" (G4, A) 


for m=2. As there are no “elements” in A, there is no general definition 
of B'(G,A); however, when G operates trivially on A, i.e. when s:-x=x. 
we take, by definition, B'(G,A) —0, and then it is clear that H*(G, A) 
== Z'(G,A) is the group of homomorphisms of G into A. 

Let B be a second formal G-module, and u = (u;,) a homomorphism ot 
A into B, i.e. a homomorphism of the abelian group A into the abelian 
group B such that u(s-x) =s-u(x); for each m-cochain g¢€ C™(G,A),. 
the system 


(uo g) (8,,° 8m) = (Ux (8 (81, ° *5@m))) 


of power series is an m-cochain uogé C™(G,B); due to (6) and to the 
relation u(s' x) —s-u(x), it is immediately verified that uog is a cocycle 
(resp. a coboundary) when g is a cocycle (resp. a coboundary). Hence the 
mapping u: g—uocg defines a homomorphism u* of H™(G,A)_ into 
II"(G,B) for m=2 (and also for m1 when G acts trivially on A and 
on B). Furthermore, it is obvious from the definitions that if C is a third 
formal G-module, v a homomorphism of B into C, and w—vou, we have 
for the corresponding homomorphisms, w* = v*ou*. This implies, in par- 
ticular, that when A and B are isomorphic formal G-modules, H™(G, A) 
and H™(G,B) are isomorphic. 

Consider now a G-module B, and a typical subgroup A of B, corres- 
ponding to a subset L of the set J of indices corresponding to B. We say 
that A is a submodule of B if ~A is a G-module and if, for the natural 
injection j of A into B, we have j(s-y) —s-j(y) (y generic point of 4). 
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It is then possible to define on B/A a structure of G-module in the following 
way: with the notations of Section 2 (except that the group law of B is now 
written additively), we have 

(j(r(x))) +8°h(x) 

= +s h(x) 
j(v(x)) +h(s-h(x)), 

where v is some system of power series; the uniqueness property of Lemma 1 
implies 
(7) h(s-x) =h(s-h(x)). 

It is then an easy matter to verify, using (7) and (2) and the definition 
of the group law in B/A, that, if we define s-% as the system of power series 
such that o(s'%) —h(s-o(%)), the axioms (3) to (5) are satisfied, and 
that the natural homomorphism h of B onto B/A is a homomorphism of G- 


modules. 
We then extend the definition of an exact sequence of G-modules 


i 
A— B— C > 0 


by requesting that, in the corresponding definition given in Section 2 for 
groups, all the groups are G-modules and all homomorphisms are homo- 
morphisms of G-modules.*? With that definition, we can verify immediately 
that the corresponding sequence of (non formal) abelian groups and homo- 


morphisms 
p 
C"(G,A) —> C"(G, B) —> C"(G,C) 0 
is eracl: we can namely suppose first that A is a typical submodule of B, 
(‘the quotient module B/A, and that i and p are the natural homomorphisms 
jand h. Suppose that g is an m-cochain in C™(G,B) such that hog =0; 


using Lemma 1, we can write 


+08», 


where g,€ C"(G,A) and g,€ C™(G,B); the assumption means that o° gp 
=(, hence our conclusion. 
The general methods of cohomology can then be applied to define homo- 
“The field A has here arbitrary characteristic, and there can be no confusion 
between the meaning of the letter p here and its usual meaning (Frobenius homomor- 
phism) in groups over a field of characteristic p. 
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morphisms 0: for m22, and to prove that 
sequence 

p* 0 
(8) H?(G,A) — H*(G, B) — H?*(G,C) — 


i* 
H"(G, A) —> H"(G, B) —> H"(G,C) —> H"™(G,A) 


is exact (“exact sequence of cohomology”) ; furthermore, when G operates 
trivially on A, B and C, the sequence can begin with H*(G, A), as is readily 
verified. Finally, suppose we have two exact sequence of G-modules, connected 


by homomorphisms 
0-A— B—C 0 


u v 


such that the diagram is commutative; it is then clear that the corresponding 


diagram for m-cochains 
C"(G,A) — C0" (G,B) — (4,0) 0 
w 
0— 0" (G, A’) —> C"(G, B’) —> C™(G, 0 


is commutative, and then the general methods of cohomology prove that the 


diagram 


H"(G,A) H"(G,B) — H"(G6,C) — H™"(G,A) > 


H™(G, A’) —> H"(G, B’) —> H™(G, C’) —> 


is also commutative. 


4. The Hochschild-Serre exact sequence.* Let u be a homomorphism 
of a formal Lie group H (of finite dimension) into G. It is immediate that. 

®’ The result which we prove in this section is the extension to our situation of a 
very special corollary of the results of Hochschild and Serre [11]; they use very heavy) 
homological machinery, and the labor of extending that machinery to the present case 
would (if possible at all) be out of proportion to our needs, The “ elementary ” prov! 
which I follow here is patterned after,a similar proof for the classical case, which was 
kindly communicated to me by G. Hochschild. 
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it A is a G-module, A is made into an H-module if we define #-x as equal 
to u(t): x for a “generic point” # of H. If g is any cochain in C™(G,4A), 
then g’(#:,° =g(u(t,),: is an m-cochain in C™(H, <A) ; 
if we denote it by @(g), @ is a homomorphism of C”(G,A) into C™(H,A), 
and formula (6) shows that &@ commutes with d,,.,. Hence, for m= 2, we 


have a homomorphism 


u*: H"(G,A)>H"(H,A); 


when G operates trivially on A, so does H, and the definition of u* can be 


extended for m=1. Furthermore, it is readily verified that, for any exact 


vquence A> of G-modules, the diagram 
H"(G,A) —> H"(G, B) — H"(G,C) — 
u* u* u* 
-> H"(H, A) —> H" (H, B) — H" (H,C) — (HH, 
s commutative. 


From now on, we shall suppose that the G-module A has finite dimension. 
We introduce, after A. Weil (ef. [11, p. 114, Cor. to Prop. 3]), a new formal 
ibelian group M(G,A) of infinite dimension, corresponding to the set of 
indices L=J XN’; for two “generic points” u= (Uja), (Vja), the 
vomposition law w=—u--v is defined in the following way. We associate 
tou and to a “generic point” s of G the system of power series which we 
write u(s) = (u;(s)) in the uj, and s;, such that uj(s) = > ujas* (note that 

a 


these series have no constant term, but each one has a unique term which 
does not contain any s;, namely uj); the mapping u—u(s) is of course 
bijective; w is then defined by the condition w(s) =u(s) + v(s) (sum 
taken for the group law of A), and it is immediately verified that wy is 
actually a polynomial in the wjq and vj,; the associativity and commutativity 
of the group law are obvious. We next make M(G,A) into a G-module by 
the definition (s-w)(s’) =u(s’s) (s,s’ independent generic points of @) ; 


if we write as usual (s’s)¥ = > dgg,s’*s®, we have therefore, for v—s-u, 
a, 


Yia= > dopyujys®, and as G@ has finite dimension, there are only a finite 
number of dggy which are 0 for given a and £, which shows that the 


power series defining s-u are of the type allowed by our conventions; the 
verification of axioms (3), (4) and (5) is then immediate. Observe in 
passing that for the definition of the structure of G-module on M(G,A), 
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the structure of G-module of A is irrelevant, only its structure of abelian 
group intervenes. 

It is immediate from the definitions that for any m-cochain f in 
C"(G,M), fa (80, 8m) =F(81,° 8m) (80) is an (m+ 1)-cochain in 
Cm1(G,A), and fof, is an isomorphism of C™(G,M) onto A), 
Moreover, we can here define 1-coboundaries in C'(G,M) as the 1-cochains 
f such that (8, $1) = g (8081) — g(80), Where g is a 1-cochain in A), 
For any subgroup H of G, M(G,A) is also an H-module, and the cochains 
in C”(H, M) correspond now to the systems of power series (80, 81," 8m), 
where s, is a generic point of G, 8,,- - -,8» independent generic points of 


IT ; 1-coboundaries are again defined in the same way. With these definitions: 


LemMA 2. For any subgroup H of G, U"(H,M(G,A)) =0 for any 


Indeed, if we write that an m-cochain fe is) such that 
JInaf =9, we obtain, from formula (6) 
mn 
4 
(9) 
+ (— (So, $1," °°, 8m) = 0. 
when s, is a generic point of G, the s; (121) independent generic points o/ 
H. We may obviously suppose the subgroup H is typical, defined, for instance. 
by the relations s;=0 for Using Lemma 1, we can therefore 


write for a generic point s of G, s=h(s)r(s), where h;(s) —0 for 1€ /,, 


r(£) =t; using these results and the uniqueness property of Lemma 1, it Is 
easy to verify, as in Section 2, that h(st) —h(s) and r(st) —r(s)t. Con- 


sider now the system of power series 
(So; Sm-1) == f, (he (8,), 7 (80), 81,° 


with the same assumptions on the s;; formula (9) and the preceding 
properties of A and r show at once that f—d,»g, hence our result (the case 
m==1 has, of course, to be considered separately, since we have not defined 
0-cochains, but directly 1-coboundaries). 

We next introduce the lift mapping. Let P be a (’-module (of finite or 
infinite dimension), and let H be a normal subgroup of G; suppose in 
addition that the relations #-x— x, for a generic point t of H, “define” a 
subgroup P# of P (this means that, after a suitable “change of variables” 
in P, the equations obtained by writing that in the power series f;(t.x). 


ri(s) =0 for 1¢ 1—I); if # is a generic point of H, we have h(t) =e, 
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considered as series in the ¢;, the coefficients are all zero except the terms 
independent of #, form a system equivalent to the system obtained by equating 
to 0 a subset of the indeterminates z;). Then, if y is a generic point of P¥, 
we have (#s):y—s-y for a generic point s of G, since H is normal in G; 
therefore P# is a G-submodule. We may suppose that H is a typical normal 
subgroup of G, and keep the notations of Lemma 2. For a system of indeter- 
minates We define o(&) = (oi(S)) such that o;(§) =0 for 
i€ Ip, o:(8) =5, for it is readily verified that &-y—o(8)-y 
defines a structure of (G/H)-module on P*”, and that the original structure 
of G-module on P¥” is obtained by the process described at the beginning of 
this section applied to the natural homomorphism h of G into G/H. If we 
designate by i the natural injection P’— P, we obtain therefore a homo- 
morphism 
h* 


\: H"(G/H, P#) —> H™(G, P#?) —> H"(G, P) 


(m 22), which we call the lift mapping. 
It can also be described as deriving (by passage to quotients) from the 
mapping 
A: C™(G/H, P#) C™(G, P) 
which to each cochain g(8,,° -,8m) in C"(G/H, associates the cochain 


i(g(h(s,),-° -,h(Sm))) in C*(G,P). 


We can now state and prove the main result of this section: 


Proposition 1. Suppose A is an abelian Lie group of finite dimension, 
on which G operates trivially, and that H ts a normal subgroup of G such 
that H*(H x), Ayy)) =0 for any extension N of the field K. Then the 
sequence 


p* 
0— H?(G/H, A) —> H?(G, A) —> H?(H, A) 


(p natural injection of H into G) ws exact. 


We introduce, as above, the G-module M(G,A) J, and we consider 
in addition the mapping j: A—> M such that = 2x, =O when- 
ever 2540 (kE€J) (in other words, j(x) (s) = (jx(x,8)) is the system of 
power series j;,(x,s)==a,). As G operates trivially on A, j is a homo- 
morphism of G-modules; homeover j(A) is the typical subgroup of M 
defined by the relations uyg—0 for «€ J and a0. We may therefore 
consider the quotient G-module C= M/j(A); we shall denote by p the 
natural homomorphism of M into C ; we have by definition s- p(w) = p(s-u). 
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From that definition. it follows that for any m-cochain f in C”(G,(), 
82° 8m)) (80) = fx (So, (7 typical cross section of 
M/j(A)) is a system of power series in which there are no terms independent 
of *,8m, i.e. such that f,,(s,e,- --,e)=0. We observe that the 
1-coboundaries in (1(G,J/), as defined above, have that property, and by 
definition, we take these 1-cochains as 1-coboundaries in C*(G,C); the 
cochains in C"™(H,C) and the 1-coboundaries in C1(H,C) are characterized 
in the same way. 

We now proceed to show that WM” and C¥ are “defined” in the sense 
described above, and to characterize these submodules. The relation t-u—u 
means u(st) =u(s) (s generic point of G, t generic point of 1) ; using the 
notations introduced in Lemma 2, this implies u(s) = u(h(s)r(s)) = u(h(s)): 
conversely, for any system v= (vjq) of indeterminates, u(s) = v(h(s)) is 
such that u(st)—wu(s). If we remember that hi(s)=0O for 7€ J). 
(unwritten terms of degree 22) for 1€ it follows 
easily, by induction on ||, that the relation t-u—w is equivalent to an 
infinite system of equations of the following type: wz,e, 0 for 7€ Jo, and. 
for any index x= (2,,° - -.@%,) such that |«|>1 and one at least of the 
2; for I, is ~0, 

= (jp) ) (ke J), 


where Py is a polynomial with integral coefficients in the wjg (7 € J) such 
that |8| <|a| and all non-zero components of B have their index in J —J,. 
The “change of variables” = Ura— Pra((ujg)) for all indices @ such 
that at least one a; for i€ Jy is AO (with Pra—0 if |a|—1) reduces M# 
to a typical subgroup. This shows further that the mapping v—> voh is an 
isomorphism of the abelian group (G/H,A) onto M¥; moreover, if 8’ is a 
generic point of G/H, we have 
(3’- v) (h(s)) =v(h(s)3’) = v(h(s)h(o(s’))) 
v(h(so(8’))) = (s) 

which proves that the preceding isomorphism is also an isomorphism of 
(G/H)-modules. We deduce therefore from Lemma 2 that H™(G/H, M") 


=0( for any m=1. 


Our next step is to prove that, due to the relation H'(H,y), Avy)) =9. 
H 


J 
the sequence 0-—> 4 —» M¥—+C#-—>0 (where p¥ is the restriction of p 
to M#) is eract. If uw is a generic, point of C, the condition #- im =i which 
defines C” is equivalent to p(t: 7(i) —7 (w)) =0; the components of 7(i) 
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are teo(@) = 0 for KES and for a0, ke J; if we write 
w=7(@) for simplicity’s sake, the relation t-%—i# means that the power 
series of the system w(st)—w(s) (considered as power series in the s;) 
have all their coefficients 0 except the constant terms (which are power series 
in the ¢; (@€ Jo) and the as w(e) we have therefore 


w(st) —w(s) =wi(t). 


From this relation it follows, in particular, if t’ is a second generic point of H, 
that w(’t) = w(t’) w(t); if is a field containing K[[w]], this means 
that the system of power series w(t) over N is a homomorphism of H,y) 
into Avy). Our assumption implies that w(t) —0, hence w(st) =w/(s) ; 
in other words, the relation t-u —é# implies that +(w) verifies the condition 
which defines M/”, and the converse is obvious, which proves our assertion. 
We may observe here that the relations uz.—0 (h€ J) also define a 
subgroup in M, and + is an isomorphism of C onto that subgroup; similarly, 
when M¥# is identified with M(G/H, A), r, restricted to C¥, is an isomorphism 
of that group onto the subgroup of M(G/H,A) defined in a similar way. 
In particular, we see that the 1-cochains in C1(G/H,C#) are identified to 
systems fi (So,$1) (0,8: independent generic points in G/H) such that 
= 0, and the 1-coboundaries in C1(G/H,C”) can again be identified 
with the 1-coboundaries in C1(G/H,M*). The 1-coboundaries in C1(G,C) 
(resp. C?1(G/H.C#)) are thus the images by p (resp. p”) of the 1-coboun- 
daries in C(G,M) (resp. C'(G/H,M*”)). It is then a routine matter to 
wrify that these remarks allow us to define the homomorphisms @ in the 
horizontal lines of the following diagram, and to prove that these lines are 
mich sequences : 
(10) Q 0 


4 
1(G/H, > H“(G/H, —> H°(G/H, A) > HX(G/H, M#) =0 


” r* 
7] Vv 
(=H(G,M) —H(G,A) H(G,M)=0 


p* 


0 Vv 
\=H(K,M) —>H(K,C) —>HXK,A) > HK,M) =0 


The second vertical line has already been defined, but we still have to define 


the first vertical line and to prove that the diagram (10) is commutative. 


Ifa covhain f in C1(G/H,C®) is identified to the system of power series 
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fx (So, 8.) (such that f,(s,@) =0), A(f) is by definition the cochain asso- 
ciated to the system f,(h(s)),h(s,)). From the definitions, it follows thai 
A(S-f) is equal to o(8) -A(f) ; hence, if f is a cocycle, so is A(f) ; furthermore, 
the definitions given above show that if f is a 1-coboundary, so is A(f), hence 
the definition of A*: H'(G/H,C”)—-H'(G,C). In addition, if f is a 
cocycle belonging to the cohomology class c, the class @c contains the 2-cocycle 
fa (So, (€, $081) + 80), as is immediate from the definition of @; 
a similar computation for 0(A*(c)) proves the commutativity in the two first 
horizontal lines of the diagram. The definition of p* and the verification of 
the commutativity in the last two horizontal lines are even simpler and we 
omit them. 

We have used Lemma 2 to replace the left and right extremities of the 
horizontal lines in (10) by 0; to end the proof of Proposition 1, it remains 
therefore to prove that the first vertical line is an exact sequence. We first 
show that A* is injective. With the same notations as above, suppose A(f) 
is a coboundary ; this means that fy (h(s0), h(s;)) = g(S8,) — ; but it 
t is a generic point of H, h(s,t) = h(s,), hence g (8 8,t) = g(8o8,) ; replacing 
s, by e, s; by h(s), # by r(s) (s generic point of G; notations of Lemma 2). 
we get g(s) —g(h(s)) —g(o(h(s))), and therefore f is a coboundary. 

Finally, it is clear that p*A* 0, and we have only to show that an 
element in the kernel of p* is in the image of A*. Let therefore f be a cocycle 
in C1(G,C) such that the image by p* of its cohomology class is 0. This 
means that f,(80,8,) is such that, for a generic point t of H, f,(s).t) 
== g (st) —g(s,). Using equation (9) (for we get 


te (So, $,t) = fz (8081, + f ($0, $1) (8, 8; ) g (S$ Sit) — 


Let (80.1) 81) (8081) +g (80); then f’ is obviously a cocycl 
which is cohomologous to f, and we have 


(11) (80, = (80, 8:)- 
As ts, == 8,(s, ‘ts,), and H is normal, (11) also implies 
(12) (So, 81) = (So, 81) 5 
on the other hand, equation (9) yields 

(Sot, $1) — f/x (80, #81) + f’x (So, 4) =, 
and we have, by assumption, f’,,(8o,#) = 0, hence 


(13) (Sot, 81) = 4 (80, 
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Equations (11) and (13) show that, if (0,31) = f” is 
a cocycle in C'(G/H,C"”) and that f’ =Af’); the proof of Proposition 1 is 


thus complete. 


5. Group extensions and cohomology. Let A, B be two formal Lie 

groups of finite dimension over a perfect field K. We say that a formal Lie 
u v 

group G@ over K and a pair of homomorphisms A —> G—-— B constitute an 


extension of B by A if wu is a monomorphism, v an epimorphism and if the 
kernel of v is equal to the image of uw; B is then isomorphic to G/u(A). We 
say, as usual, that two extensions (G,u,v), (Gi,u1,0,) are equivalent if 


there exists an isomorphism f: G—G, such that the diagram 


G 


f 


uy, 


G, 


is commutative. If « is an isomorphism of K onto a field K’, and if we 


denote by A®, B*, G*, ut, v* the groups and homomorphisms obtained by 
applying to all coefficients of the series defining A, B, G, u, v the isomorphism 
us 
2. it is clear from the definitions that A4* —> G*—— B+ is again an extension. 
Suppose dim G=n, dim B=m (hence dimA=n—m). We say that 
a system o(X%) = (o;(%) )iexsn Of power series without constant terms in the 
i (1SiS™m) is a cross-section for the extension (G,u,v) if v(o(x)) =; 
we have proved in Section 2 the existence of cross-sections for any extension. 
Then if we write (for a generic point s of @), r(s) =s- (o(v(s)))-*, it is 
clear that v(r(s)) —e; hence, we see at once (taking, for instance, the 
subgroup u(A) of G in typical form) that we can write r(s) —wu(p(s)), 
where p(s) is a system (pj(s)) (1S) =n—~m) of power series without con- 
stant terms. From the relation s=wu(p(s))o(v(s)), it follows at once by 
considering the jacobians of the systems of power series on both sides, that the 
power series t; —p;(s) (lS jSn—m) and (1SkSm) define 
a change of variables in G; in other words, considering #= (t;) as a generic 
point of A, y= (y,) as a generic point of B, we can write s—=u(t)o(y). 
We will suppose from now on that, unless the contrary is explicitly 
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stated, A is abelian. We can then define on A a structure of B-module, by 
defining y-t’ (#’ second independent generic point of A) such that u(y-?’) 
=a(y)u(t’) (o(y))-?; the verification of axioms (3) and (4) is immediate, 
and (5) follows from the commutativity of A. On the other hand, we have, 
for a second independent generic point y’ of B, v(a(y)o(y’)) =yy’; hence 
o(y)o(y) —u(a(y,y’))o(yy’), where a(y,y’) =p(o(y)o(y’)). Therefore 
writing A additively, we have 


(14) u(t)o(y)u(t’)o(y’) =u(t+y-U+aly,y’) )o(yy’). 


If we write the associativity condition, we find in the usual way that a(y, y’) 
is a 2-cocycle on B with values in A; conversely, given an arbitrary 2-cocycle 
a(y,y’), the formal Lie G group defined by the group law 


=(t+y U+aly,y), vy) 


together with the homomorphisms u: t— (#,e) and v: (t,y) > y constitute 
an extension of B by A. Furthermore, if o’(%) is a second cross-section, we 
can write o’(y) =u(e(y) )o(y), with e(y) =p(o'(y)), and the 2-cocycle 
corersponding to o’ is easily computed to be 


a’'(y.y’) =aly.y’) +y-e(y’) —e(yy’) + e(y) ; 


in other words, it differs from a(y,y’) by a 2-coboundary. We thus obtain, 
as in the classical theory, a one-to-one correspondence between classes of 
equivalent extensions of B by A, corresponding to the same structure of B- 
module on A, and the second cohomology group H?(B,A) corresponding to 
that structure. We can also interpret the extensions corresponding to the 
trivial cohomology class (so called trivial extensions) by the classical notion 
of semi-direct product: we need not here suppose A commutative (and we 
write it multiplicatively) ; if y is a generic point of B, ¢ a generic point of A, 
we suppose given a system #” of power series without constant terms in the 
components of t and y, such that t—# is an automorphism of A(z) (for 
any perfect field Z containing K[[y]]), and (#)* = &’» for two indepen- 
dent points y, y’ of B; it is then easily verified that we define a group G@ by 
taking as group law 


) = (#2, yy’). 


We say that @ is the semi-direct product of A and B, corresponding to the 


automorphism #— #; it is obvious that the homomorphisms w: t—> (t,e) and 
v:(t,y) > y constitute with @ an extension of B by A, and when A is 
abelian, it is clear that such an extension is trivial, and conversely, that 
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every trivial extension is a semi-direct product. Observe that w: y-» (e,y) 
isa monomorphism of B into G; we say also that G@ is the semi-direct product 
of its normal subgroup u(A) and its subgroup w(B); it is clear that 
u(A) \w(B) =e. It is important, however, to remark that when K has 
characteristic p > 0, and w and w are monomorphisms of groups A, B of 
dimensions n—m,m into a group G@ of dimension n, such that u(A) is 
normal in G and u(A) A\w(B) =e, it does not follow that @ is isomorphic 
to a semi-direct product of A and B, but merely that it is tsogeneous to such 
a product. Indeed, if we define @& such that u(t”) =w(y)u(t)w(y)”, it 
is immediate that t— # satisfies the preceding conditions, hence defines a 
semi-direct product G’ of A and B; furthermore, f(t,y) =u(t)w(y) is a 
homomorphism of G’ into G, and u(A) and w(B) are contained in G; hence 
as G==u(A)Vw(B) [9, Prop. 11, p. 354], f(G’) =G, and as G and @’ 
have the same dimension, f is an isogeny. If we put B, = G/u(A), G is an 
extension of B, by A, and vow is an isogeny of B onto B,, but, even when 
B and B, are isomorphic, @ will not in general be a semi-direct product of 
u(4) and of a subgroup isomorphic to B,: an example of that phenomenon 
is provided by taking G=GL(n), u(A) =SL(n), and w(B) equal to the 
center Z of GL(n), when n is a multiple of the characteristic p [9, p. 386]; 
if @ were the semi-direct product of SL(n) and of another group Z, (com- 
muting with SL(n)), ZV Z, would be a two-dimensional subgroup of G 
contained in the center of that group, which is absurd. 

Returning to the case in which A is abelian, we will therefore investigate 


under which conditions an extension (G,u,v) of B by A is isogeneous to a 


semi-direct product of A by a group isogeneous to B: we recall that for a 


formal Lie group @ (resp. a homomorphism w), G™ (resp. wu) designates 
the group (resp. homomorphism) obtained by applying to the coefficients of 
the power series defining it the automorphism — £” of K (ra positive or 
negative integer) ; p” is the isogeny of G onto G™ such that p’(x) is the 
svstem of power series (z?") (r=0). 

Proposition 2. Suppose that the extension (G,u,v) of B by the abelian 
group A ts defined by the 2-cocycle f(s:,82) on B with values in A. In 
order that G be isogeneous to a semi-direct product of A by a group tsogeneous 
lo B, it is necessary and sufficient that there exist an integer r=0 and a 


l-cochain e(s,) € C'(B,A™) such that 
(15) f© (p" (81), p" (82) ) = (p"(s1) + €(81) 


The “sums” on the right hand side are taken in 4, and (y,-t,)™ 
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(y, generic point of B, t, generic point of AM) means, of course, the system 
of power series y,-#, in which the coefficients have been raised to the power p’, 

To prove the necessity of the condition, suppose there is in G a subgroup 
B, such that u(A) A By =e and v(B,) =B; v (restricted to Bo) is thus 
an isogeny of B, onto B. There is therefore an integer r= 0 and an isogeny 
g of B onto B,” (which is a subgroup of G™) such that v™ (g(y)) = p"(y) 
[9, proof of Prop. 2, p. 337]. We can thus write g(y) = u™ (e(y))o(p'(y)), 
with e(y) =p (g(y)); if we write that g(yy’) —g(y)g(y’) and observe 
that o (p"(y) )o™ (p(y’)) =u (p’(y), we obtain 
condition (15). 

Conversely, suppose that the condition is satisfied, and consider the semi- 
direct product G, of A™ and B®, relative to the B“-module structure defined 
by (y,°#,):; it is then readily verified that the mapping 


(16) (t,y) > (p’(t) —e(y), p’(y)) 
is an isogeny of G onto G,, hence our conclusion. 

When an extension (G,u,v) of B by A is such that u(A) is in the center 
of @, it is clear that B acts trivially on A, and conversely; we shall say that 
such extensions are central; such an extension is trivial if and only if @ is 


the direct product of two subgroups isomorphic to A and B respectively. 
Therefore, Proposition 2 yields here a condition for a central extension to be 
a quasi-direct product of A and B: the relation (15) is here simplified, due 
to the fact that (y,-#,)°0 —=#,, and means simply that f™(p"(s,), p’(82)) is 
a 2-coboundary in C?(B,A™). We will then say that the central extension 


is guast-trivial. With that terminology: 


CorRoLLARY 1. Suppose that for every integer s (positive or negative), 
every central extension of B® by A is quasi-trivial; then if A’ and B’ are 
respectively isogeneous to A and B, every central extension of B’ by A’ 1s 
quasi-trivial. 

Let us first consider the case in which B’ = B®), A’ = A“, where s and f 
are arbitrary integers. If f is an arbitrary 2-cocycle on B’ with values in 4’, 
f© is a 2-cocycle on B&- with values in A, hence there is an integer r=?) 
such that 

P’(fO (81, s,)) = dog S$»), 


where gé€ C?(Be-9,A™). It follows at once that 
P’ (f (81; 82) ) = dog (81, 82), 
where € C1(B@), = Ct (B’, 
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Suppose next that w is an isogeny of B onto a group B’, v an isogeny 
of A’ onto A; if f is a 2-cocycle in C?(B’, A’), v(f(u(s:),u(s2))) is a 2- 
wcyele in C?(B,A); hence there is an integer r20 and a 1-cochain 
A”) such that = dog (si, 82). But there 
are integers s=0, ¢=0, an isogeny u, of B’-*) onto B and an isogeny », 
of A onto A’ such that wou, = p*, v,°v = p'; we have therefore 


(81, $2) ) = ($1, 82), 
where g, = 0, ogouw, € C1(B’C%, hence, finally, 
p’****(f (81, 82) ) = (81, 82), 


and as gy) € C1(B’, A’(*8+9), this, together with the treatment of the special 
case we considered first, ends the proof. 


CoROLLARY 2. Suppose A is a quasi-direct product cf abelian groups 
*.Am and that for each integer s, every central extension of by 
any one of the A; (1SiSm) is quasi-trivial. Then every extension of any 


by A ws quasi-trivial. 


If A is the direct product of the A;, the result is trivial, by decomposing 
a cocyele f € C?(B®,A) into its components, which are cocycles belonging 
to the groups C*(B®),A;). The general case follows from that particular 
one and from Corollary 1. 


Proposition 3. Let H be a normal subgroup in a formal Lie group G, 
aud suppose that for every integer s the central extensions of H) and of 
(G/H)®) by A are all quasi-trivial ; suppose in addition that H'(M wy), Avy) 
=() for any r=0 and any perfect extension N of K. Then any central 
evtenston of G by A is quasi-trivial. 


Suppose a central extension of @ by A is defined by a 2-cocycle f(s, 82) ; 
then, if p is the natural injection of H into G, f(p(t,),p(te)) (t,t, indepen- 
dent generic points in H) defines a central extension of H by A; by assump- 
tion, there is therefore an integer r= 0 such that (p’(p(#:)), ) ) 
is a 2-coboundary in C*(H,A™). If we apply the exact sequence of Prop. 1 
(with A replaced by A“), we conclude that the cohomology class of the 
e-cocyele f(p"(s,), p"(s2)) is the image by A* of a cohomology class in 
H*(G/H, A); i.e. there is a cochain e(s,)€01(G,A™) and a cocycle 
g€ (°(G@/H, A) such that 


(17) f(pr(s,), p’(s2)) = g(h(s,), h(s2)) + e(s:) —- e(s,8.) + e(.). 
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On the other hand, it follows from the assumptions and from Cor. 1 to Prop. » 
that there is an integer ¢=0 such that g((p*(s,), p*(82)) is equal to a 
2-coboundary (§,) (8:82) + (82) in C?(G/H, A®*). If in each equa. 
tion of th esystem (17), we raise both sides to the power pt and use the 


preceding result, we finally get 
(81), (82) ) = €2 (81) —€2(8182) + €2(82), 


where ¢,(s) =e )(pt(s)) +¢,(h(s)) is a cochain in C1(G, ; this ends 
the proof of Prop. 3. 


6. The main theorems. We suppose from now on that K is a perfect 
field of characteristic p > 0; most of the time we will even assume that K is 
algebraically closed. All Lie groups are finite dimensional. 


Proposition 4. Let T be a torus and A an abelian group over an 
algebraically closed field. If T operates trivially on A, then H?(T,A) =0. 


Suppose @ is a central extension of T by A; then it follows from Lemma 
8 in [9, p. 376] that G is abelian; we know, however, that the core of an 
abelian group is a direct factor, and that in a torus, any subgroup is a direct 
factor ({10, p. 128] or [5, p. 236, Th. 3 and p. 234, Prop. 6]); 7 is thus 
a direct factor in G, hence the conclusion. 

We shall usually denote abelian Lie groups additively, and therefore 
write x—>k-x the “k-th power endomorphism” of such a group, for any 
integer k (which of course, for k =p, has to be sharply distinguished from 
the Frobenius homomorphism p of A onto A); it is obvious that when f 
is not divisible by p, that mapping is an automorphism of A; we shall say 
that an abelian Lie group A is divisible if x—>p-«x is surjective, hence an 
isogeny of A onto itself; x —>k-x is then an isogeny for any integer k. We 
know [10, p. 122, Prop. 4] that any abelian Lie group is quasi-direct product 


of its largest divisible subgroup and its largest unipotent subgroup. We recall 


that J, denotes the one-dimensional additive group. 


Proposition 5. Any central extension of the group I, by a divisible 


abelian group A is quasi-trivial. 


As all the groups 7, are isomorphic, it is equivalent to prove that a 
central extension of J, by any A is quasi-trivial (Cor. 1 to Prop. 2). 
Let f(s,¢) be a 2-cocyele on J, with values in A; we have thus 


(18) f(st+ttu) + f(s, t) =f(s,t+u)+f(tu), 
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the sums on both sides being taken for the group law of A. Observe first 
that replacing ¢ by 0 in (18) gives f(s,0) =f(0,u), and as s and wu are 
listinect Indeterminates, this implies f(s,0) =f(0,w) =0. It also follows 
from (18) that f,(s,¢) =f(s,t) +f(¢,s) is also a 2-cocycle, and as f,(¢,s) 
=f,(s,t), it defines an abelian extension of I, by A. However, we know 
that such an extension is quasi-trivial [10, p. 122, Prop. 4], hence (Prop. 2) 
there is an integer r= 0 and a 1-cochain c€ C(/,, A™) such that 


(19) Pp’ (f(s, t) + f(ts)) =e(s) —e(s+t) + 


lf 2, is an automorphism of A™, hence there is a 1-cochain 
such that e(s) =2-e,(s); if we denote by f.(s,¢) the 
cocycle p’ (f(s, t)) —ex(s) +¢,(s+¢) —e,(t), (19) can be written 
f.(s,t) + fe(t,s) =0. For p=2, x—>2-x is only an isogeny, and there- 
fore we can only assert the existence of an integer h = 0 and a 1-cochain c, 


sch that p’(e(s)) = 2-e,(s); we will then take 
fo(s, t) = (f(s, t)) —e,(s) + ,(s,¢) —e,(¢), 


aud we reach the same conclusion. Using Prop. 2, we see that the proof 
of Prop. 5 is reduced to that of the following statement: a 2-cocycle 


{¢Z?(I~,A) such that 
(20) f(s, t) + f(t,s) =0 
is equal to 0. 
We first remark that if in (18) we take u—s, then equation (20) yields 
> f(s+t,s) =2-f(t,s), and as A is divisible, this gives 
(v1) f(s+t,s)=f(ts), 
lence also, by (20), 
(22) f(s,s +t) =f(s,t). 
If we replace ¢ in succession by 0,s,2s,- - +, in (21), we get 
(23) f(ks,s) =0 for every integer k > 0. 
We claim that for any integer k > 0 
(24) f(ks,u) =k- f(s,u). 
Use induction on i: replace s by ks and ¢ by s in (18); by (23), we get 
1)s,u) = f(ks,s-+u) + f(s,u); the inductive assumption and (22) 
f(ks,s + u) f(s,s--u) =k-f(s,u), hence our assertion. Let 
low kk == p in (24); we have p: f(s,u) =0 and as A is divisible, this means 


=O, q.e. d. 


14 


a 
la- 
he 
ds § 
Ct 
is 
Un 
(), 
1a 
ct 
1s 
‘0 
LV 
m 
y 
e 
ll 
le 
a 
). 


JEAN DIEUDONNE. 


We can now state our main results. 


THEOREM 1. If G is a solvable group over an algebraically closed field, 
and D the largest divisible abelian group in the center of G, then D is 4 
quasi-direct factor in G. 


Let us first assume that G is nilpotent, and let C be the center of ( 
Then G/C is a representable unipotent group, hence there is an increasing 


sequence of subgroups 


such that H; is normal in H;,,, and H;,,/H; is isomorphic to the additive 
group J, [9, p. 380, Th. 6, p. 376, Lemma 3 and p. 379, Prop. 37]. We 
already know the theorem holds when G is abelian [10, p. 122, Prop. 4] ; hence. 
we can use induction on m: by Prop. 5 and the induction hypothesis, any 
central extension of J, or of Hm+./D by D is quasi-trivial. We shall then 
be able to apply Prop. 3, as soon as we have checked that there is no nontrivial 
homomorphism of a unipotent group into a divisible group: but for such a 
homomorphism u, we have p*-u(x) =u(x?") =0 for sufficiently large |. 
hence u=0. 

Consider now the general case. By applying Prop. 38 of [9, p. 382] 
to the quotient G/C of G by its center C, we see that there is a nilpotent 
normal subgroup H of G, containing C and such that G/H is a torus. We 
can again apply Prop. 3 to this case: for we have just proved that any 
central extension of H/D by D is quasi-trivial, and Prop. 4 shows that the 
same is true for any central extension of G/H by D; finally, as H/C and 
C/D are unipotent, so is H/D, hence every homomorphism of (H/C) x) inte 
Dixy (N perfect extension of K) is 0. 


THEOREM 2. If the center of a solvable Lie group G (over an alge 
braically closed field) does not contain any divisible abelian group, G \ 


isogeneous to a semi-direct product of a torus and of its largest wnipoten! 


(normal) subgroup. 


Let C be the center of @; then G@/C is isogeneous to a semi-direct product 
of its largest unipotent subgroup H, and of a torus 7, [9, p. 382, Prop. 38]; 
if NV is the inverse image of 7; in G, Lemma 3 of [9, p. 376] shows that 
is an abelian group, hence a direct product of C and of a torus T. On the 
other hand, as C is unipotent, it is clear that the inverse image H of H; 
is the largest unipotent subgroup of G. Finally, we have 7 \V H =@ and 
T (A H =e, since T A H is a unipotent subgroup of a torus. 
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Corotuary. Any solvable Lie group G (over an algebraically closed 
feld) ts isogeneous to a group G, which is the direct product of a divisible 
abelian group and of a semi-direct product of the largest unipotent sub- 


group of G, and of a torus. 


7. Two-dimensional Lie groups. We now know enough to give a com- 
plete description, up to isogeny, of all two-dimensional Lie groups over an 
algebraically closed ‘ield. If such a group @ is abelian, its structure (up to 
isogeny) is described by Theorems 1 and 2 of [10], restricted to the case 
n= 2. On the other hand, it follows from Chevalley’s theory [3] that G 
cannot be a simple non abelian group [9, p. 385, Th. 7] since such a group 
is at least 3-dimensional. If @ is not an abelian group, it therefore contains 
anormal subgroup V of dimension 1; there are then two possible cases: 


A) G is nilpotent, V is the center of G@ (the center of a nilpotent 


vroup cannot be reduced to e) ; 


B) Gis solvable but not nilpotent; then the center of G is reduced to e 
(otherwise G would be nilpotent) ; hence, it follows from Theorem 2 that G 
isa semi-direct product of N and of a 1-dimensional torus 7’. 


Case A. From Prop. 4 it follows that G/N cannot be a torus; on the 
other hand, G/N is a one-dimensional representable abelian group, hence can 
oly be I, [9, p. 379, Prop. 37]. From Prop. 5, it then follows that NV 
cannot be divisible (otherwise G would be commutative), and therefore we 
also have N=J,. The structure of G is then known if we can describe 
all central extensions of I, by itself. This, however, has essentially been 
lone by M. Lazard: he has determined all homogeneous polynomials P(z, y) 
in two indeterminates, which satisfy the equation 


P(x+y,2) + P(a,y) = P(2.y +2) +P(y,z) 


(12, pp. 261-264], and any 2-cocycle f on J, with values in J, is clearly an 
infinite sum of such polynomials; of course, to get a noncommutative group G 
we have to take at least one of these polynomials such that P(y,2) ~ P(z, y). 

The nilpotent groups thus defined give rise to a number of interesting 
marks. First, they obviously constitute a phenomenon which is special to 
characteristics p > 0, since it is well known that there are no nilpotent non 
tbelian Lie algebras of dimension 2 over a field of characteristic 0. We next 
observe that V is the unique subgroup of G of dimension 1: any other such 
subgroup H would be commutative and commute with N, and moreover, we 
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would have necessarily H AN ~e, hence G=HVWN [9, p. 354, Prop. 11], 
and therefore G would be a quasi-direct product of H and N (see Section 5), 
hence would be commutative. It follows that G is not the 1. u.b. of all abelian 
subgroups of G, which disproves a natural conjecture made in [7, p. 443]. 


We will next prove the rather surprising result: 


Proposition 6. There exists a unipotent non commutative group G of 
dimension 2 which is not representable. 

This will prove, in particular, that a central extension of a representable 
group by a representable group (in this case, both are J,,) is not necessarily 
representable; the class of non representable Lie groups is thus much more 
extensive than might have been thought a priort. It will also do away with 
any hope of extending to formal Lie groups either Ado’s theorem or 
Chevalley’s theorem on the structure of general algebraic groups [138, p. 439, 
Th. 16] in a reasonable way: the natural conjecture would have been that 
a Lie group would be the quasi-direct product of a divisible abelian group 
and of a representable group, but our example will show that this is not 
even the case for nilpotent groups. 

To construct our example, we suppose that the field K has an infinite 
degree of transcendancy over the prime field F,, and we denote by (én) 
(for all pairs (h,&) of numbers such that h > k = 0) a system of algebraically 
independent elements of K (over F,). We define the extension G by means 


of the 2-cocycle 


f(z, 2’) = 
h>k 


the group law of G@ being therefore given by 


= ¢, (2, 27’) 


(25) y” = y’) =y nf 


The subgroup WN is a typical subgroup defined by z=0. We shall slightly 
simplify our general notations by writing (for D, and 
instead of Dy, and Yn instead of Dayz. From (25) and the 
definition of X, [4, p. 93], we deduce 
Di + ( Cmax") Do’ + 81, 

m>h 
where S, is a combination (with coefficients in F,) of terms each of which 
is a product of a certain number of terms e,7?* with 7 <h, and of a certain 
number of 2”; and D; with j}<h.- For h=0, S,—0, hence 


( 27 ) [Xn, Aes — Sack 
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If we want to compute similarly [X,,X;,| for h > k, we have (by defini- 
tion) to form ),\;,—D;,X, and to replace x by 0 in the result. We thus 


obtain 


[Xn, Xx] = + Dd 
a 


where the Z, have their usual meaning (elements of the structural basis, 
with of course a= (a@,,a,)), and the summation extends over the indices 


such that |a|!1 and h(a) <h; in addition 
(29) = Cnr — ); 


where Fy, is a polynomial with coefficients in F,, in the e; such that either 
i<h andj <k, or i<h (this is due to the fact that D,v?' for 1>k), 
and @pz,¢ i8 a polynomial, with coeflicients in F,, in the e, such that either 
i<h and j<k, or i<h (for the same reason). Similarly, if we express 
the \, as linear combinations of the Z), we see that if h(a) <h, the coeffi- 
cients are polynomials, with coefficients in Fy, in the e, such thati<h. The 
group law of G will not in general be pseudo-canonical; but if we apply to 
it the “standard process” described in [9, p. 335] to transform it into a 
pseudo-canonical group law, it follows easily from our last remark and from 
the fact that in the free hyperalgebra the coefficients of the multiplication 
table are in F,. that after we have made the necessary change of variables, 
we still have (28) with similar properties for the coefficients é), and énra 
(although, of course, the polynomials F,;, will not be the same). We may 
therefore assume that the group law of @ is pseudo-canonical. 

We shall now assume that G is representable and show that this ulti- 
mately leads to a contradiction. Our assumption is therefore that there is 
a two-dimensional subgroup @’ of a group GL(n) (over K) which is isogeneous 
to G. Replacing, if necessary, G by some G™, we can assume that there is 
an isogeny w of @ onto G’, and furthermore, that there is no trivial factor p 
in that isogeny. If we denote by & (resp. &’, G”) the hyperalgebra of G 
(resp. G’, GZ(n)), by gx, and 8, (resp. gx’, gx” and the Lie algebra 
of invariant semi-derivations of height h and the associative subalgebra it 
generates in & (resp. @’, G”), our last assumption means that, for the derived 
mapping wu’: G— G’, we have w’(go) 40. Let a be the kernel of w’, which 
is a two-sided ideal in G; if as40, we have aN go0 (by the homomorphism 
theorem), and it follows from (27) that aM qo is the subspace consisting of 
the scalar multiples of Y>. We next observe that, due to (27) and to the 
existence of the Frobenius homomorphism, the coefficient of Y, on the right 
hand side of (28) is e?*;40540. It is then easy to see that a is the ideal 
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generated by Yo, in G, if w is an isogeny of height ¢; this can 
be done either directly by using an argument similar to the proof of Theorem 
1 in [9, p. 339-340], or by applying general characterizations of kernels of 
derived mappings of isogenies, which will be described in detail in a forth- 
coming publication of P. Cartier (see preliminary announcement in |2]): 
for that reason, we suppress the proof here. We can then write u—wovy, 
where v is an isogeny of @ onto a group G, w an isomorphism of G onto G’, 
and where @ is the extension of /,, by itself corresponding to the 2-cocyele /", 

We shall from now on replace G by G; ignoring the effect of the auto- 
morphism é— €" on the e;,, we are thus reduced to proving that after 
replacing the e,; for j<¢ by 0 in our description of G, there can be no 
isomorphism u of G onto a subgroup G’ of GL(n). It is clear that if we 
write V,’=u'(V,), Vn’ =u’ (V),), =u’ (Z,), the Z,’ constitute a struc- 
tural basis of &’, for which the group law of G’ is pseudo-canonical: in other 
words, Z,’ is equal to a noncommutative polynomial in the .\;’ and ¥;” such 
that AS h(a), with coefficients in F,. Using this fact, we will now prove 


the following statement: 


*) There is an increasing sequence (L,) of fields over F,, such that 
by h p 
Lyn tw generated over F, by 2n?(h--1) elements, and that the Z,’ with 


, 


h(a) =h are linear combinations of the basis of 8)’" with coefficients in Ly. 


We use induction on /: for h 0, X,’ and Y,’ are linear combinations 
of the basis of go”; we take for J, the field generated over F, by the 2n° 
coefficients of these linear combinations. We assume throughout that we 
have taken the group law in GL(n) in its natural form [9, p. 364] so that 
the multiplication table of the corresponding basis of &” has its coefficients 
in F,. We denote by A the “structural mapping” of 6” into @”@G”, 
which induces the structural mapping of into The element 


satisfies the relation 
(30) A(X7n’) — Z,’ OZ,’ 


the summation being extended to all pairs such that |«#|~1, | 8! 


a+ B=ple,. If we express XY,’ as a linear combination of the basis of gy”. 


relation (30) is equivalent to a system of (non homogeneous) linear equations. 
where the unknowns are the coefficients of that linear combination, and the 
coefficients and right hand terms are in the field Ly_,, due to our inductive 
assumption. We know that there is an element Y,’ in W’ which satisfies (30) ; 
this means that the equivalent system of linear equations has a solution 
consisting of elements of K; but from the preceding remark, it follows that 
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it has also a solution consisting of elements of Ln+. Let X;” be the element 
of ®” which is determined by that second solution; we shall have in general 
XY,’ 4X’, but it follows from (30) that the difference X,’—X,’ is a 
derivation, in other words, it belongs to go’. Similarly, there is an 
element Y;,” in @” which is a linear combination of the basis of g,” 
with coefficients in Z,,, and such that Y;”—Yy,’ is in go”; if we express 
these two elements of gy)” as linear combinations of the basis of that Lie 
algebra, and denote by LZ, the field obtained by adjoining to Ly_, the coeffi- 
cients of these combinations (2n? in all), we have shown that the basis of 
qn’ can be expressed as linear combinations of the basis of g,” with coefficients 
in Ly. It follows that the coefficients of the multiplication table for the basis 
of qx’ belong to L,. The other elements Z,’ of the basis of 8,’ are therefore 
(by the remark preceding statement (*)) linear combinations of the basis 
of 3,” with coefficients in Z,, and our induction is thus complete. 

We are now ready to derive our final contradiction. For any h, it 
follows from (*) and (28) that the coefficients é; (7 << ih) belong to Ly. 
llowever, there are (h—t)(h-——t+1)/2 such elements which are alge- 
hraically independent over F,; hence the inequality 

(h—t)(h—t+1)/2 S 2n?(h +1) 
which certainly cannot be verified when h is taken large enough; q.e. d. 

If we do not assume that the e;; are algebraically independent, we can, 
of course, obtain representable groups, and even algebraic groups: the simplest 
of these is the group of 3 X 3 matrices 


More generally, if in the preceding matrix, we replace 2? by 

g(r) + ena 
where the e, are arbitrary elements of A, we define a monomorphism into 
iL(3) of the group @ corresponding to the 2-cocycle 


(31) f(x, 2’) == > 


We can, however, prove 
Proposition 7. Jf in (31) the e, are algebraically independent over Fo, 
then G is not an algebraic group (or, more precisely, G cannot be tsogeneous 
toa formal Lie group of the type G’*, where G’ is an algebraic group). 
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In other words, if we consider in any GL(n) a formal subgroup 4G, 
isogeneous to G, we shall always have dim @(G,) > dim G, for its algebraic 
hull @(G,). 

We may suppose that A’ is algebraically closed without restricting the 
generality. We first investigate the structure of an algebraic group (7 
which has a center C’ isomorphic to the additive group K, and which is such 
that G’/C’ is also isomorphic to K: indeed, if G is isogenous to G’*, @’ will 
necessarily be of this type, for the center C of G has then to be isogeneous to 
c’*, and G/C to G’*/C’* [9, Props. 18 and 21], and there is only one 
algebraic group formally isogeneous to /,, namely the additive group K. Nov, 
a result of Rosenlicht [13, p. 426, Th. 10] proves the existence of a (rational) 
cross-section o: G’/C’— G’; this cross-section will in general only be defined 
in an open set U of K (for the Zariski topology), but we shall show that 
there is then another cross section which is everywhere defined in K. Indeed, 
let w be a biregular isomorphism of the additive group K onto the center (” 
(which, like G’, we write multiplicatively). If + is the natural homomor- 
phism of G’ onto G’/C’ (which we identify with K), let p(s) =s- (a(m(s)))7; 
this is a rational mapping of G’ into C’, defined in 1(U). The complement 
of U in K consists of a finite number of points 2; (1SiS=m); let 2 € U be 
such that all the points 7+ 7; (1 =i) are also in U, and consider the 
rational function (from K to K) 

$(x) 
each of the points 7; (1 =i m) this function may have a pole; there is, 
any rate, a rational function y¥(x) which has poles at most at the 2; 
(1=i=™m), and is such that is regular at all these points. 
Consider then the cross-section 
o (x) 
it is certainly regular outside the 2; (1 [i= m); we show that it is also 
regular at these points. Indeed, we have 
(x)o(%) (u(y (x) (a + d(x) —y(2)). 


and as the right hand side is regular at each of the 2, so is o’ (2). 


We may thus suppose that o is regular on K; then p is also defined 


everywhere on G, and 
a(x, 2’) =u 


is a 2-cocycle which is a rational function defined everywhere on K X K, 
hence a polynomial in x and 2’. We conclude that there is a biregular iso- 


morphism of G’ onto a group G, defined by the group law 
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(a, 2”) 


(32) | 
po) (x,y, =y ty +hile, 2’), 


where f; is a polynomial 2-cocycle. 

We now proceed to show that there is no isogeny of G, onto G. By the 
same argument as in the proof of Prop. 6, one is immediately reduced to 
proving that there is no isomorphism u= (U,(%,y),Ue(z,y)) of Gy onto G. 
Such an isomorphism must of course map the center C, of G, onto the center 
( of @; hence, the relation «0 must imply u,(0,y) =0; this means that 
in the power series u,(a,y), every monomial contains x. However, we must 
have 


and if w,(,y) actually contained y, by considering the monomials of smallest 
degree in y, and among them, the one with smallest degree in z (the latter 


being +40, as seen above), it is clear that there would be in the left hand 


side of (33) terms containing both 2’ and y, which cannot be matched by 
similar terms on the right hand side. Hence uw; must be an additive power 
series IN 2, 1.€. 

(ao 0). 

A similar argument, applied to the relation 
(34) u(atajyty +fi(a,2’)) 
—uz(2,y) + us(a’,y’) + (2’)) 

shows that there are no monomials in u.(z,y) which can contain both a and y, 
= v(x) + u(y). Replacing x and 2 by 0 in (34) shows that 
w js an additive power series, i.e. 

w(y) = doy + (by £0), 
and then (384) boils down to 
(35) (a)) (2’) = 4+ 2’) (2) — + w(fi (a, 2’)). 
We claim that it is impossible that both gou, and u, be polynomials: indeed, 
this would imply that the relations 


+ ex +: +++ 1 = 0 


hold from a certain & on, with only finitely many of the 5, being 40; but 
this would obviously imply that the e, are not algebraically independent 
over F,. However, if gou, has infinitely many terms, there are on the left 
hand side of (35) terms of the form z?*z’ with arbitrarily high values of k. 
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But in w(f:(#,2’)), the terms of the form z"x’ have bounded exponents | 
since f, is a polynomial, and if there were in v(a+ 2’) —v(z) —v(z’) a 
term in 2?*z’, there would be a term in za’* (with same coefficient) which 
cannot be cancelled by terms of w(f1(2z,2’)) for the same reason as above, 
and is not matched by any term on the left hand side. If on the contrary, 
g°u,; is a polynomial, then uw, has infinitely many terms ~0; hence there 
are on the left hand side terms in x?x’** with arbitrarily high &, and no terms 
in z?*z’? as soon as k is large enough; an argument quite similar to the pre- 
ceding one shows that (35) is again impossible in that case, and the proof 


of Prop. 7 is complete. 


8. Case B. In sharp contrast with the rather pathological features of 
case A, we shall prove 


Proposition 8. Every solvable non nilpotent group G of dimension 2 


is isomorphic to one of the (algebraic) groups of matrices 


0 


and all these groups are isogeneous. 


As G@ is a semi-direct product of a normal subgroup isomorphic to /, 
and of a subgroup isomorphic to Jo, we have to determine all the possible 
structures of J)-module on J,. As r—s-a@ is an automorphism of J, (over 


a field containing K[[s]]), we can write s- r= It is readily 
k=-0 


verified that the group of automorphisms of J,, can be considered as an infinite 
dimensional formal Lie group A, which is recursive in the sense of [6, p. 55], 
and can be neatly described, in a self-explanatory way, as the group of 
infinite triangular matrices 


0 0 (l+2,)"--- 


0 


The system of power series (a;(s)) constitutes a homomorphism s— M(s) 
of J, into that group A; equivalently, this means that for every n, the first 


n 
( 
a 
QO 
0] 
W 
tl 
0 m 
0 1 0 

(1 +s) p™ pe 
(ly. 
| 
Vé 
in 
sa 
wl 

(36) 
an 
tal 
in 
(5 


LIE GROUPS OVER A FIELD OF CHARACTERISTIC p > 0 (VEE). 


n series a(S) constitute a homomorphism s— M,(s) of J, into the group 
4, obtained by taking only the first m rows and columns in the infinite 
matrix (36). In particular, A; J, and therefore we must have 1 + ao(s) 
=(1-+8s)5, where ¢ is an arbitrary p-adic integer [5, p. 241, Th. 5]. We 
claim now that for any k, a,(s) is a linear combination of the power series 
(1+s)eS—(1+s)$ for0ShSk. To prove this, we use induction on k 
and observe that the group A,, which has dimension n, is a semi-direct product 
of a nilpotent group and of a one-dimensional torus, namely the subgroup 
of diagonal matrices (1 + a, (1+ 2,)?,- - «(1+ 2,)?""). We may assume 
(40, otherwise it would be easily checked that all the a, of index k2=1 
would be 0 (there is no homomorphism +0 of J, into a unipotent group) ; 
from A. Borel’s conjugation theorem [1, p. 56, Th. 12.2] it follows that 
there is a unipotent triangular matrix P; of order & such that P;,M;,(s)P,7 
is the diagonal matrix ((1+s)5,---,(1+s)#"5). If we denote by P 
0 
morphism s— by s— PM(s)P*, we may suppose that a,(s) =- 
1(S)=0. The relation M(s+¢-+ st) = W(s)M(t) then yields, in 
particular, 


0 
, we see that by replacing the homo- 


the infinite triangular matris ( 


ax(s + st) = (1 +8) (s) (1+ 
= (1+ t)Sax(s) + ax(t) (1 + 


and as ¢ and s are independent indeterminates, this is only possible if 

a(S) == + (1+5s)$). Returning to our original M(s), this 
proves our assertion. 

Now let = pe, where ¢ is a p-adic unit. In the group @, we may change 

variables by taking new variables s,, 7, such that 1+ s,—(1-+s)€ and 

The new group law corresponds to a structure of J)-module on J, 

in which =p"; we may thus assume from now on that this condition is 


satisfied. It is then clear that we have 
(1+ + (1 +8) (a?) + (1+ +- 
where + and, in general, 


and we have written for simplicity gp". We then change variables again, 
taking this time s,s and z,—c,)(r); this amounts (again dropping the 
indices 1) to supposing that c)(a) =<; but if we then again write relation 
(5), we see easily that the c,(z) of index 21 must be 0: supposing in fact 
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that r is the first index such that c,(x) #0, we see that in the identity, the 
term (1+ s)4(1-+14)'c,(a?’) is not matched by any other term, hence the 
assumption c,+<0 leads to a contradiction. This ends the proof of Prop. 8, 


and 
nilp 


we thus see that for characteristic p>40, the structure of solvable non 
otent groups of dimension 2 is pretty much the same as for characteristic 


0, if we disregard-the isogenies. I do not know if this extends to dimensions 


> 3 
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ON SOME INVARIANTS OF CYCLOTOMIC FIELDS.* 


3y KENKICHI Iwasawa.** 


Dedicated to Professor E. Artin on His Sirtieth Birthday 


1. Let p be an odd prime. For each n = 0, we denote by &, a primitive 
p"-th root of unity and by Ky the cyclotomic field obtained by adjoining fn. 
to the rational field QV: Kn—=Q(fni1). It is proved in [4] that if p% is 
the highest power of p dividing the class number of K,, then the exponent 


e, is given, for all sufficiently large n, by a formula 


(1) == An + pp" +7, N= No, 


where A, » and vy are integers independent of n. The numbers A and u 
seem to have deep significance for the arithmetic of the fields K,. In 
general, if the invariant »=yp(K/F) of a so-called T-extension K over a 
finite algebraic number field F is 0, then the Galois group of the maximal 
unramified abelian p-extension over K is, up to a finite subgroup, isomorphic 
with the direct sum of A copies of the additive group of p-adic integers, 
where A=A(K/F’) denotes another invariant of K/F.1. So, if »—0, we 
have an analogue, for number fields, of a similar result for algebraic function 
fields of one variable over algebraically closed fields of constants. For this 
and other reasons, it seems interesting to know whether » >0 or »=0 for 
a given T-extension K/F, and we shall find in the present paper necessary 
and sufficient conditions for »>0 when the I-extension is obtained from 
the cyclotomic fields K, defined above, namely, when p» is given as the second 


coefficient in the above formula (1). 


2. Let K be the union of all K,,n=0. K is an abelian extension of 
and, for any element o of the Galois group G(K/Q), there exists a unique 
p-adic unit € such that 


a (fn) — 


lor every n= 0. The mapping o—é then defines a topological isomorphism 


* Received February 6, 1958. 
** Guggenheim Fellow. The present research was also supported in part by a 
National Science Foundation grant. 
Cf. [4], § 5, § 7. 
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of G(K/Q) with the multiplicative group U of p-adic units and we denote 
the Galois automorphism o corresponding to € by og. Under this isomorphism, 
the subgroup G(K/K,) of G(K/Q) corresponds to the subgroup U, of all é 
in U satisfying €==1mod. p"**. On the other hand, the group U is the direct 
product of U, and a cyclic group V of order p—1, the group of all roots of 
unity in the p-adic number field Q,. The corresuonding subgroup A of 
G(K/Q) is then canonically isomorphic with the Galois group G(K,/Q), 
and @(K/Q) is the direct product of A and T=G(K/K,y) = U.. 

Now, suppose that A acts continuously on a compact p-primary abelian 
group NV. Since N is p-primary, the element u* is defined as usual for any 
u in N and for any p-adic integer «. For each 7, 1 [i= p—1, let N™ be 
the set of all wu in N such that 

on(u) =u, 
for every 7 in V, i.e., for every oy in A. It is then easy to see that each N‘) 
is a closed subgroup of NV and WN is the direct product of these NV“: 
N=N®X:---K 

Let J, be the maximal unramified abelian p-extension over K. Then 1 

is a Galois extension of Q, and G(K/Q) =I X A acts on the abelian normal 


subgroup G(L/K) of G(L/Q) in a natural way. For each n=O, let L, 
denote the maximal unramified abelian p-extension of K,. JL is then the 
union of all ZL, and, p being the degree of the extension L,/Kn, the formula 
(1) was proved in [4] by studying the structure of the I-group G(L/K). 
We now apply the above decomposition to the A-group G(L/K) and 


obtain 
G(L/K) =G(L/K) G(L/K)®». 
We denote by L (11S p—1) the subfield of Z containing K such that 
G(L/L®) G(L/K), G(L/K) = G(L/K)™. 
Since A may be considered as acting on the Galois group G(L,/K,) in a 
natural way, @(L,/K,) can be also decomposed with respect to A and we 
obtain subfields LZ, (11 p—1) of L, containing K,, defined similarly 
as the above LZ. Clearly, the action of T on G(L/K) commutes with the 
action of A on G(L/K). Hence G(L/K) (11S p—1) are again T- 
groups like G(Z/K). Using the fact that Z® is the union of all L,", 
n = 0, it can be proved in the same way as in [4] that if pe“ is the degree 
of the extension L,‘/K,, then the. exponent e,“ is given, for all sufficiently 
large n, by 
(2) en 4 0, (1<i<p—t), 
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where A, and are again integers independent of n. Since = > en, 


i=1 
we obtain from (1) and (2) that 


p- 


p-1 p-1 


i=1 i=1 i=1 

Let e,* be the sum of e,“ with even i and let e,- be the sum of e,?) 
with odd Similarly, we define A*, A-, wt, and v*, as the sums of A, 
uw and vy with even or odd indices respectively. Then, 

Furthermore, if L,* denotes the composite of all LZ,“ with even i and L,7 
the composite of all ZL,“ with odd 7, then p** and p* are the degrees of the 
extensions of L,*/K, and L,~/Ky respectively, and they are also equal to the 
highest powers of p dividing, respectiveliy, the second and the first factors 
of the class number of K,.? 

LEMMA 1. tf and only if p 

Proof. As the proof of (1) shows, »=0 (w —0) if and only if the 
rank of G(Ln/Kn) (@(Ln7/Kn)) is bounded for every n= 0. However, it is 
a classical result that 
rank G(Ly*/Kn) S rank G(L,-/Kn) S rank G(L,/K,) S 2 rank G(Ln-/Kn) 
The lemma then follows immediately. 


cemark. By a similar method as in [7], we can obtain a more precise 


result : 


rank G(L,/K,) S rank G(L,/K,), n= 0, 
where is even, j is odd and «+ j7==1 mod. p—1. 


3. Assume, now, that »>0. Then, by the above lemma, p> 0 and, 
hence, «© > 0 for some odd index i. We fix such an index ia. The Galois 
group G(L@/K) is then a so-called regular strictly T-finite compact T- 
group with the invariant »@ >0, and it follows that, for each n=O, 
(*(L,@/K,) contains a subgroup which is, as a G(K,/K,)-group, isomorphic 
with the additive group of the group ring of G(K,/K.) over the prime field 
of characteristic p.t Let P, be the p-Sylow group of the absolute ideal class 


* More generally, if F is a subfield of K, with [K,): F] =d and K’ is the T-extension 
defined naturally over F, then the invariants of K’/F are given by the sums of A‘ and 
u® with the indices i divisible by d. 

‘Cf. [4], § 5 and a forthcoming paper of the author. 
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group of A, and let P,™ be the a-th direct factor of the A-decomposition 
of P,. By class field theory, G(L,/K,) is then canonically isomorphic 
with P,®. Hence, by the above, there exists an ideal class Cy of order 
in P,™ such that on(Co) =Co™ for every » in V and that the classes o¢((,) 
are independent when € runs over p-adic units in U)mod. UV». 

Now, for any p-adic integer a, let s,(a%) (n20) denote the uniquely 


determined rational integer such that 
==S,(a) mod. p”*?, 0=4,(a) < 
For any ideal class ( in P, and for any € in U, we have then 


(3) II o,(C)*@ —1, 


where the product is taken over all 2 in Umod.U, and the exponent d(a) 
is given by 


d(a) (8, (ar*) — és, (a) ). 


This is a special case of a general identity which holds for the ideal classes 
and their conjugates of a cyclotomic field. For the field Ko, it is given in 
[3], §109 and the general case can be deduced easily from the result in [5]. 
Applying (3) to the above ideal class Co, we obtain 
— )n? =0 mod. 


or 


(4) > Sa =é > mod. 


First, we put €=1-++ in the above. Since =s,(7"). we 


have 


and, hence, also 
Sn = 0 mod. p. 


As (9°?) mod. p, it follows that a1. 
Next, we take € from V, in (4). Then the left hand side is equal to 
& and, as a~1, 1S a= p—1, it follows that 
n 
Sn (97?) = 0 mod. p™*?. 
n 
Hence, by (4), 
(5) D> Sn n* = 0 mod. p*?, ye 
n 


for any € in U7. We have thus proved that the assumption » > 0 implies (5) 


a 
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for some odd index a1 and for every n=0. Notice that (5) does not 
hold for a==1 (and n=O). 

To prove the converse of the above, we use the classical formula for the 
irst factor of the class number of K,.° Let Q, be the algebraic closure of 
(), and x a character of U with values in Q)* such that y(Un) =1. Put 


Sn(x) 2 Sn (€)x(é) ? 


where € runs over p-adic units in Umod.U,. We notice that S,(y) is an 
element of Q, and that if y(Um)=1 for msn, then Sn(y) =Sm(x). 
Now, the classical formula tells us that the highest power of p dividing the 
first factor of the class number of K, is equal to the highest power of p 
dividing, in Q,, the product 

(6) iy Sn(x), 


where x runs over all characters of U such that x(Un) =1 and x(—1) =—1. 

Suppose that (5) holds for an odd index a. Clearly, there exist p" 
characters x of U such that x(Un) =1 and that x(y) =7 for every y in V. 
Since a is odd, these characters satisfy y(—1) = —1 and the corresponding 
S.(x) appear in the product (6). It is also clear that (5) implies 

Sn(x) =0 mod. p, 
for any such character y. On the other hand, it is known that the product 
of p™*? and other factors S,(y’) in (6) is an integer of Q,. Hence the 
product (6) is divisible by p?" and we obtain that 
tc 

Since é, =An+pp"+r, it follows that if (5) holds for every n= 0, then 
» > 0 and, consequently, » >0. Thus the following result is proved: 

I. The second coefficient » in the formula (1) is positwe tf and only 
if there exists an odd integer a, 1 aS p—1, such that (5) holds for any 
p-adic unit € and for any n= 0. 


For any p-adic integer a, let 
OSt(a) <p, 


be the canonical p-adic expansion of a. Then, 


Sn(%) = te (a) p*, = Sn(%) + (%) 
k=0 


° For the following, ef. [2], § 5, § 33. 
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Since a541 and 
the condition (5) is equivalent with the following: 
(En?) n* = 0 mod. p, 
Notice that it holds trivially 
to(&7*) n* = 0 mod. p. 


4. We now consider that the roots of unity €, are all contained in Q, 
and asume that =n. n=0. We have then 


n+1_4 
i=0 a 
where a runs over all p-adic integers mod. p"*?. For any 7 in V, it follows 
that 

a a 

If n= 1, we have similarly 
where 8 runs over all p-adic integers mod. p". Therefore, 
(1/ (Lne17 1) 1/ 1) ) — 
where € runs over all p-adic units in U mod. U,. 
Now, for each n=0 and i, 1=i= p—1, put 
TO = 1). 

néeV 
Then the above computation shows that, for any n= 0, 
(7) — Tr) =D in U mod. U,. 

For convenience, we put here 
T_,© == 1SiSp—l. 


holds for any p-adic unit € and for any n=O. Then, it follows from (7 
that 


Suppose that there exists an odd index a, 1 [aX p—1, such that (5) 
) 


T, = T,_.© mod. p, n= 0, 


a 

( 
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and, as T_,@ —0, we also have that 
(8) = 0 mod. p, 
To prove the converse, we first notice the following 


LEMMA 2. Suppose that 


= 0 mod. p’, in U mod. Un, 
g 


with ag in Qp. Then, for any o in U, 


>’ ag = 0 mod. p’, 
é 


where € runs over all p-adic units mod. U, such that =omod. Uy..° 


The proof is elementary and, hence, is omitted here. 
Now, assume that (8) holds for an odd index a and for any n2=O0. It 


then follows from (7) that 


~ (> Sn Enar® = (0 mod. 
n 


By Lemma 2, we have, for any in U, that 


(9) sn = 0 mod. p"*?, €=wmod. Uy... 
— 


Suppose that n = 1 and put 
E=w-+ jp" mod. p™?, OSj<p. 
Then, 
(10) Sn (én ) (wy ) + kp", 0 <k < P; 
where k is determined by 
‘= tn (wy*) +- jn? mod. 


If € runs over p-adic units mod. U, such that ==omod. U,., k runs over 
all integers from 0 to p—1, and we obtain from (9) and (10) that 


Pp Sn-1 (wn?) ys ken? = 0 mod. 
kon 
Since mod. p—1, and it follows that 
Sn-1 (wn?) = 0 mod. p™?, n= 1. 
n 


Thus, we see that (5) holds for any € in U and for any n=O, and the 
lollowing result is proved: 


* For n = 0, we understand U_, = 1. 
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Il. The second coefficient » in the formula (1) ts positive tf and only 
if there exists an odd integer a, 1 Sas p—1, such that 
(11) D (1 — = 0 mod. p, n€ V, 


for every n=0. 


5. Let O, be the ring of p-adic integers and @,((x)) the field of all 
power series in x with coefficients in Q,. We denote by Ff the subring of 
those power series in Q,((2)) which have coefficients in Op, and by R, the 
subring of integral power series in R. Let a0 be a non-unit integer in 
Q,. Then, for any 6=¢(2) in R, the element ¢(a) in Q, is well defined 
and ¢—>¢(a) gives a ring homomorphism of FR into Q,. In particular, if 

= 1 —£,,,, it induces a homomorphism of Ry onto the ring of all integers 

Let a be an odd integer and » any element of V. The power series for 

(1—-2)”, defined in the usual way, is then contained in FR, and we have 


with a power series $y in Ry. Putting r= 1—£,,, in the above, it follows 
that 


(1 — (1 — ner) 14. (1 — 


where $7(1—n.1) are integers in Qp(ni1). 
Now, suppose that (11) holds for every n2=0. The above equality then 
shows that a1 and that 


$n (1 — = 0 mod. p. 


Using the fact that the elements (1— OS i < (p—1)p", form a basis 
of the ring of integers in Qp(€n.1) over Op, it follows that 


on (x) =0 mod. + 
n 
Since n is an arbitrary non-negative integer, we have then 


> $n(x) =0 mod. p, 
n 
and, consequently, 


— (1—2)”) =O mod. 


Clearly, we can reverse the above argument and see that the above 
congruence conversely implies (11) for every n=0. Therefore: 


* mod. p means mod. pR, or mod. pR. 


= 
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Ill. The second coefficient » in the formula (1) is positive if and only 
if there exists an odd integer a, 1 Sa p—1, such that 
> (1— =0 mod. p, € V. 
Remark. I1I can be proved also by a different method using the classical 


formula for the second factor of the class number of Ky. 
Now, if an element r—-7(zx) of Ry is of the form 


c,€ U, 
there exists an automorphism of R over O, which maps x to x(x). Therefore, 
(12) is equivalent with 
(13) (1 (x) )7) =0 mod. p, 

n 
for any such +. Choosing a suitable power series for ce, we can further 


transform the condition (12). 
Consider the formal power series L(x) and E(x) defined by 


L(«) 2'/p', =e 
i=0 


As power series in Q,((x)), they have the properties: 
gh (x)=L(yr), H(x)"=E (yr), 
for any » in V. It is also known that H(z) can be written in the form 


E(«) II (1 — w(m)/m, 
m 


where »(m) is the Mobius function and m runs over all positive rational 
integers prime to p. Hence #(2) is contained in R, and it holds that 


E(x) =1—-zmod. 

Putting +(2) =1—FH (zx) in (18), we then obtain 

> 77/(1 — (yx) ) =0 mod. p. 

n 

Now, let S\a,a* be the power series for (1— H(x))-* and put 
k 
DY 1SiSp—1. 
k=i(p-1) 


Then the left hand side of the above congruence is nothing but (p — 1)Wp-a-1(2) 
and we have immediately the following result: 


* Cf. [1]. 
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IV. Let wi(x) be defined as above. Then the second coefficient yp in 
the formula (1) ts positive if and only if there exists an odd integer a, 
p—1, such that 
Wa(x) =0 mod. p. 


The advantage of IV lies in that we can explicitly calculate y;(.), 
1=:1= p—1, by using the classical power series: 


1/(1—e-*) = 1/2 + |, 


n=1 
where B, (n=—1) are the Bernoulli numbers. Put z=—UL(2x) in the above 
and notice that the exponents of x which appear in the power series L(z) 
are always congruent with 1mod.p—1. We then obtain immediately that 


= 3, 
=0, Ap—l, 
= L(x) Se?) (— 1) I, 
Wi (x) = — DO (— 1) "BL (2) 3, 2 Ti, p—?, 
where > means the summation over all n=1 such that 2n—1==7 mod. 


p—l. 

Now, it is clear from the above that yp.(z) 40 mod. p.® For an odd 
p—2, we can then calculate the coefficients of a**?-), k = 0, in y,(2) 
from the last equality and, putting them to be congruent to 0 mod. p, we 
obtain a sequence of congruence relations on the Bernoulli numbers which 
altogether form an equivalent condition with =0 mod. p. For instance. 
we obtain from the first two coefficients the following congruences: 


B’(4(a+1)) =O0mod. p, 
B’(4(a+1)) + §(p—1)) mod. p?, 
where B’(n) is defined by 
B’(n) = (—1)"B,/n, . 


The first congruence in the above shows that if » > 0, i.e., if va(r) =? 
mod. p for some odd a, p must be an irregular prime. But this can_ be 
otherwise proved easily without making use of the above result. 

For the irregular primes p= 37, 59, 67, we can determine the index 


for which the first congruence is satisfied, and then see that the second 


® This corresponds to the fact that (5), (11) and (12) do not hold for a = 


782 


ON SOME INVARIANTS OF CYCLOTOMIC FIELDS. 783 


congruence does not hold for such an a.*° Hence, we have »=0 for these 
prime numbers. However, in these cases, it is also known that the order of 
G(L,/K1) is p® and, by the structural theorem on I-groups,*? we can prove 
more precisely that G(L/K) is isomorphic with T and that A=1, p»=—0 


and v= 0. 

Remark. Using the fact that the coefficients of the power series for 
(1—H(a))-* are always p-adic integers, we can obtain, by a similar argu- 
ment as above, various congruence relations for the Bernoulli numbers mod. p". 
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ON A THEOREM OF TORELLI.* ' 


By T. MatsusakKa. 


Let T be a complete non-singular surve, J¥ be its Jacobian variety and 
2 be the canonical mapping of T into J. Let 6 be a canonical divisor on J 
with respect to T, which is determined uniquely up to translations. By means 
of 2(m@), we can embed J into a projective space, i.e. m@ is linearly effective. 
whenever m is sufficiently large (cf. Weil [8]). Therefore, the set X of 
positive divisors X on J, such that s6=tXY¥ modG,(J) for two positive 
integers s and ¢, defines a structure of polarization on J (cf. Weil [9], 
Matsusaka [4]). When J is polarized this way, we call it the canonically 
polarized Jacobian variety with respect to T. The purpose of this paper is to 
show that when two canonically polarized Jacobian varieties are isomorphic, 
then two curves are isomorphic. First this theorem was proved by Torelli 
(Torelli [5]) in the classical case and another proof was given recently by 
Andreotti also in the classical case (Andreotti [1]). Quite recently, A. Weil 
showed that Andreotti’s idea can be generalized to the abstract case (Weil 
{10]). The present author will show that Torelli’s idea can also be generalized 
to the abstract case. 

Let C be another complete non-singular curve, J’9 be the Jacobian variety 
of C and @’ be the canonical mapping of C into J’. Let & be a canonical 
divisor on J’ with respect to C and X’ be the set of positive J’-divisors which 
defines the canonical polarization on /’ with respect to C. Let us assume 
that there is an isomorphism 8 between two thus polarized Jacobian varieties. 
Then 8 must be an isomorphism of the underlying Jacobian varieties satisfying 
B(0) mod G,(J’). Therefore, we make the following identification here- 
after: we identify 2’ with B'-a and J’ with J. Then J is the Jacobian 
variety of I, and at the same time, the Jacobian variety of C; moreover. 
canonical divisors 6 and 6’ on J with respect to T and C satisfy 6== 6’ mod 
(',(J). When that is so, there is a point d on J such that = 6, by Weil 
[7], Cor. 2, Th. 32. We tix a common field & of definition for T, C, J, a, #,6.d 
and regard k as a basic field. All fields we shall consider shall be assumed 


to contain k. 


* Received February 14, 1958. 
1 We shall follow the same terminology and conventions as in [4], [6] and [7]. 
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We shall denote by (resp. V”) the locus of (resp. & (yi) ) 
over k, where (resp. (41,° *;Yr)) is a set of r independent 
generic points of T (resp. (’) over We assume that V9? =@. 
We have W1a(T), V1 = we shall write W for W9-? and V for 
Let f and f’ be rational canonical divisors of T and C' respectively over k. 
Denoting by 8 the identity automorphism of J, —8-++ S(a(f£)) leaves 6 
invariant, and also —é+ S(a’(f’)) leaves 6’ invariant (cf. Weil [7], Prop. 
19). Let U be any subvariety of J, then we shall denote by U- the transform 
of (° by —68. We shall denote by W* (resp. V*) the transform of W 
(resp. V) by —8+ S(a(£)) (resp. -—-8-+ S(a’(f’))). 


Let now A be an arbitrary Abelian variety and XY, Y¥ be two subvarieties 


of 4. Let 2 and y be independent generic points of Y and Y over a common 
field of definition K for X and Y. We shall denote by X @ Y the locus of 
r+y over K. This definition can be extended to a finite set of positive 


A-cycles by linearity. 


1, Lemma 1. War) and are subvarieties of for all x on YT. 
When ts a generic point of T over k, then and W*_q (2) contain generic 


points of @ over k. 


Proof. Wa 2) is a subvariety of 6 by the definitions of W and 6. Since 
# is invariant by the automorphism —6-+ S(a(f)) of the underlying variety 
of J, W*_q¢2) is also a subvariety of 6. By the same reason as above, when 
‘a(z) Contains a generic point of er en so does -a(z)» Assume 
t oint of 6 over then so does W*_g(z). Assume now 
that x is a generic point of T over /k, and let w= }\9-*a(a;) be a generic point 
of W over k(x). Then (2,2,: --+,%g2) is a set of independent generic 
points of T over &; hence w+ a(x) is a generic point of 6 over k. Our 


lemma is thereby proved. 


LemMMA 2. Let U be a subvariety of co-dimension 1 on @ and w be a 
point of W. Then UN a(l) wo. 


Proof. Let K be a field of definition for U and wu be a generic point 
of U over K. Then wu can be written uniquely as u= >,9-'a(2;), where the 
x are points on I, otherwise U @ a(T) is a subvariety of W* (cf. Weil [7], 
Prop. 16), which is a contradiction since dim U @ a(T) =g-—1. We can 
find a set of g — 2 independent generic points of T over K, say (@1,° * *, 2-2), 
trom the set Put w= },%%a(a;), then w is a generic point 
of W over K. «(1)» is a subvariety of @ and contains wu. Hence a(T),NU 
is not empty, and from this our lemma follows immediately. 
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Lemma 3. i) Let D be acurve on J; then D,N V* is not empty if ani 
only if t is a point of V* @ D-. ii) a(T); ts a subvariety of Oa yy) with y on 
C if and only tf t ts a point of Waa yy. i) (C) = V* @a(P)-. 


Proof. Let S(a’(f))—v be a point in D,N V*. There is a point » 
on D such that t= S(a’(f’)) —v—a2, which shows that ¢ is on V* OD. 
Conversely, if ¢ ison V* © D-, then D; and V* have clearly a point in common. 
i) is thereby proved. 

Assume that is on @gy). Since & = 04, is contained 
in 6. By Weil [7], Th. 20, a@(T)+-c-ey) is contained in 6 if and only if 
2’(y) +d—t is on W-. Therefore it is contained in 6 if and only if / is a 
point of Wa.aiy). ii) is thereby proved. 

By our Lemma 1, V*_,(y) is a subvariety of 6’ = 6, for all y on C3 hence 
V*_a(y-a is a subvariety of 6 for all y on C. If we show that V* and 
2(T)wsasa’(y) have non-empty intersection for all w on W and y on C, then 
W2a@®e2#(C) is contained in V* @®a(T)-; and when that is so, we have 
Wea since both have the same dimension. — Since 
Ad and a(T)wN imply each other, iii) 
follows from our Lemma 2. 


2. Let X” be the subvariety of W" XT defined over &, defined by the 
following conditions: Let w be a generic point of W” over k, then X(w) =m 
is a positive I'-divisor, deg(m) =r and S(a(m)) —w (ef. Weil [7], Th. 18 
and Weil [6], Chap. VII, Th. 12). We are going to study some properties 
of 1 when r=g and r=g—1. Whenever DP is a curve on W” such that 


A\"-(D XT) is defined, we write: 


where every component of 7 has the projection D on D and T on T. We 


have obviously deg(b) =r from the definition of X 

LEMMA 4. Lel bea pointon J. Then XT) ts defined on J XT 
if and only if t is not a point of W*. Let D be a curve on J. Then 
(D; * T)-X9 ts defined on J XT tf and only if D; is not a subvariety of W*. 


Proof. If ¢ is not a point of W*, then denoting by v a generic point 
of J over i, X(v) has the uniquely determined specialization m_ over 
v—tref./, since S(a(nt)) must be ¢ (cf. Weil [7], Prop. 16). Hence 


(tx 1T)-X is defined. Conversely, if ¢ is a point of W*, then for any point 


« on T, there is a positive [-divisor m of degree g such that m—-z >0 and 
that S(a(im)) =¢. When that is so, it is easy to see that (¥(7).v) 


ref. and this implies that (4 T)--Y is not defined. 
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Assume that D; is not contained in W*; then the preceding result shows 
that D; X T cannot be contained in X. Hence (D;XT)-X is defined since 
Y is a divisor on J XT. On the other hand, if D; is a subvariety of W*, 
uXT is contained in X for any point wu on D;. Therefore (D; XT) -X is 
not defined, and our Lemma is thereby proved. 

LeMMA 5. Let D be a curve on J and wu be a point on J such that 
(Dy XT)-X9 is defined. (i) A point t on D, is a component of a tf and 
only of 1t is a component of DuN W*. When D=a’(C), then a0 tf and 
only tf 640. (ii) When u is a generic point of J over a field K over 
which D ws defined, thena=0. (ili) Assume that D=a’(C) and let x be 
a generic point of T over K(u). If we put n='T (zx) +a, we have 

S(a(n)) =a(x) + (g—1)u+ —d. 

Proof. Let ¢ be a component of a. Then (¢XT)-X is not defined 
and ¢ is a point of W* by Lemma 4. Conversely, if ¢ is a point in D,N W*, 
then XT is contained in X by Lemma 4, which shows that ¢ is a component 
of a. When (C), D, A W* and D, C for a certain « on 
are equivalent by Lemma 3. (i) is thereby proved. 

When w is a generic point of J over K, wu is not a point of W* @D-. 
Hence D, and W* have no common point by Lemma 3, and a=0; (il) is 
thereby proved. 

We have 
XT) 2)) = Carey X 2) = Bate X 
by Weil [6], Chap. VII, Cor., Th. 18, Chap. VII, Th. 10, and Chap. VI, 
Th. 11. Hence 

S(a(1) Dax) ) + S(a’(C) 4.010) u) 

= (g—1) u—d+a(z) + 8(a’(f)) 
by Weil [7], Th. 20. (iii) is thereby proved. 

6. is defined if and only if a(T)-ua ts not 
contained in V- = V*_gcariyy), and when that 1s so, a point x of T 1s a com- 
ponent of b tf and only if a(x) is a component of a(T) A V-ua. In other 


words, x on T is a component of b if and only tf 


a(x) + (g—1)-u+ —dé V*,... 


Proof. First, let us show that @(C), Xa is contained in Y if and 
only if a(r) € Vue By the formula (1), we have 


XK (a (C)aM Oate)) XK 
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Hence @’(C), X x is contained in X if and only if «’(C)u C Oa¢2).  @(C),, is 
a subvariety of 64:2) if and only if wu is on V_gac2) by (ii), Lemma 3. w is 
a point of V_gai2) if and only if a(x) is a point of V-y,¢, and our assertion 
is proved. 

(¢’(C),XT)-X is defined if and only if #’(C), XT is not contained 
in X and this is so if and only if (I) is not contained in V~y,g by what we 


have observed. Our lemma is thereby proved. 


Lemma 7. Let T be non-hyperelliptic, U be a subvariety of W* and 
assume that U contains a generic point of W* overk. Let K bea field of defini- 
tion for U and x be a generic point of T over K. Then X9*- (U_q(2) XT) ts 
defined and can be written as T+ U_qz) X q(x) + Y, where every com- 
ponent of T has the projection U_g(2) on U_gi2) and T on T and the projection 
of every component of Y on U_qi2) is a proper subvariety of U_a(z). Then 
there is an irrational pencil &, free from fixed components, defined over K 
on T such that r+ q(x) =m-pte, where m is a positive integer, p is a 
generic member of & over K and ¢ is a positive rational divisor of T over K. 


Proof. Since U is a subvariety of W*, it follows that U_g(z) is a sub- 
variety of 6 by Lemma 1. Moreover, since U contains a generic point of W* 
over k, it follows that U (2) contains a generic point of @ over k by Lemma 1. 
It is clear that 19!- (U_qiz) XT) is defined and that «+ q(x) is rational 
over K(x). Let 2’ be a generic point of T over K and put X- (U_g¢2’) XT) 
= T’ 4+ U_qa) X q(2’) + Y’. Let s be a generic point of U over K(x,2’). 


Then we have 
s=S(a(T(s—a(x)) =8(a(T"(s—a(a’)) + 4(2’) +2’), 
and therefore, we have 
T(s—a(x)) +a(c) -a~T"(s—a(a’)) +4 +2 


by Weil [7], Th. 19. Since s is a generic point of W* over & by our assump- 
tion, it follows that 1( 7 (s—a(z)) + q(x) +2) =2 by Lemma 1, Appendix; 
since &(7(s—a(x)) +q(x@) +2) is defined over the algebraic closure ol 
K(s), and since x is a generic point of T over K(s), it follows that the divisor 
T(s—a(x)) + q(x) + 2 is a generic divisor of + +2) 
over K(s). Assume that 2’ is a component of q(x) + 2, which is not algebraic 
over K. Then 2’ is a generic point of I over K(s) and therefore 


T(s—a(x)) + + q(2’) +2’. 


K(x) and K(z’) have the same algebraic closure K(x), T(s—a(x)) and 
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T’(s—a(z’)) consist of generic points of over K(x) and +2, 
g(a’) + wv’ are both rational over K(x). Therefore =a’ + q(2’). 
Let z be the Chow-point of z+ q(2a); 2 is rational over K(x) and hence z 
has a locus Z over K. Let f be the rational mapping of T onto Z such that 
f(z) =z. When 2’ is a component of z+ q(x), which is not algebraic over 
K, then f(a’) =z by what we have seen. Hence r+ q(x) =m-f-1(z) + ¢, 
where m is a positive integer and c is a fixed rational divisor over K (cf. 
Weil [6], Chap. VI, Th. 11). 

In order to complete our lemma, it is sufficient to prove that Z is 
not a rational curve. If Z is a rational curve, then 2+ q(x) ~2’ + q(2’) 
whenever x and 2’ are two independent generic points of T over K. There- 
fore T(s—a(x)) ~T’(s—a(a’)). Since contains a generic point 
of 6 over k, s—a(x) is a generic point of 6 over k and consequently 
| T(s—a(x)) + q(a) is a generic divisor on I of degree g—1 over k. Hence 
if and only if T(s—a(xz)) =T’(s—a(z’)). 
When x and 2’ are independent generic points of T over K(s), then 
T(s—a(rz)) + +2 and T’(s—a(2’)) + q(2’) +2” are two indepen- 
dent generic divisors of the pencil 2(7'(s—a(z)) +q(x) +2) over the 
algebraic closure of K(s). Therefore, if T7(s—a(x)) =T7’(s—a(a’)), then 
T(s—a(a)) is a fixed divisor of the pencil, which is contrary to our 
hypothesis that T is not hyperelliptic (ef. Lemma 1, Appendix). Our lemma 


| is thereby proved. 


3. Lemma 8. Let t and wu be generic points of W* @a’(C)- and 
W*@a’(C) over k. Put and 
also 


(a/(C)-y XT): + +e’ XP. 


When T is not a hyperelliptic curve, either deg(b) =1 or deg(b’) = 1. 


Proof. By Lemmas 3 and 6, 6 and 6’ are not 0. Assume that deg(b) > 1. 
Write b= and put v= S(a(f)) —t+ + a(¢,). con- 
F tains a generic point of W* over & an dis contained in it. In fact, putting 
K=k(t), a generic point of o(C); over K is a generic point of J over k. 
Therefore, when we write a generic point of a(C); over K in the form 


S (319-8 + )). 


+, is a set of g independent generic points of I over k. 


When that is so, S(a(£—3,%*(2;) —Di*?(ci))) is a generic point of W* 
| over & by the definition of W*. Our assertion is thereby proved. 
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Let y, and y. be two independent generic points of T over K. Put 
2=v—a(yi) +a(y2) and 
(a’(C)-. XT) + X bY +0" XT. 


We shall show that 6” —y.2, which is sufficient to prove our lemma (cf. 
Lemmas 3 and 6). Since @’(C)-, contains a generic point of W* over | 
and is contained in it, we may apply Lemma 7 to this curve. Let ¥ be the 
subvariety on 6 XT defined in no. 2. Since contains a 
generic point of 6 over K and is contained in it by Lemma 1, @(C)-»-a(,) XT 
is not a subvariety of ¥. Therefore X- (¢’(C)-v-aw,) XT) is defined. Put 


and b=q(y:). Let & be the set of specializations of y,-+q(y:) over XK, 
then by our Lemma 7, & is an irrational pencil. Next, we claim that % is 
free from fixed components. Let r be a generic point of «’(C)-, over K(y;), 
then r—S(a(T(r—a(yi)) +q(y:) +y1)). Since r is a generic point of 
W* over k& and since 


deg (T(r—a(yi)) +.) 


m= T(r—a(y.)) +q(y1) is a generic divisor of over the 
algebraic closure of K(r). Since Q(t) has no fixed component by Lemma 1. 
Appendix, it follows that q(y,) cannot contain a component which is algebraic 
over K(r). Hence our assertion is proved. 

By Lemma 3, Appendix, & is defined over &, and hence S(a(q(y:) +4)) 
=a is a constant, which is independent with respect to v over k. Assume that 
q(y.) is not empty, then deg(y,-+ q(y.)) =m > 1 and @’(C)~, is contained 
in W2-™,. Since a (C)-, contains a generic point of W* over k, we must have 
m= 2. When m= 2, we have W9-*, = W* and this is possible if and only if 
l(y, + q(y:)) >1 by the theorem of Riemann-Roch. This contradicts our 
hypothesis that T is not a hyperelliptic curve. Thus m1 and q(y,) =?. 
From this we see immediately that 6” —a(y.) and our lemma is thereby 


proved. 


4, THEOREM (hyperelliptic case). Let T wd C be two complete non- 


singular hyperelliptic curves of genus g. Let J (resp. J’) be the Jacobian 
variety of T (resp. C) and a (resp. a’) be the canonical mapping of T 
(resp. C) into J (resp. J’). Assume that there is an isomorphism of 8 of 
J into J’ such that canonical divisors 6 and @ on J and J’ with respect to! 
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and C satisfy B(0)=@ modG,(J’). Then there is a birational trans- 
formation h of T onto C such that 


-h=-+B-a-+ constant; 


we can select + or — arbitrarily, but if it is once selected, h and the constant 


are uniquely determined by B. 


Proof. We make the identification stated in the beginning of this paper. 
Let ¢ (resp. ¢’) be a positive divisor of degree 2 on T (resp. C) such that 
l(c) (resp. 7(e’)) >1. Since 6’ = 64, we may assume that 6=6’ by adding 
a suitable constant to a’. By the proposition in our Appendix, a point wu of 6 
is a singular point of 6 if and only if a positive [-divisor m of degree g —1 
such that S(a(m)) —w satisfies >1. When that is so,l(m—c) is 
positive and this shows that wu is a point of W9*,, where s—=S(a(c)). 
Conversely, it is clear that any point of W9-*, is a singular point of 6 by 
the same proposition. When we put s’=S(a’(c’)), V%%, is also the set 
of singular points of 6’=6 and hence we have W2-3, = V9-3,.. 

It is easy to see that W* = Wo-*,, V* = V9-?,, (cf. Weil [7], Prop. 16). 
Let ¢ be a generic point of W* @ @’(C)- over K =k(s,s’). By Lemma 3, 
‘can be written as v-+ a(x), where v and z are independent generic points 
of V and fT over K. By the same lemma, 2’(C),9 W*_q2) is not empty. 
Ve shall show that it contains at least g—1 distinct points. A generic 
point of W*_,(2, over K(x) can be written as S(o’(3,%1y:)) where the y; 
are points on C, and g—2 points among (41,° -,Yg-1), SAY (Y1,° 
are independent generic points of C over K(x). Put vr =S(a’(>,%?yi)); 
then v” is a generic point of V over K(x) and @’(C), contains a generic 
point of 6 over K, which is a generic point of W*_.;,, over K(x). Since v 
and v’ are generic specializations of each other over K(x), 2’(C), also has 
the same properties. Hence o’(C),: W*_g(2) is defined on 6 and is not empty. 
Identifying v and v’, let y’; be the point on C such that y,+4/:~c’. Then 
+v is on (C), and V9-3,, Thus a’(y’;) v= S(a(mi)), 
where m; is a positive I-divisor of degree g — 1; since > 1, 2’ + ni, 
where x’ is the point on T such that 2+ 2’~c and n; is a positive [-divisor 
of degree g—2. It follows that «’(y/;) + = W*_qiz). It is clear 
that when a/(y/:) +. o& (yi) is a singular point 
of 6 by the proposition in our Appendix. Thus our assertion is proved. 

Since ¢ is a generic point of W*@o’(C)- over K, a’(C); is not 
contained in W*. Therefore (a’(C);xX1I)-X9 is defined and can be 
written in the form T+a’XT+2’(C), Xb. By (i), Lemma 5, we 
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have deg(a’)=g—1. If deg(a’)=g, then T=0, deg(b) —g by the 
formula (1) and this is impossible from the definition of Y and Weil [7]. 
Th. 19. Hence we must have deg(a’) =g—1, and since (a(C); XT)-¥ 
is a correspondence of type (g,g) by the formula (1), it follows that 7’ js 
the graph of a rational mapping h of T onto a (C);. Since a generic point 
a’(y) +¢# of o’(C), over K(t) is a generic point of J over K, every com- 
ponent of 7'(a’(y)-+t) has the coefficient 1, which proves that h is a 
separable mapping. By Lemma 2, Appendix, h is then a birational trans- 
formation, and we have +#)) +8(a(b)). Thus 
we see that a’(C) =a(T),, where ¢ is a constant, and that there is a bi- 
rational transformation h of onto C such that =a’ (h(x)) +’, where 
c’ is a constant. Let f’ be the birational transformation of C onto itself 
such that whenever y is a point of C,y+f’(y) ~c’.. Then since 2(h(z)) 
4+-a/(f’-h(x)) =S(a’(c’)), we see that a(x) =—a’(f’-h(x)) +”, where 
c” is a constant. Since &(c) is uniquely determined on I, h is determined 
uniquely by the relation «—«’'h-+ constant; in the same way, f’-h is 
uniquely determined by the relation a——da@’-(f’-h) + constant. Our 


theorem is thereby proved. 


THEOREM (non-hyperelliptic case). Let T and C be two complete non- 
singular curves of the same genus g and assume that one of the two curves 
is not a hyperelliptic curve. Let J (resp. J’) be the Jacobian variety of I 
(resp. C) and a (resp. &) be the canonical mapping of T (resp. C) into J 
(resp. J’). Assume that there is an isomorphism B of J onto J’ such that 
canonical divisors 6 and & on J and J’ with respect to T and C satisfy 
B(0) =@ mod G,(J’). Then there is a birational transformation h of T to 
C such that 

B-a-+ constant, 


where the signature, h and the constant are uniquely determined by B. 


Proof. As in the proof of the preceding theorem, we make the identili- 
cation J =J’, as stated in the beginning of this paper. For the sake oi 
simplicity, let us assume that [ is not hyperelliptic. Then by Lemma 6. 
either «’(C) or a (C)> satisfies the property described in the Lemma. Assum 
that «’(C) satisfies it, i.e. letting ¢ be a generic point of W* @ a’(C)~ over 
k, and writing (2(C);XT):-49=T+a’XIr+a/(C);X 5b, assume that 
deg(b)—1. By Lemma 6, when we put 
and V* have just a single point in common. Then v is a generic point 0 
V* @® «(T)-—Wa@®e(C) over k by Lemma 3, and can be written a 


v—=w-+a’(y) +d, where w and y are independent generic points of W an: 
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( over k&. Thus we see that V*_g y) and a(I)wsa have just a single point 


in common. It is easy to see that we have 
, , 7 
6 = +1 -a'(y)» 


by Lemma 1, by the theorem of Riemann-Roch and by the definitions of V 
and V* (cf. also Weil [7], Prop. 16), where z is a generic point of C over 
k(w,y). Since is contained in and since a’(z) —@’(y) —w 
is a generic point of J over k, it follows that Vgyz) and a(T)w.q have at 
least g—1 distinct points in common by Weil [7], Th. 20. Thus we have 
shown that when we put u=w-+d—S(a’(f’)) —2’(z), and 
2(['), have at least g—1 distinct points in common. 

Put D=a’(C)-. Then J is the Jacobian variety of D, the injection 
map of D into J is the canonical mapping of D into J and 6’ is the set of 
sums of g-——1 points on D. Let XY’ be the subvariety of J x D with a field 
of definition & such that when s is a generic point of J over k, X’(s) =m >0, 
deg(m) =g and s=S(m). Then V_gia(z) is the set of classes of special 
)-divisors of degree g. By Lemma 4, is defined. By (i), 


Lemma 5, we see that, in the expression 


(a(T)y T, 4+ aX D+ X bi, 


u 


we must have deg(a) =g—1. Since (a#(I), Xx D)-X’ is a correspondence 
of type (g,g) on a(T), X D by the formula (1), deg(a) =g implies T’ =0 
and deg(b;) ==g, which is impossible because of the definition of X’ and 
Weil [7], Th. 19. Hence deg(a) = g—1 and T, is the graph of a rational 
mapping of D onto 2(T),. Since dim;(u) =g—1, «(T), contains a generic 
point of J over k. It follows that when a(x) + wu is a generic point of «(T), 
over k(u), then it is a generic point of J over k, and every component of 
T';(a(x) +) has the coefficient 1. Therefore 7’, is the graph of a separable 
rational mapping f. When that is so, f is a birational mapping by Lemma 2 
of the Appendix. Now let us assume that —2’(y) is a generic point of D 


over k(u) ; then we have 
S(f(—a’(y)) +a) =—a’(y) + (g—1)u+8(a(£)) + d+ 


by (ili), Lemma 5 (Remark: 6 =0-_¢—=6_sait))-a). Thus we have seen 
that a(f) = D, = 2’(C’)-., where ¢ is a constant rational over k(u). Let h 
be the birational transformation of to C such that —«’-h + ca; then 
i is the one we are looking for. 

Let h’ be a rational transformation of T to ( such that 2’-h’ = 2+’, 
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where ¢c’ is a constant, and let K be a common field of definition for hk and i’, 
Let x be a generic point of I over K ; then we see that a’(h(x)) + @’(h’(z)) 
= constant, which implies that 4-h’(x)) >1 by Weil [7], Th. 19, 
Since C cannot be a hyperelliptic curve by what we have proved, there exists no 
such h’. If we have —a-h’ =a-+c’, then h(x) + h’(a’) =h(2’) +h’(c) 
for any two points z and 2’ on I by the same reason as before, which shows 


that h(x) =h’(x), i.e. h=h’. Our theorem is thereby proved. 


Appendix. 


1. A complete non-singular curve C is called hyperelliptic, it it carries 


a positive divisor a of degree 2 such that l(a) > 1. 


Lemma 1. Let C be a complete non-singular curve of genus g, J be its 
Jacobian variety and « be the canonical mapping of C into J. Let k be a 
common field of definition for C, J, « and let m be a positive C-divisor of 
degree g such that S(a(m)) is a generic point of W* over k. Then l(m) =2: 
and when C is not a hyperelliptic curve, &(m) is a linear pencil without 


fixed pownt.? 


Proof. Let F be the rational mapping of the product U of g curves 
equal to C into J, which is defined by F'(a1,- a(2,). 
We have dim W* = g —2 and >1 by Weil [7], Prop. 16. If >2, 
there must be a generic point (¥:,- - -,y,) of U over k such that F'(y,--°,y,) 
is S(a(m)) by Weil [7], Th. 19 and this is impossible. Hence J(m) =2. 

By definition of W*, there is a set (21,: + -,%g-2) of g—2 independent 
generic points of C over k such that m ~ f — 3,9? (2;), where £ is a canonical 
divisor on C. Put m=)},9(ti), assume that &(m) has a fixed point and 
let r be the smallest non-negative integer such that f—>,"(2;) defines a 
complete linear system with a fixed point 2’. Then 2 is algebraic over 
k(z.,: + *,2-), but not algebraic over the field generated by an subset of 
(21,° over k. Let be a generic point of C over 2-2). 
Since 1(f) =g, with any subset +, 2,) of (2:,° We can ass0- 
ciate the set of fixed points (2’;) of the complete linear system 2(f— (%i,) 
—---+—(z,)); what we have observed shows that if (z;,,°° -,2,) and 
*,2;,) are different as sets, then and (z’;) have no point i 


* The writer owes the proof of the latter half of this lemma to M. Rosenlicht. 
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common. Let s be the number of points in the set (2’;), which is independent 


of i. Then we have 


(g—1) ++: ) deg (f) = 2g —2. 


Therefore we have r==1 or g—2 and s—1. When r=—1, C is a hyper- 
elliptie curve which we have excluded. Thus we have r—=g—2 and s=—1. 
Let 2’ be the fixed point of 2(f— 319*(z)), then it is easy to see that z’ is 
rational over k(2,,- - +,%g-2) (ef. Weil [6], Chap. VIII, Th. 10), which we 
shall write 2’==f(2,,: ° +,2%-2). f is then a symmetric function defined on 
(xX--+X&C (qg—2 factors) with values in C defined over k and we have 


By Weil [7], Cor., Th. 7, of(21,° 599-2) = + constant, where h 

is a function defined on C with values in J. Let y be the linear extension 

of h, i.e. the endomorphism of J such that h = y-a-+ constant (cf. Weil [7], 
We have a: f(z,° +,2% 2) = + constant and 


S(a(£)) = a + (g —2) @(z:) + constant. 


Therefore «(z:) + = ci, where is a constant rational over 
i, since h and y are defined over k (cf. Weil [7%], Cor., Th. 7 and Th. 21) 
Now let z,,° - -,2, be g independent generic points of C over k. Then we 


have 


k(a(z1) ++ a(29)) =k((g Dy-a(%)), 


which is only possible when g==3 (cf. Weil [7], Th. 18). When g =83, then 
we have r==1 and our C is a hyperelliptic curve. Our lemma is thereby 
proved. 

Let h be a rational mapping of a variety V onto another variety V’. 
Let & be a common field of definition for V, V’ and hk and let x be a generic 
point of V over k. We say that h is a separable (resp. regular) mapping when 
k(x) is a separably generated (resp. regular) extension of &(h(z)). 


LEMMA 2. Let C and C’ be two complete non-singular curves of the 
“ime genus and assume that there is a separable rational mapping h from C 


(Then h is a birational transformation. 


Proof. Let J and J’ be the Jacobian varieties of C and C’. We may 
‘issume, without loss of generality, that canonical mappings from both curves 
into their Jacobian varieties are injections. Then the linear extension £ 
oft (ef. Weil [7], Th. 21) is a surjective homomorphism of J to J’. Assume 
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that h-? is not a rational mapping; then the kernel of 8 does not consist of 
the neutral element O only. Suppose that the kernel of 8 consists of a finite 
set of points O, a,,- -°,as. Let x and y be two generic points of C over a 
field k: of definition for C, (’, J, J’, h and B. Then B(x) —B(y) when 
h(x) =h(y) ; when that is so, we have y = x + a, for some 7 (putting a, = 0), 
In this case, we have C—C,, and hence 0 == 6,,, where @ is the theta-divisor 
on J corresponding to ('.. On the other hand, we have @= 6; if and only if 
t=O by Weil [7], Cor. 3, Th. 30. Therefore, the kernel of @ must form an 
algebraic subgroup of J of dimension greater than 0. This contradicts our 
hypothesis that C and C’ have the same genus. 

Let V be a complete variety, non-singular in co-dimension 1. Let F be 
a rational mapping of V onto a complete non-singular curve C; then we sav 
that (F,C) defines on V a pencil of divisors which consists of F-*(u) with 
uon C. It is called linear when C is a rational curve. When C is a curve 
of genus g, it is called an irrational pencil of genus g. There is a classical 
theorem, saying that there cannot be an algebraic family of irrational pencils 
on a curve, which is due to Humbert and Castelnuovo. We shall generalize 


this theorem to varieties of higher dimension. 


Lemma 3. Let V be a complete variety, non-singular in co-dimension 
1 and let Z be a subvariety of a product UXW XV. Let k be an alge- 
braically closed common field of definition for V, U, W and Z and assume 
that, when u is a generic point of U over k, Z(«a) ts the gfaph of a rational 
mapping I’, of V onto a complete non-singular curve C, contained in W. 
Let v be a generic point of U over k(u), then unless C, (and consequently C,) 
»,C,) define on V the same irrational 


is not a rational curve, (Fy,C,) and (F 


pencil. 


Proof. We may assume, without loss of generality, that V is a projective 


variety. First we shall show that our question can be reduced to the case of 
curves. Let H be a generic hypersurface over k(u,v). By Weil [6], Chap. V. 
Prop. 2, Chap. VII, Cor., Th. 10 and Chap. VIT, Th. 17, 7-(U X WX V- Hf) 


is defined, irreducible, 


which also can be written as ux (WX V-H)-Z(u), is prime rational over 
the smallest common field of definition for uw and H containing & and has the 
projection C, on W. Let x be a generic point of V over k(u,v) and put 
X =F,3(F,(x)), Y =F,1(F,(z)). Let &n be the linear system of sections 
of V by hypersurfaces of order m. If m is sufficiently large, dim 2, = 3 an( 
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the linear subsystem of &,, consisting of divisors going through 7, induces on 


any component 7 of YY and Y a linear system of dimension at least 1. 


Let Hy», be a generic hypersurface of order m over k(u,v,z) going through z. 
Then clearly H,, is a generic hypersurface of order m over k(u,v); more- 
over, Y:H» and Y-H,, are defined by our choice of 2. Since 7-H,» is 
rational over a field of transcendence degree at least 1 over k(u,v,x) by our 
choice of Bm. it contains a generic point of T over the algebraic closure of 
‘(u.r.). By the formula we have shown in the beginning of our proof, if 
our lemma is true for V- Hy, i.e. if Fy" Am, 
then what we have observed in the preceding discussion shows that 
Fy =F ,1(F,(«)). Repeating this process, we see that our lemma 
is true whenever it is true on a complete non-singular curve T in a projective 
space, since V-H,, is again complete and non-singular (cf. Zariski [11]; 
Nakai [3]). 

Let J be the Jacobian variety of T, a be the canonical mapping of T 
into J and K be a common field of definition for J, T and a Let u be a 
veneric point of U over K and ¢ be a generic point of C, over K(u). Put 
Fy, '(t) =m. S(a(m)) Then when z and y are components of m, we 
we that s is rational over K(x) (cf. Weil [6], Chap. VI, Th. 12; Weil [7], 
Th. 1) and that the rational mapping f, of T into J defined by fy(v) =s is 
such that f,(y) f, can be written as a+ c¢,, where is an endo- 
morphism of J and c, is a constant, both defined over K (uw) by Weil [7]. 
Th. 21. Since there is no algebraic family of endomorphisms on an abelian 
variety (Chow [2]), 8 is actually defined over K. Assume that deg(m) = 2 
and that the pencil defined on T by (F,,C,) is different from the pencil 
defined by C,) ; in other words, assume that Fy? (PF y(2) ). 
Then m cannot be algebraic over K(a) and hence the field generated over K 
by components of m has at least the dimension 2 over K. Therefore we may 
assume that dimg(a,y) = 2. fu(z) =f,(y) implies 8 =0 and thus (Fy, Cy) 


defines on Ta linear pencil by Weil [7%], Th. 19. Consequently, we have 
Z(u) ~a XT+C, X m, 

where deg(a) = 1. Since Z(w) is the graph of a rational mapping of T onto 

(,, it follows that /~/’ for any two point on C, by Weil [6], Chap. VIII. 


Cor. 1, Th. 4. Thus C, must be a rational curve. When deg(m) —1, our 


] . . 
imma is trivial and the proof is completed. 


2. Lemma 4. Let U bea product of n complete non-singular curves Tj; 
F be a rational mapping of U onto a variety T". Let w= (a,° +, 


a xy 
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be a point on U and denote by R(t, - -,1,) the subvariety of U which w, 
get by replacing the i-th factor Tj, by x, for 1SjSr (we assume always 
that i, <<: --+<i,). Assume that F is defined at u, F(u) ts simple on T 
and that the graph of F ts transversal to U XK F(u) at uX F(u) on UXT. 
Assume also that F(u) is simple on the image -,1,)* of R(ix,- - 
by F, for any choice of (t,,-* +,tr). Let V™" be a subvariety of T, having 
F(u) as a simple point. Then there is at least one (t,° + *,%) such thal 
R(i,,- is transversal to V at F(u) on T. 


Proof. Let k be a common field of definition for the T;, T, u, F and V, 
Let W be any subvariety of 7 having F'(u) as a simple point; then there js 
a subvariety H of T such that H and W are transversal to each other at F(u) 
on T (cf. for instance Weil [6], Chap. V, Th. 5). Identifying F with its graph 
and applying Weil [6], Chap. VI, Th. 5 and Th.6toU KX HNUXWOAfF, 
we see that a component W of FU X W containing u X F (wu) is uniquely 
determined, is a proper component of multiplicity 1 on U XT and has 
uX F(u) as a simple point. 

F is defined along R(i,,° - -,1,) by Weil [6], Chap. IV, Cor., Th. 15. 
Then there is the uniquely determined subvariety R(%,- - -,1,)’ on F having 
the projection R(t,,: --,%-) on U, which is a proper component of multi- 
plicity 1 in R(t: --,t-) X TOF on UXT by Weil [6], Chap. VI, Cor. 
Th. 6 and Th. 8. The image R(1,,- -,1,)* of R(u,- by F is the 
projection of R(i,,- > -,7,)’ on 7. When we apply the result just proved 
in the beginning of this proof to FOU & V and to FN U X 
we see that there are the uniquely determined components V and R(1,,° - -.4 
containing u X< F(u) in them, and that they are proper components of multi- 
plictiy 1 on U & T, having vu & F(w) as simple points. By Weil [6], Chap. 
VI, Th. 9, we see that 


= 1(V R(t,,° -,t)’,u X F(u); F) =v’: -,t,),u; 0). 


where V’ is the projection of V on U (cf. also Weil [6], Chap. VI, Th. 8). 
By Weil [6], Chap. VI, Th. 5, we see also that 


P(u);T) -(U X +, )*),u F(u);U X 7), 


under the assumption that F(u) is a proper component of VM R(i,,° °°. ir)” 


on 7’. Passing to representatives, we assume that U and T are affine varieties. 
Let 8’, be the tangent linear variety to T; at 2; Then the tangent linear 
variety to U at u is S*=S',X---XS8', by Weil [6], Chap. TV, Th. 18. 
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Since the projection from F to U is biregular at u X F(u), wu is a simple 
point on V’ by Weil [6], Chap. IV, Cor. 1, Th. 17. Then the tangent linear 
arts Sr at u to V’ is contained in S" by Weil [6], Chap. IV, Prop. 23. 
The tangent linear variety to at wis of the form * 
which we get by replacing the j-th factor of 8" by a, for LSjSr. Now it 
clear that at least one of the S(i,,-- with + is trans- 
versal to at won S". Let be such; then we have 


F(w) is not a proper component of VM then F(w) 
is not a proper component of V’N R(t,:° -,i,) on U and our lemma is 


thereby proved. 

We are going to apply the preceding lemma to the following proposition, 
which was proved recently by A. Weil (Weil [10], Th. 3) from the con- 
sideration of differential forms. 


Proposition. Let J9 be the Jacobian variety of a complete non-singular 
curve T and let a be the canonical mapping of T into J. Then a point w’ 
vf Wr" is simple on W" if and only tf a positive divisor m of degree r on T 
such that S(a(im)) =w’ has the property I(m) == 


Proof. If l(m) =1, then w’ is simple on W” by Weil [7], Prop. 18. 
Therefore, assume that J(m) >1. Let U be the product of g curves equal to 
rand let #' be the rational mapping of U onto J defined by F'(a,- - -,2,) 
=>a(2;). Let & be a common field of definition for T, J,«, F, w’ and let u 
be a generic point of J over k. Then w’-+ uw is a generic point of J over k. 
It w’ is simple on W*, w’+wu is simple on W",. Applying the preceding 
lemma to U, J, F, W", and to a generic point (a,: - -,2,) of U over k& such 
that Sa(a;) —w’-+u, it follows that there is a translation W9-", of W9-" 
such that W", and W/2-", are transversal to each other at w’+-won J. Hence 
there is a W9-,, such that it is transversal to W" at w’ on J. There is an 


’ is a simple point of 


z(t), on W9-",, containing w’, and when that is so, w 
“([).. Take a representative of w’ and take representatives of J, a(T),, 
ir. Wr on the same affine space. Let us denote by the same letters those 
representatives we have chosen. Then the tangent linear variety S' to «(T), 
it w’ is contained in the tangent linear variety S’" to W%", at w’ by Weil 
[6], Chap. IV, Prop. 23. Since S89" and the tangent linear variety S* to 
"at w’ are transversal to each other at w’ on the tangent linear variety S 
'0 J at w’, S* cannot be contained in S*. Consequently, «(IT), cannot be a 
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subvariety of W’. Since contains w’, it can be written as 
where zis a point on’. For any point y on T, we have /(m—2+y) =1 and 
hence there is a positive divisor m’ of degree r on T' such that m’~ m—a+y, 
By Weil [7], Th. 19, we have S(a(im’)) =S(a«(m—z2+y)), and this shows 
that «(T), is contained in W’, which is a contradiction. Therefore w’ cannot 


be simple on W’ and our proposition is thereby proved. 


NORTHWESTERN UNIVERSITY. 
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